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Introduction

This book is devoted to the theory of J-contractive and J-inner mvf’s
(matrix valued functions) and a number of its applications, where J is an
m X m signature matrix, i.e., J is both unitary and self adjoint with respect
to the standard inner product in C". This theory plays a significant role
in a number of diverse problems in mathematical systems and networks,
control theory, stochastic processes, operator theory and classical analysis.
In particular, it is an essential ingredient in the study of direct and inverse
problems for canonical systems of integral and differential equations, since
the matrizant (fundamental solution) U,(\) = U(x, \) of the canonical in-
tegral equation

u(z, A) = u(0, \) + A /OI u(s,\)dM(s)J, 0<z<d, (1.1)

based on a nondecreasing m x m mvf M (z) on the interval 0 < x < d is an
entire mvf in the variable A that is J-inner in the open upper half plane C,
for each point = € [0, d):

(1) Uy(A) is J-contractive in C:
Us(N)*JU,(N\) <J for AeCy
and
(2) U,()) is J-unitary on the real axis R:
U:(N)*JU,(A\) =J for NeR.
Moreover, U, () is monotone in the variable x in the sense that

Uy (N)*JUsy (\) < Uy, (N)*JU,, (N) if 0< @ <ap<d
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Uz(A\) = U(z, A) is a solution of the system (1.1) with Up(\) = Ip,, i.e.,
U(z, ) = Iy + i\ /OL U(s, \)dM(s)J, 0<z<d,
and hence satisfies the identity
Uy () JUsy (W)™ = Usy (A)JUsy (w)"
=i -@) [ L))"
1

The family U, () is also continuous in the variable x and normalized by the
condition

Uy (0)=1, for 0<z<d.

The most commonly occuring signature matrices (except for J = +1,,,) are
the matrices

. I, 0 0 -1 0 —il
_ ,J, = Pl and J, = [ . b ]7
T { 0 —1 ] 8 [ 1, 0 } 8 iy 0
—Jpg> —Jp and —J,. The equivalences

[e* Iq] Jpq [IE] <0<«=c"e <1
q

[e* L] Jp L <0<=ec+e">0
and
SAEAN <02 50
indicate a connection between the signature matrices j,q, J, and J, and the
classes
Shrl, = {e€CP*:e*e <1I,} of contractive p x ¢ matrices;
chrP = {e€CP*P:e+e* >0} of positive real p X p matrices;
iCP"P. = {e€CP*P: (¢ —¢%)/i >0} of positive imaginary

p X p matrices.
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Moreover, if an m x m matrix U is J-contractive, i.e., if

U*Ju < J, (1.2)
then the inequality
x
* <
[ J]Ju 0 (1.3)
implies that
2" NU*JU m <0 (1.4)
x s i

and hence, the linear fractional transformation
Tylz] = (U1133+U12)(u2196+u22)_1, (1.5)

based on the appropriate four block decomposition of U, maps a matrix x in
the class Feonst(J) of matrices that satisfy the condition (1.3) into Feopst(J),
if  is admissible, i.e., if det (ug;x + ug2) # 0.

Conversely, if J # +1,, and U is an m x m matrix with det U # 0 such
that Ty maps admissible matrices € Fropsi(J) into Feonsi(J), then

pU is a J-contractive matrix for some p € C'\ {0}. (1.6)

Moreover, if Ty also maps (admissible) matrices = that satisfy (1.3) with
equality into matrices with the same property, then the matrices pU, con-
sidered in (1.6) are automatically J-unitary, i.e., (pU)*J(pU) = J. These
characterizations of the classes of J-contractive and J-unitary matrices are
established in Chapter 2. The proofs are based on a number of results in the
geometry of the space C™ with indefinite inner product

[€,n] =n"J¢

defined by an m x m signature matrix J, which are also presented in
Chapter 2.

Analogous characterizations of the classes P(J) and U(J) of meromorphic
J-contractive and J-inner mvf’s in C, are established in Chapter 4. These
characterizations are due to L. A. Simakova. They are not simple corollaries
of the corresponding algebraic results in Chapter 2: if the given m x m mvf
U(A) is meromorphic in C; with det U(\) # 0 in C4 and p(A)U (M) € P(J),
then p(\) must be a meromorphic function in C;.. To obtain such character-
izations of mvf’s in the classes P(J) and U(J) requires a number of results
on inner-outer factorizations of scalar holomorphic functions in the Smirnov
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class Ny in C, and inner denominators of scalar meromorphic functions
in the Nevanlinna class N of functions with bounded characteristic in C,
and the Smirnov maximum principle in the class N,. This material and
generalizations to p x ¢ mvf’s in the classes N7*? and NP*¢ with entries in
the classes N and N, respectively, is presented in Chapter 3. In particular,
the Smirnov maximum principle, inner-outer factorization and a number of
denominators for mvf’s f € NP*? are discussed in this chapter. Thus, Chap-
ters 2 and 3 are devoted to topics in linear algebra and function theory for
scalar and matrix valued functions that are needed to study J-contractive
and J-inner mvf’s as well as the other problems considered in the remaining
chapters.

The sets P(J) and U(J) are multiplicative semigroups. In his fundamen-
tal paper [Po60] V. P. Potapov obtained a multiplicative representation for
mvf’s U € P(J) with det U(X) # 0 that is a far reaching generalization of
the Blaschke-Riesz-Herglotz representation

w(N) = b(A) exp{ia + iBA} exp {—; / h T_‘?do—(ﬂ)} (1.7)

of scalar holomorphic functions u(A) in C; with |u(\)| < 1. In formula (1.7)
b(\) is a Blaschke product, « € R, 8 > 0 and o(u) is a bounded nondecreas-
ing function on R. To obtain his multiplicative representation, Potapov used
the factors that are now known as elementary Blaschke-Potapov factors. If
J # +1,,, there are four kinds of such factors according to whether the
pole is in the open lower half plane C_, in C4, in R, or at co. He obtained
criteria for the convergence of infinite products of normalized elementary
factors that generalizes the Blaschke condition, using his theory of the J
modulus. The Potapov multiplicative representation of mvf’s U € P(J)
with det U(X) # 0, leads to factorizations of U of the form

UA) = BA) U1 (A U2 (A Uz (N),

where B(\) is a BP (Blaschke-Potapov) product of elementary factors, U (\)
and Us(\) are entire J-inner mvf’s that admit a representation as a multi-
plicative integral that is a generalization of the second factor in (1.7), and
Uz(A) is a holomorphic, J-contractive invertible mvf in C; that admits a
representation as a multiplicative integral that is a generalization of the
third factor in (1.7).
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In view of Potapov’s theorem, every entire J-inner mvf U(\) with U(0) =
I, admits a multiplicative integral representation

d
m

U = / expliAdM ()]}, (1.8)

0

where M (x) is a nondecreasing m x m mvf on [0, d]. Moreover, M (x) may
be chosen so that M (x) is absolutely continuous on [0, d] with derivative
H(z) = M'(x) > 0 normalized by the condition trace H(z) = 1 a.e. on
[0, d]. But even under these last conditions, H(x) is not uniquely defined by
U(M), in general.

Multiplicative integrals were introduced in the theory of integral and
differential equations by Volterra. In particular, the matrizant U,()\) of
the integral equation (1.1) may be written in the form of a multiplicative
integral.

T
m

Uz(N) = /exp{i)\dM(s)J}, 0<z<d, (1.9)
0

and if d < oo and M(x) is bounded on [0, d], then formula (1.8) coincides
with formula (1.9) with = d, and U(\) = Uy(A) is the monodromy matrix
of the system (1.1). Thus, in view of Potapov’s theorem, every entire mvf
U € U(J) with U(0) = I,,, may by interpreted as the monodromy matrix of
a system of the form (1.1) on [0, d].

A number of Potapov’s results on finite and infinite BP products and on
the multiplicative representation of mvf’s in P(.J) are presented in Chapter
4, sometimes without proof.

The problem of describing all normalized m x m mvf’s H(z) > 0 in a
differential system of the form

%u(m,)\) =i u(x, \)H(z)J a.e.on [0,d] (1.10)

with a given monodromy matrix Ug(A) = U(X) (U € ENU(J) and U
I,,) is one of a number of inverse problems for systems of the form (

0) =

(
1.10).

The system (1.10) arises by applying the Fourier-Laplace transform

u(x,)\)—/ Moz, t)dt
0
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to the solution v(x,t) of the Cauchy problem

%(l’,t) = —@(aj,t)H(:E)J, 0<z<d, 0<t<oo, (1.11)

ot
v(z,0) = 0.

Since u(x, A) = u(0, \)Uz(N), 0 < x < d, the monodromy matrix U;(A) is the
transfer function of the system with distributed parameters on the interval
[0, d] specified by H (z); with input v(0,t), output v(d, t) and state v(x,t) at
time t. Thus, the inverse monodromy problem is the problem of recovering
the distributed parameters H(z), 0 < x < d, described by the evolution
equation (1.11) from the transfer function of this system.

Potapov’s theorem establishes the existence of a solution of the inverse
monodromy problem. The uniqueness of the solution is established only
under some extra conditions on U(\) or H(x).

If J = +1,,, the Brodskii-Kisilevskii condition

type {U(A)} = type {det U(N)}

on the exponential type of the entire mvf U(\) is necessary and sufficient
for uniqueness. If J # +1,,, then the problem is much more complicated,
even for m = 2.

A fundamental theorem of L. de Branges states that every entire Jj-inner
2 x 2 mvf U(M\) with U(0) = [ and the extra symmetry properties

U(-A)=U(\) and detU()\) =1

is the monodromy matrix of exactly one canonical differential system of the
form (1.10) with J = J; and with real, normalized Hamiltonian H(z) > 0
a.e. on [0, d].

The Brodskii-Kisilevskii criteria was obtained in the sixties as a criteria
for the unicellularity of a simple dissipative Volterra operator with a given
characteristic mvf U(\).

Characteristic functions of nonselfadjoint (and nonunitary) operators were
introduced in the 1940’s by M. S. Livsic, who showed that these functions
define the operator up to unitary equivalence under the assumption of sim-
plicity and that they are J-contractive in C, (in the open unit disc D,
respectively). Moreover, he discovered that to each invariant subspace of
the operator there corresponds a divisor of the characteristic function and,
to an ordered chain of invariant subspaces, there corresponds a triangular
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representation of the operator that generates a multiplicative representation
of the characteristic function of the operator. Livsic also proposed a trian-
gular model of the operator based on the multiplicative representation of
the characteristic function. This was one of the main motivations for the
development of the theory of multiplicative representations of J-contractive
mvf’s by V. P. Potapov.

L. de Branges obtained his uniqueness theorem and a number of other
results in harmonic analysis, by consideration of the reproducing kernel
Hilbert spaces of entire vvf’s (vector valued functions) with reproducing
kernels K, (\) defined by the entire J-inner 2 x 2 mvf’s U()) by the formula
J=UWN)JU(w)*

Puw(N) 7
The theory of RKHS’s (reproducing kernel Hilbert spaces) with kernels of
this form (and others) was developed by him, partially in collaboration with
J. Rovnyak for m x m mvf’s U € P(J) for m > 2 and even for operator
valued functions U(\).

A number of results on the spaces H(U) for U € P(J), and for the de
Branges spaces B(€) are discussed in Chapter 5. In particular it is shown that
if U € P(J) and det U(A) # 0, then the vvf’s f in the corresponding RKHS
H(U) are meromorphic in C\ R with bounded Nevanlinna characteristic in
both C; and C_. Thus, every vvf f € H(U) has nontangential boundary
values

K,()\) where p,(A) = —27i(\ — ).

fi(p) = hﬁ)l f(p+iv) and li% f(p—iw)=f_(u) ae. onR
Moreover,

UeU(J) <= f+(p) =f-(u) ae. onR forevery f € H(U).

Connsequently, every f € H(U) may be be identified with its boundary
values if U € U(J).

The space H(U) is R, invariant with respect to the generalized backwards
shift operator R, that is defined by the formula

fA) = f(a)
(Raf)(N) = T oa_a A #

for points A and « in the domain of holomorphy of U(\).

The subclasses Us(J), Urr(J), Ursr(J), Uir(J) and Upsr(J) of singular,
right regular, right strongly regular, left regular and left strongly regular
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J-inner mvf’s are introduced in Chapter 4 and are characterized in terms of
the properties of the boundary values of vvf’s from H(U) in Chapter 5: if
UecU(J), then

Uelsp(]) — HU)C LY,
Ueclr(J) <= HU)NLY isdensein H(U),
Uels(J) <= HU)NLY ={o}.

Moreover, if U € U(J), then the transposed mvf U” € U(J) and
UelUypr(J)<—= U €¢Upr(J) and U €Upp(J) <= U" € Ur(J).
Furthermore, the following implications hold when w ¢ R:
U € Upsp(J) Ulpsp(J) = p,'U € L™ = U € Upr(J) NUr(J).

There are a number of other characterizations of these classes. Thus, for
example, in Chapter 4, an mvf U € U(J) is said to belong to the class Ug(J)
of singular J-inner mvf’s if it is an outer mvf in the Smirnov class N7 <"
in Cy, ie., if U € N and U~! € N7 Then an mvf U € U(J) is said
to be right (resp., left) regular J-inner, if it does not have a nonconstant
right (resp., left) divisor in the multiplicative semigroup U(J) that belongs
to Us(J). Characterizations of the subclasses Uysr(J) and Upsp(J) in terms
of the Treil-Volberg matricial version of the Muckenhoupt (As3)-condition
are established in Chapter 10.

Every mvf U € U(J) admits a pair of essentially unique factorizations:

U\ = U (N Uz(N), where Uy € Upg(J) and Us € Ug(J),  (1.12)

and
UN) = Us(ANUys(N), where Uy € Uyg(J) and Us € Us(J).

The second factorization follows from the first (applied to the transposed
mvf’s U7 (A)). The first factorization formula is established in Chapter 7
by considering the connection between mvf’s W € U, r(j,q) and the GSIP
(generalized Schur interpolation problem) in the class

SP*9 = {s e HX: ||s]|eo < 1},

where HE? is the Hardy space of holomorphic bounded p x ¢ mvf’s in C,..
In this problem, three mvf’s are specified: s° € SP*? and two inner mvf’s
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b1 € SP*P and by € S?*9 and
S(b1,b; %) = {5 € SP*1: by (s — s°)by t € HLX}

is the set of solutions to this problem. The GSIP based on s°, by and bs is
said to be completely indeterminate if, for every nonzero vector £ € C?, there
exists an mvf s € S(b1, ba; s°) such that s(A)§ # s°(N)E. An mvE W € U(jpq)
is the resolvent matrix of this GSIP if

S(by,bo;s°) = {Tyw[e] - € € SP*9). (1.13)

There are infinitely many resolvent matrices W € U(j,,) for each completely
indeterminate GSIP (a description is furnished in Chapter 7) and every such
W automatically belongs to the class U, g (jpg). Conversely, every mvf W e
Urr(Jpq) is the resolvent matrix of a completely indeterminate GSIP. The
correspondence between the class U, r(j,,) and the completely indeterminate
GSIP’s is established in Chapter 7. Moreover, W € U,sr(jpy) if and only if
W is the resolvent matrix of a strictly completely indeterminate GSIP; i.e.,
if and only if there exists at least one € € SP*? such that ||Tiy [¢]||cc < 1. The
correspondence between the subclasses U, g(J,) and U, sr(J,) and completely
indeterminate and strictly completely indeterminate GCIP’s (generalized
Carathéodory interpolation problems) are discussed in Chapter 7 too. This
chapter also contains formulas for resolvent matrices U(\) that are obtained
from the formulas in Chapter 5 for U € U,;z(J) with J = j,, and J = J,
from the description of the corresponding RKHS’s H(U).

The results on GCIP’s that are obtained in Chapter 7 are used in Chapter
8 to study bitangential generalizations of the Krein extension problem of
extending a continuous mvf g(t), given on the interval —a < t < a, with a
kernel

k(t,s) =g(t+s) —g(t) — g(—s) + g(0)

that is positive on [0, a] x [0,a] to a continuous mvf g(¢) on R which is sub-
ject to analogous constraints on [0, 00) x [0,00). In particular, the classes
of entire mvf’s U in U, r(J,) and U,sr(J,) are identified as the classes of
resolvent matrices of completely indeterminate and strictly completely in-
determinate bitangential extension problems for mvf’s g(¢). A bitangential
generalization of Krein’s extension problem for continuous positive definite
mvf’s and Krein’s extension problem for accelerants and the resolvent ma-
trices for these problems are also considered in this chapter.
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In Chapter 11 extremal values of entropy functionals for completely inde-
terminate generalized interpolation and extension problems are established
in a uniform way that is based on the parametrizations of j,, and J, inner
mvf’s that was discussed in earlier chapters.

Every mvf U € U(J) has a pseudocontinuation from C, into C_ that is a
meromorphic mvf of Nevanlinna class in C_. Consequently, every submatrix
s € S§P*1 of an inner mvf § € 8% admits such an extension to C_, as
do mvf’s of the form s = Ty [e] and and ¢ = Ty[7], where W € U(j,q),
A € U(Jy), € is a constant p x g contractive matrix and 7 is a constant
p X p matrix with 7 + 7% > 0. Such representations of the mvf’s s and ¢
arose in the synthesis of passive linear networks with losses by a lossless
system with a scattering matrix S, a chain scattering matrix W or a trans-
mission matrix A, repectively. The representations of s as a block of an
n x n inner mvf S and s = Ty [e] and ¢ = T4[r] with constant matrices
e € §P*? and T € CP*P, respectively, are called Darlington representations,
even though Darlington only worked with scalar rational functions ¢ € C,
and the scattering formalism described above was introduced by Belevich for
rational mvf’s s € SP*4. In the early seventies Darlington representations
for mvf’s s € SP*7 and ¢ € CP*P that admit pseudocontinuations into C_
were obtained independently by D. Z. Arov [Ar71] and P. Dewilde [De71];
generalizations to operator valued functions were obtained in [Ar71] and
[Ar74a] and by R. Douglas and J. W. Helton in [DoH73]. Descriptions of the
sets of representations and solutions of other inverse problems for J-inner
mvf’s are discussed in Chapter 9, which includes more detailed references.

In the study of bitangential interpolation problems and bitangential in-
verse problems for canonical systems, a significant role is played by a set
ap(W) of pairs {b1, b2} of inner mvf’s by € SP*P and by € S7*7 that are
associated with each mvf W € U(j,,) and a set aprr(A) of pairs {b3,bs} of
p % p inner mvf’s that is associated with each mvf A € U(J,). The inner
mvf’s in {b1, by} are defined in terms of the blocks w;; and wag of W by the
inner-outer factorization of (wu) = (w11 (M\)*)~1, which belongs to SP*P
and the outer-inner factorization of w2_21, which belongs to S7%:

(wﬁ)_l = b1g01 and w2_21 = QDQbQ.

The pair {b3,bs} € aprr(A) is defined analogously in terms of the entries in
the blocks of the de Branges matrix

¢\) = [E-(N) Er(N)] = [a2a(X) —aa1(N)  ag2(N) + az1 (V)]
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that is defined in terms of the bottom blocks of A via the inner-outer and
outer-inner factorizations of (E¥ (A\))™' = (E_(A)*)"! and E.()\)~! in the
Smirnov class N7

(E)™ =bsps and E7' = gubs.

If the mvf A is holomorphic at the point A = 0, then b3 and by are also
holomorphic at the point A = 0 and may be uniquely specified by imposing
the normalization conditions b3(0) = I, and b4 (0) = I,,.

To illustrate the role of associated pairs we first consider a system of the
form (1.1) or (1.10) with J = j,,. Then the matrizant W,, 0 < = < d
is a monotonic continuous chain (with respect to the variable x) of entire
Jpg-inner mvf’s that is normalized by the condition W,(0) = I,,,. Corre-
spondingly there is a unique chain of associated pairs {b7 (\), b3 (\)} of entire
inner mvf’s with b7 (0) = I, and b3 (0) = I, and this chain is monotonic and
continuous with respect to the variable x.

The class U, sg(J) plays a significant role in a number of inverse problems
for canonical systems of the forms (1.1) and (1.10). In particular, the ma-
trizant U, (\),0 < z < d, of every canonical system that can be reduced to a
Dirac system with locally summable potential belongs to the class U5 (J)
for every x € [0,d); see e.g., [ArD05c|, which includes applications to ma-
trix Schrédinger equations with potentials of the form ¢(x) = v?(z) £ v/(x)
(even though the matrizant of the Schrodinger equation belongs to the class
Us(J)).

In the authors’ formulation of bitangential inverse problems, the given
data is a monotonic continuous chain of pairs {b{()),b5(\)}, 0 < z < d, and
a spectral characteristic (e.g., a monodromy matrix, an input scattering or
impedance matrix, or a spectral function) and the problem is to find a system
with the given spectral characteristic that satisfies the two restrictions:

(1) W, € Upr(jpq) for every x € [0, d).
(2) {b7,b3} € ap(W) for every x € [0,d).

These inverse problems were solved by Krein’s method, which is based on
identifying the matrizant with a family of resolvent matrices of an ap-
propriately defined completely indeterminate extension problem; see e.g.,
[ArD05b], [ArD05c] and [ArDO07b].

The Krein method works because for each completely indeterminate GSIP
with given data by, by, s°, there is an mvf W € U(jj,,) such that (1.13) holds
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and {b1,b2} € ap(W) that is unique up to a right constant j,, unitary
multiplier. Moreover, if b; and by are holomorphic at the point A = 0, then
W is holomorphic at the point A = 0 and then may be uniquely specified by
imposing the normalization W (0) = I,,,. Furthermore, W (\) is entire if b;
and by are entire. These relationships are discussed in Chapters 7 and 8.

Descriptions of the RKHS’s H(W) and H(A) based on associated pairs
are discussed in Chapter 5.

The theory of the RKHS’ H(U) and B(¢) is developed further and ap-
plied to construct functional models for Livsic-Brodskii operator nodes in
Chapter 6. In this chapter the mvf’s U € U(J) that are holomorphic and
normalized at the point A = 0 (and in the even more general class LB(J))
are identified as characteristic mvf’s of Livsic-Brodskii nodes. Connections
with conservative and passive linear continuous time invariant systems are
also discussed.

Necessary and sufficient conditions for the characteristic mvf of a simple
Livsic-Brodskii node to belong to the class U, sz (J) are furnished in Chapter
10, and functional models of these nodes are given in terms of the associated
pairs of the first and second kind of the characteristic function U of the node.

An m x m mvf U € P(J) may be interpreted as the resolvent matrix of a
symmetric operator with deficiency indices (m,m) in a Hilbert space. This
theory was developed and applied to a number of problems in analysis by
M. G. Krein; see e.g., Krein [Kr49] and the monograph [GoGo97]. The latter
focuses on entire symmetric operators and, correspondingly, entire resolvent
mvf’s U € U(J). Connections between the Krein theory of resolvent matrices
and and characteristic mvf’s of Livsic-Brodskii J-nodes with the de Branges
theory of RKHS’ H(U) were considered in [AID84] and [AID85]. Resolvent
matrices of symmetric operators were identified as characteristic mvf’s of
generalized LB J-nodes by M. G. Krein and S. N. Saakjan [KrS70], A. V.
Shtraus [Sht60], E. R. Tsekanovskii and Yu. L. Shmulyan [TsS77] and others.

An m x m mvf U € P(J) may also be interpreted as the resolvent matrix
of a completely indeterminate commutant lifting problem; see e.g., [SZNF70]
and [FoFr90].

Finally, we remark that although we have chosen to focus on the classes
P(J) and U(J) for the open upper half plane C,, most of the considered
results have natural analogues for the open unit disc D with boundary T.
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Algebraic preliminaries

This chapter introduces a number of the concepts that will play a significant
role in the analysis of the mvf’s (matrix valued functions) that are considered
in this monograph in the special setting of matrices, i.e., constant mvf’s.
Particular attention is paid to the linear fractional transformations that
map the classes SP7, and CE P, into themselves. These transformations
are defined in terms of certain subblocks of matrices U € C™*™ that are
contractive with respect to an appropriately chosen signature matrix J and
for the even larger class of J-minus matrices, which is defined in terms of

the indefinite inner product
[u,v] =v*Ju for wu,veC™.

The geometry of the space C" with respect to this indefinite inner product
is studied and then applied to obtain properties of J-contractive matrices, J-
unitary matrices and minus matrices and the corresponding linear fractional
transformations and linear transforms. Some other properties of matrices
that will be needed in the sequel are also presented in this chapter.

2.1 The classes P.ons:(J) and Uepnsi(J)

A matrix J € C™*™ is said to be a signature matrix if it is both selfadjoint
and unitary with respect to the standard inner product in C™, i.e., if J = J*
and J*J = I,,,. In view of these assumptions, the matrices

I, I —
T nd Q- 2J

(2.1)

13
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are complementary orthogonal projectors on C™ and every m X m signature
matrix J # +1,, is unitarily equivalent to the matrix

) I, 0
]pq: 9 p217 q217 p+q:m7 (22)
0 -1,
where
p=rank P and ¢ =rank Q. (2.3)

In addition to j,, itself, the main examples of signature matrices that will
be of interest in the sequel are:

0 - 0 —ily . .
Jp = s = 0 and j, = jpp for 2p=m.

-1, 0 i1,
(2.4)
The signature matrices .J, and j, are connected by the formula
1 | -1, I
Py _ = p 1p
Jp =0735,0, where U= 7 { [ } . (2.5)

A matrix U € C"™*™ is said to be:
(1) J-contractive if U*JU < J.
(2) J-expansive if U*JU > J.

(3) J-unitary if U*JU = J.

The class of J-contractive matrices will be designated Peypst(J) in honor of
V. P. Potapov, who systematically investigated their properties; the class of
J-unitary matrices will be designated Ueonst(J).

2.2 The Potapov—Ginzburg transform
Let
Shxd - — {A eCP*: A*A< Iq}

const
and
Sl = {Aei: ATA<I,}.

const

In this subsection we will introduce the Potapov-Ginzburg transform
PG(U), which maps U € Peonst(J) into the set S It is convenient,

const *
however, to first establish two preliminary lemmas.
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Lemma 2.1 If U € C"™*"™, then the siz matrices
P+QUQ, P£QU, PxUQ

are either all invertible or all singular.

Proof To verify the assertion for the first four matrices, it suffices to observe
that if w € C™, then

(P£QUQ)u=0 <= Pu=0 and QUQu=0
<~ Pu=0 and QUu=0
— (PxQU)u=0.
This analysis also implies that
P+ QU™Q is invertible <= P + QU™ is invertible
and hence, as P and () are orthogonal projectors, that
P+ QUQ is invertible <= P + UQ is invertible,
as needed to complete the proof. O
Lemma 2.2 Let U € C"*"™. Then P + QU is invertible if and only if

P —UQ is invertible. Moreover, if one (and hence both) of these matrices is
invertible, then

(PU+Q)(P+QU)™ = (P-UQ) " (UP-Q).

Proof The first assertion was verified in the preceding lemma; the second
is a straightforward calculation. O
The mapping from

{UeC™™ . P+ QU is invertible}
into C™*™ that is defined by the formula
S=({PU+Q)P+QU)" =P -UQ) " (UP-Q) (2.6)

is called the Potapov—Ginzburg transform. We shall refer to it as the
PG transform of U and shall write S = PG(U).

Lemma 2.3 Let U € Popst(J) with J # £1,,,. Then the matrices P+QUQ,
P+ QU and P £UQ are all invertible. Moreover, if S = PG(U), then:
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(1) 5 e S,
(2) Ln — 8*S = (P +U*Q)~"(J — U*JU)(P + QU)~"
(3) Ln — 8S* = (P —UQ)"Y(J — UJU*)(P — QU*)~!
(4) P£QSQ, P£QS and P+ SQ are invertible.
(5) U = PG(S) = (PS +Q)(P+QS) ™' = (P — 5Q)"'(SP - Q).
(6) J—U*JU = (P+ S*Q)" (I, — S*S)(P+QS)~!
(7) J = UJU* = (P = $Q)"\(I,, — $57)(P — Q5*)""
(8)

8) The matrices PE=QUQ are both expansive, i.e., PEQUQ is invertible

and (P:l: QUQ) 1 c Smxm .

const
9) (P+QS)(P+QU)=(P+QU)P+QS)=1,.

(10) QSQUQ =QURSQ = Q.

(1) (P+QSQ)(P+QUQ) = (P + QUQ)(P + Q5Q) = I,.
Proof The assumption that U € Py, (J) is equivalent to the inequality

U*PU+Q < P+ U"QU.
But this in turn implies that
QUPUQ +Q < QU QUQ
and hence that
QU*PUQ + I, < P+ QU*QUQ = (P + QU*Q)(P + QUQ),

which clearly implies that the two matrices P + QU@ are expansive and
hence invertible. Therefore, (8) holds and all six of the matrices referred
to in the statement of the lemma are invertible, by Lemma 2.1. Assertion
(1) is immediate from the identities in (2) and (3), which are verified by
straightforward calculations.

The next step is to verify (4). In view of Lemma 2.1, it suffices to check
that P 4+ QS is invertible, which follows easily from the observation that

(P+QS)(P+QU)=P+Q(PU+Q)=P+Q=1,.

This calculation also justifies the formulas in (9). Items (5), (6) and (7) are
again routine calculations, (10) is obtained by multiplying (9) on the left
and on the right by @, and (11) follows easily from (10). O
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Theorem 2.4 If J is an m X m signature matrix and J # £1,,, then
(1) The PG transform is well defined on the set P.opst(J).

(2) The PG transform is a one to one map of Peonst(J) onto the set
{Se8ix<: P+ QSQ is invertible}.

const
(3) If U € Peonst(J) and S = PG(U), then U = PG(S).
(4) U € Uponst(J) if and only if PG(U) € Ueonst(Im)-
Proof (1) holds because P + QU is invertible if U € Peonst(J). (2) and (3)
follow from (4) and (5) of Lemma 2.3, and (4) follows from (6) of Lemma
2.3. O

Corollary 2.5 If J is an m x m signature matriz and J # +1,,,, then

U S P{:onst(t]) — U* S Pconst(J)

and
U € Ueonst(J) <= U™ € Uponst(J).

Lemma 2.6 Let U € Poopsi(J) with J # £1,,, let S = PG(U) and let
Up=Q+PUP, Uy=P+QUQ, Sp=Q-+PSP
and Sg =P+ QSQ. (2.7)
Then:
(1) Sp e S and Sg € Shhr
(2) SeUq = L.
(3) The matriz Sq is invertible, Ug = 551 and the matriz Ug is expan-
sive.
@) U] = 1.
) Up[l < U and [Ugll < IU]]-
(6) The formulas
U = (I, + PSQ)SpUq (L — QSP) (2.8)

and

S = (In + PUQ)UpSo(I,, — QUP) (2.9)
hold.
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() [IUl < 3[1Uq]-

_det Sp _det Up
(8) det U = det 55 and det S = 4= Uy

(9) U is invertible if and only if Sp is invertible.
(10) If U is invertible, then
U™t = (I, + QSP)SoSp' (I, — PSQ) (2.10)
and
ISEHE< U= < 3]ISp (2.11)
(11) If U € Ueonst(J), then U is invertible,
PSPU*P =P and SpUp =1,
and hence Sp is invertible, Up = S;l and Up is expansive.
Proof The first assertion in (1) follows easily from the fact that

SpSp = (Q@+ PS*P)(Q+ PSP)=Q + PS*PSP

The inequality S¢)Sq < I, may be checked in the same way.
Assertion (2) rests on the identity

SoUg =P+ QSQUQ =P +Q =1,,
which is immediate from (11) of Lemma 2.3, and (3) is immediate from (2).
Let u be a nonzero vector in the range of Q. Then, since Uy is expansive,
lul* < Uqull® = |[QUQu|]®
< (U lul.
This proves (4), which is then used to verify (5):
1Upull* = [|Qul* + || PUPul?
1Qull” + U1 Pull?

U1 Qull* + | Pull?)
= UPul®

<
<
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for every u € C™. Therefore, |Up|| < ||U]| and, by much the same argument,
1Uoll < U]
Next, upon substituting the identities

PS+Q = (I, + PSQ)(Q + PSP) and
QS+ P = (I, + QSP)(P + QSQ)
into the formula U = (PS + Q)(QS + P)~!, it is readily seen that
U= (I, + PSQ)Sp(Sq) *(I, + QSP) ™!,

which leads easily to (2.8), with the help of the formulas in (1) and (2) and
the fact that (I, + QSP)~! = I, — QSP.The verification of formula (2.9)
is similar.

Formula (2.8) yields the bound

U < [[1m + PSQUISPIUN [ 1m — QSP,
which leads easily to (7), since [|Sp|| < 1 and [|(I,,+PSQ)| < v/3, as follows

from the sequence of inequalities:

(L + PSQ)ul® lull® + 2%(SQu, Pu) + || PSQu]?
[ull® + 2(|SQul|[| Pull + || PSQul|?
[ull® + 2/|Qul|[| Pull + [|Qul[?
lul® + [|Qull* + [[Pul® + [|Qul?
3lul®.

VAN VAN VAN VAN

The formulas in (8) follow from the formulas in (6) and (2) and the fact

that for any matrix B € C"*™

det(I,, £ PBQ) = det([,,, £ BQP) =detI,, =1

and
det(I,, = QBP) = det(I,, + BPQ) = det I, = 1.
Moreover, the first formula in (8) yields (9).
If U is invertible, then the formulas in (2) and (6) lead easily to (2.10) and

the second inequality in (2.11). The first inequality in (2.11) then follows
from the observation that

PU'P=PS,'P
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and hence that
U > |PUT'P|| = |PSp'P|| = ||1Sp').
To verify the equality ||PS;1PH = HS’IS1 I, we first note that
Spl = (PSpP+ Q) =PSp'P+Q

and hence that |PSp'P|| > 1 and

ISp'al* = |PSp Pz + [|Qx|?
< |PSp PIP|IPx|? + 1|Qx]?
< |PSE'PIP(IP| + [|Qx]*)
< |1PSp PIP |l

for every x € C". Therefore,
ISl < [|1PSp P

and thus, equality holds, since the opposite inequality is obvious.
Finally, if U € Ueonst(J), then the formulas

(Q+ SP)U*=(P-UQ)"'U*JU
and
(P+5Q)=(P-UQ)"'J
imply that
(Q+SP)U* =P+ 5Q
and hence that
PSPU*P =P
and

SpUp = (Q+ PSP)(Q+ PU*P)
= Q+PSPU*P=Q+P=1,.

This completes the proof of the displayed formulas in (11). The remaining
assertions in (11) follow easily from these formulas. O
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In the special case that J = j,, with p > 1 and ¢ > 1, the orthogonal
projectors defined in (2.1) can be written explicitly as

I 0 0 0
P and @ = pp .
0 Ogxq 0 I

Correspondingly, if W € Peonst(jpg) and S = PG(W) are written in block
form as

w1 W22

w w
w=| " "7 and S=
521 522

S11 312]
(2.12)

with blocks w1 and s11 of size p X p and wso and so9 of size ¢ X ¢, then the
formulas of Lemma 2.3 lead to the following conclusions:

Lemma 2.7 Let W € Peopst(Jpg) and S = PG(W) be written in the standard
block form (2.12). Then

(1) wee and s99 are invertible.

-1 -1
(2) g w1l w12 Ip 0 _ Ip —Wi2 w11 0 ie
0 Iy | |war wa 0 —wa wy —1,|"
$11 = w11 — wlzwﬁlw217 S12 = w12w§21,
B - 4 (2.13)
S91 = —Wyy W21 AN S22 = Wyy -
—1 —1
(3) W= S11 S12 Ip 0 - Ip —S12 S11 0
‘ 0 Iq S$21 S22 0 —S8929 S921 —Iq ’
i.€e.,
-1 —1
W11 = 811 — 512899 S21, W12 = S12559 ,
11 11 12899 S21, W12 12899 (2.14)

-1 -1
W21 = —S99 S21 and W2 = S99 -

(4) S11 € SPxp S19 € ‘S"-pxq S91 € S’-gxp and S0 € Saxd

const’ const’ onst const*

det su and det S det wyy

(5) det W= det 599 - det w22 ’

(6) W is invertible <= s11 is invertible.
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(7) The formulas for W and S can also be expressed as

I 0 I 0
1 e B y (2.15)
0 Iq 0 w9 —S8921 Iq

I ol[ 1, o
g=|r Pt ? . (2.16)
0 I 0 soof [—wa I

(8) waz = 555 and [[was| < [[W]| < 3[lwaz].

and

(9) If W is invertible, then
W_1 _ Ip 0 81_11 0 Ip —S12
S21 Iq 0 5929 0 Iq

syt < IWH1 < 3)lsi7 ]l

and

(10) If W € Ueonst(Jpq), then wi;si1 = 1.

Proof Items (1), (2) and (3) are immediate from Lemma 2.3. Moreover,

since
STl 8;1 S11  S12 < Ip 0
= 9
STQ 852 S21 S22 0 Iq

it is readily seen that

* * * *
511511 + 891821 < I, and 879512 + 859800 < 1.

5'%1) Xq

X X . PR .
Therefore, s1; € SL7P.| 599 € SI71, and, since sy is invertible, sj5 € SE 1.

onst’ cons

The supplementary inequality
52153 + 822839 < Iy,

which is obtained from the 22 block of the inequality SS* < I,,, serves
to guarantee that so; € SU°P. to complete the proof of (4). Item (6) is

const?
immediate from (5), which, in turn, follows from (3) and (2). Item (7) is
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obtained from the Schur complement formula

wi wiz| | wigwyy' | (w1 — wipwyy way 0 I, 0
w1 W99 0 Iq 0 w929 w2_21 w21 Iq
17)

and the formulas in (2.13). Similar arguments serve to justify formula (2.16).
The upper bound in (8) follows from (2.15), since the matrices s;; are con-
tractive. The remaining assertions of the lemma follow from the correspond-
ing assertions in Lemma 2.6. O

Lemma 2.8 If W € Ueonst(jpg), then there exists a unique choice of
parameters

ke S € Upnsi(ly) and v € Uepnr (1) (2.18)

onst’
such that
(I, — kk*)™V2 k(I — k*k)~2] [u 0
W = . (2.19)
k*(I, — kk*) =2 (I, —k*k)~Y2 ] |0 v
Conversely, if k, u, v is any set of three matrices that meet the condition
(2.18), then the matriz W defined by formula (2.19) is jpq-unitary.

Proof Let W € Ueonst(Jpq), let wi; and s;; be the blocks in the four block
decomposition of W and S = PG(W) and let k = s12. Then, by Lemma 2.7,
k € Sfojﬁ;h
si1s1y = I, — kk* 839890 = I, — K™k and  s918]; = —s22k™,
since S € Ueonst(In), where m = p + g. The first two equalities imply that
si = (I, — kk*)Y2u and  syp = v* (I, — K*k)Y/2, (2.20)

where u € Ueonst(Ip) and v € Ueonst(ly) are uniquely defined by si;
and so0, respectively. Moreover, these formulas lead easily to the asserted
parametrization of W with parameters that are uniquely defined by W and
satisfy the constraints (2.18), since

—% —1 —1 —1 * _—k
W11 = 811, W22 = S99, W12 = k822 and W21 = —S99 S21 = k S11 - (2.21)

The converse is easily checked by direct calculation. O
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Lemma 2.9 If W € Uponst(Jpq), then w = I, and v = I, in the parametriza-
tion formula (2.19) if and only if W > 0.

Proof If W € Uponst(jpg) and W > 0, then parametrization formula (2.19)
implies that v = I, and v = I, since wy; > 0 and way > 0. Conversely,
if W € Ueonst(jpg) and u = I, and v = I, then, by Schur complements,
formula (2.19) can be written as

we b k (I, — kk*)1/? 0 I, 0
0 I, 0 (I, — k*k)~Y2| |k* 1]’

since wy1 — w12w2_21w21 = (I, — kk*)l/Q. But this clearly displays W as a
positive definite matrix. O

2.3 Linear fractional transformations

Let

u u
v= | " (2.22)
U1 U2

be a constant m X m matrix with blocks u1; of size p X p and ugy of size
q X q, respectively, and define the linear fractional transformation

Ty [.T] = (uux + U12)(UQ1$C + UQQ)_I (2.23)
for every x € CP*? for which the indicated inverse exists, i.e., for x in the
set

D(Ty) = {x € CP*?: w9y + uge is invertible}.

We shall refer to this set as the domain of Ty and, for a set X C D(Ty),
we let

TU[X] = {TU[$] M S X}
Let V = [Uij}z%jzl be a second constant m x m matrix which is partitioned

conformally with U. Then if x € D(Ty) and Ty[z] € D(Tv), it is readily
checked that = € D(Tyy) and

Ty [Ty x])] = Tvulz]. (2.24)
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Lemma 2.10 If U,V € C™*™ and UV = I,,,, then
(1) Ty[D(Tv)] = D(Tv ).
(2) Ty [Tylz]] = x for every x € D(Ty).
(3) D(Ty) = {x € CP*7: det(vi1 — xv21) # 0}.
(4) If x € D(1y), then
Tyz] = —(vi1 — 2ve1) " (v1g — Tv22). (2.25)

Proof (1) and (2) are readily checked by direct calculation. Suppose next
that ug)x + uge is invertible, but £*(v1; — xve1) = 0 for some vector £ € CP.
Then the identity

b=ty it [;] = v [f]

yields the formula
(v11 — zv21) (U112 + u12) = —(v12 — TV22) (U212 + U92), (2.26)
which implies that *(v1a — zvg2) = 0 too. Therefore,
& —gav =0

and hence, since V' is invertible, ¢ = 0. Thus, v1; — xve; is invertible.
Since the argument can be reversed it follows that

U9 + Ugo 1S invertible <= v1; — xw9y is invertible.
This establishes (3); (4) is now immediate from formula (2.26). O

Lemma 2.11 Let U € C™*™ be an invertible matriz and let V. € C™*™ pe
such that

VipgU = Jpg, e, V = quU_lij'

Then, in terms of the standard four block decompositions [uij]%j:l and
[Uij]?,j:1 described above,

D(Ty) = {x € CP*%: vy + zv9 is invertible}.

Moreover, if © € D(Ty ), then the linear fractional transformation (2.23) can
also be written as

Ty[z] = (v11 + zva1) " (v1g + 2v22). (2.27)
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Proof The lemma follows directly from Lemma 2.10, since j,,V iy, = U -1
It can also be established independently in much the same way by exploiting
the identity

[Ip ] VipgU

Iq q

= [Ip 517]qu [;] =0,

which is valid for every x € CP*4,

Remark 2.12 We shall refer to the linear fractional transformation Ty de-
fined above that maps D(Ty) C CP*1 into CP*? as a right linear fractional
transformation and shall sometimes denote it by T{;. There is also a left
linear fractional transformation, Té with domain

D(TH) = {y € CVP 2 yura +uss s invertible}
and range in C1*P that is defined on D(Tf]) by the formula

T [y] = (yuiz + ugo) " (yurr + uar).

Theorem 2.13 Let U € C"*™. Then the linear fractional transformation
Ty meets the three conditions:

(1) SE*1. C D(Ty).

const =

(2) TulStnk) € Stont

const const*

(3) TU[S'»]?XQ ] C S’-PXq

const const*
if and only if
(4) U = cW for some choice of c € C\ {0} and W € Peonst (Jipg) -

Proof The proof that (4) = (1)—(3) is relatively straightforward. Indeed,
if W € Peonst (jpg) and x € SE 4. then (1) follows from the observation that

const?
qxXp
Sconst and

wo9 is invertible, s91 €
W T + way = waa(ly — $21).
Next, (2) and (3) are easily extracted from the formulas
(warx + woo )*{Tw [x]*Tw [x] — Iy} (wa1x + wa2)
= (2" LJW"jpsW
1

T
LI

<lz* Iylipg [
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The same conclusions prevail if W is replaced by U = ¢W for any ¢ € C\{0},
because then Ty [x] = Ty [x].

The converse implication lies deeper and requires the development of the
theory of finite dimensional spaces with indefinite metric. A proof will be
furnished later in Corollary 2.41. O

Corollary 2.14 If W € Uconst(jpqg), then

SPX CD(Ty) and Ti[SPX0,] = SPX4

const = const const*

Proof The inclusions S*-%, C D(Ty ) and Ty [SEx,] € SEX%. follow from
Theorem 2.13. However, since W € Ueonst (Jipg) <> W1 € Uconst(Jipq), the
inclusion Ty 1 [SEr 9] € SE*%. is also valid. Therefore,

Sfo?(.]st =Tw [Tw—l [Squ ]] CTw [prq ] C Spxa

constl] = const const*
(I
Lemma 2.15 Let U € C™*™ and let Ty denote the linear fractional trans-
formation defined in terms of the blocks u;j of U by formula (2.23). Then
(1) SPX4. C D(Ty) <= gy is invertible and Ugy Uy € ST

(2) SPXL. C D(Ty) <= ugy is invertible and uy, ugy € SIxP

const = const*

Proof If 8?%¢, C D(Ty), then 0,x, € D(Ty) and hence ugs is invertible

const
and the matrix x = w5y us; is well defined. Moreover, if ||x|| > 1, then the
matrix x = —||x||72x* belongs to the set St .. However, this is not viable,

since det (I; + xx) = 0, because |x|* is an eigenvalue of xx*. Therefore,
x € SI*P.. Conversely, if ugs is invertible and ||x|| < 1, then it is readily

const*

checked that

D(Ty) = {xz € CP*?: det (I, — xx) #0} D Shnt

const?

since ||xz|| < [|xllllz|| <1, for & € S2%,. This completes the proof of (1).

The proof of (2) is similar. O

Lemma 2.16 Let U € C"*™ and assume that S')L, C D(Tyy) and that Ty

const =
o

is ingective on St L. Then U is invertible.
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Proof Lemma 2.15 implies that wugo is invertible and that the matrix y =

Const
U [ﬂ =0 for some choice of £ € C? and n € CY,

then the formulas
0 = u21§ + u22m = uz2(n + x§)

imply that n = —x& and consequently that n*n < £*¢. Now choose y € C¢
with y # 0 such that I, +ny* is invertible and the matrix e = &y* (I, +ny*)~*
is in %Y . Then

const*
&y &y 0] ,.[o0
U[I "‘779] [ny]—FU[IQ]_ULq]

and it is readily checked that
Tye] = Ty [0].

Therefore, since Ty is assumed to be injective on Sconst, € =0. Thus, { =0

and 77 = 0 and hence U is invertible. O

Lemma 2.17 Let U € C™*™ with a four block decomposition as in (2.22)
and suppose that uge is invertible and that x = u;zlum 18 strictly contmctive

Then there exists a matriz Wy € Ueonst(Jpq) such that the blocks u of the
matriz Uy = UW,y satisfy the conditions

V>0 W) >0 and WY =0 (2.28)
Such a matriz Uy is uniquely defined by the matriz U. Moreover:

(1) The blocks of Uy may be expressed in terms of the matrices
k= —(u2_21u21)* =—x", (2.29)
6 = {uga(I, — K E)uss}/?  and v = (I, — k*k)Y?u356~1  (2.30)
by the formulas
uby) = 6, ull) = {(unr +u2k*) (I, — kk*) " (uny +uink®)*}/? (2.31)

and
ult) = (ugik + up) (I, — K k)~ 0. (2.32)
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(2) The factor Wy is unique if and only if det U # 0.
(3) det U # 0 < ult) > 0.

(4) The matriz Wy admits a parametrization of the form (2.19) in which
k and v are uniquely defined by formulas (2.29) and (2.30) and u is
a p X p unitary matriz such that

(ur1 + urak™) (I, — kk*) 2 = u{Vu, (2.33)

(Thus w and, hence Wy, is uniquely defined by U if and only if
det U #£0.)

Proof Let Wy € Ueonst(jpg) and let Uy = UW,. Then, if Wy is parametrized
as in (2.19),

ugll) = (Ull + ’u,lzk*)(fp — kk*)fl/g’u,, (2.34)

WSt = (ugrke + ug) (I, — k7)™, (2.35)

ult) = (uiik + o) (I, — K°k) "% (2.36)
and

ugll) = (ug1 + ugek®) (I, — kk*) "V ?u. (2.37)

(1)

The last equality implies that u211 = 0 if and only if £ = —xx, i.e., if and

(1)

only if (2.29) holds. Moreover, since uyy' is invertible, formula (2.35) implies

u%) > 0 if and only if the unitary matrix v is defined by formula (2.30),

whereas (2.34) implies that ugll)

(2.31). Furthermore, the p X p unitary matrix u may be chosen to satisfy

(2.33). This choice of u is unique if and only if ugll) > 0.

> 0 if and only if it is defined as in formula

Finally, the formula
det U det Wy = det ug? det ug?)

yields (3) and the rest of (4), since uglg) and Wy are invertible. O
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2.4 Matrix balls

A matrix ball B in CP*? is a set of the form

B={C+LER: EcS. (2.38)

onst

where C' € CP*1, [ € CP*P, Re€ C1*%, L >0 and R > 0. The matrix C is
called the center of the ball and the matrices L and R are called left and
right semi radii, respectively.

Lemma 2.18 A matriz X € CP*? belongs to the matrix ball B with center
C and left and right semi radii L and R if and only if

[€°(X = Ol < || LE]| [ Bl (2.39)
for every choice of £ € CP and n € CY.
Proof Suppose first that (2.39) is in force. Then (X — C)n is

orthogonal to every vector & in the null space of L, ie., range
(X — C) C range (L). Therefore,

LL'(X -C)=X - C,
where L' denotes the Moore-Penrose inverse of L. Similar considerations
imply that

(X -C)R'TR=X - C,
where R denotes the Moore-Penrose inverse of R. Thus,

(X -C)=LL"(X —C)R'R

and LT(X — O)R' € 8%, since

[u* LN (X — )R] < |[LL || [|RR"|| < [|ul |v]

for every choice of u € C? and v € C? by (2.39) and LL' and RR' are
orthogonal projections. This completes the proof that (2.39) implies that X
belongs to the matrix ball defined by C, L and R. The converse implication
is self-evident. O

Lemma 2.19 Let B; denote the matriz ball with center C;j € CP*9 and left
and right semi radii L; € CP*P and R; € C1*9, respectively, for j = 1,2.
Then By C By if and only if

€°(Cr = Co)nl + LA &l [[Ranl| < (| L]l [ Ran]| (2.40)
for every choice of € € CP and n € C1.
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Proof Suppose first that By C By and let E; € SP*%.. Then there exists a

const*
matrix Fy € SPr Y. such that

C1—Co+L1E1Ry = Lo Ey Ry
and hence
1€5(Cr — Co)n + " L1 By Ran| = [§" Lo By Ron| < || La&]| || Ran|

for every choice of £ € C? and n € CY. If L1§ =0 or Ryn = 0, then (2.40) is
clear. Now fix ¢ € C with [{| = 1, set u = L1§, v = Ryn and suppose that
lu|| [|[v]| # 0. Then the matrix

uv*
Er=(
[[ull ]l
belongs to S” %, and by appropriate choice of ¢
§°(CL = Co)n+ LB Rin| = [€7(C1 = Co)nl + [Jull ||v]

= [§(Cy = Co)nl + |Lag ]l | Ran]l,

which, when substituted into the preceding inequality, yields (2.40).
Suppose next that (2.40) is in force and let X € B;. Then, in view of
Lemma 2.18,

IE°(X = Co)n| = [§7(X = C1)n+ & (CL — Co)n
|€5(X = C1)nl + |€°(Cr — Ca)n|
L1 & [ Banll + [€7(C1 — Ca)n
L2l | Ramll,

IA A IA

for every choice of ¢ € CP and n € C?. Therefore, by another application of
Lemma 2.18, X € Bs. O

Corollary 2.20 If By = Bay, then Cy = Cs.
Proof If By = By, then the supplementary inequality
§°(C1 = Co)nl + | Lagll [ Ranll < [| L1 ][ | Raml] (2.41)

is also in force for every choice of £ € CP and n € C%. The conclusion now
follows easily by adding (2.40) and (2.41). O
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Lemma 2.21 If By C By and By # {C1}, then there exists a finite constant
p > 0 such that

1
L1 < pLs and Ry < — Rs.
p

Proof If By # {C1}, then there exist a pair of vectors £&° € CP and n° € C?
such that ||L1£°|| # 0 and ||R17°|| # 0. Thus, in view of (2.40), ||L2£°|| # O,
[R2n°|| # 0 and

L [e] o

| 1§OH < HRMOH < o,

[L2goll = [[Bane]]

_ gl }
ﬁ—bup{||L2£H :L1E#£0

Therefore, the number

is finite and positive and
[ L1€]| < rl[ Lag]]
first for £ € CP with L1£ # 0 and then for all £ € CP, and , similarly

1
| Runll < IRl
first for n € C? with R;n # 0 and then for all n € C?. Consequently,
1
L3 < kL3 and R} < ;Rg.
The conclusion follows by taking square roots. O

Corollary 2.22 If By = By and By # {C1}, then there exists a finite
constant v > 0 such that

Ly =~Ly and Ry = ’y_le.
Proof If B; = B, then there exist a pair of finite positive constants « and
0 such that the inequalities
1

5

1
I3 <al3, R} < &Rg, L3 <BL] and R} <
are all in force. Therefore,

1
L? < aBL? d R2< — R?
1_04/51 al 1_045 ,
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which implies that a3 = 1 and hence, since L; > 0 and Ry > 0, that L} =
alL} and R? = o ' R3. Thus, by the uniqueness of the positive semidefinite
square root of a positive semidefinite matrix,

Li=~vLy, and R; = fy_le

for some finite positive constant ~. O

In the future we shall usually indicate the center of a matrix ball 5 in
CP*1 by m, and the left and right semiradii by the symbols R; and R,,
respectively. In terms of this notation,

const

B:{mE(Cqu: m=m,+ ReR, and ¢¢€ S 1 } (2.42)

If Ry > 0 and R, > 0, then, for each choice of ¥ > 0, there exists a unique
choice of p such that
det (pRy)

———— = K. 2.43
det (p~'R;) " (243)
Lemma 2.23 Let U € C™*™ and suppose that St %, C D(Ty). Then
Ty[SEXL.] is a matriz ball with positive right semiradius R, i.e.,
TyShnd] ={meC’*": m=m,+ RieR, and e€ 8"}, (2.44)

where the center of the ball m. is uniquely specified by the formula
1), (1)\—
me = uly (uly) ! (2.45)
and the left and right semiradit Ry and R, may be specified by the formulas
R, = ugll) and R, = (u%))_l, (2.46)

in which the ugjl) are are given by formulas (2.29)-(2.37). Moreover, for this
choice of Ry and R,,
det Ry
det R,

If det U # 0, then the last equality holds only for this choice of Ry and R,.

= |det U|. (2.47)

Proof This is an easy consequence of Lemma 2.17 and the preceding dis-
cussion. 0

Theorem 2.24 Let U € C™*™ . Then
SPrd. CD(Ty) and Ty[SErl] = S0 (2.48)

const const const
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if and only if
U=cW for some W €Ueonst(jpq) and some scalar c¢>0. (2.49)

Proof If (2.48) holds, then the the center of the matrix ball Ty [SE %] is
m. = Opxq and the left and right semiradii may be chosen equal to Ry = I,
and R, = I, respectively. Thus, by formulas (2.45) and (2.46), the blocks

of the matrix U; that is defined in Lemma 2.17 are ug) =0, ugll) = cl, and

uélg) = cl,. Therefore, U; = cl,,, and hence (2.49) is in force.

Conversely, (2.49) implies (2.48), by Corollary 2.14. O

Remark 2.25 In formula (2.49),
¢ =|det UIM™, (2.50)

since |det W| =1 when W € Ueonst (dpq)-

Lemma 2.26 Let W € Peonst(jipg)- Then T [SEr.] is a matriz ball in

const
DXq . .. . . . .
S,onst With positive right semiradius R,., i.e.,

const const

Tw([SEel] = {sg) +sVeslt) s e e sPxe }, (2.51)

where the sg;) are the blocks in the four block decomposition of S; = PG(W7)
and W7 € Pcomt(qu) is identified with the matriz Uy considered in Lemma
2.23, with W in place of U. Moreover, for this choice of Ry and R,

det Ry
det R,

If det W £ 0, then the last equality holds only for this choice of Ry and R,..

= | det W|. (2.52)

Proof This is essentially a special case of Lemma 2.23, which is applicable,
since SE2%, C D(Tyw ), when W € Peonst (Jpg)- O

const

2.5 Redheffer transforms

If W € Peonst(fpg), then the linear fractional transformation Ty may be
rewritten in terms of the Redheffer transform, which is defined in terms
of the blocks s;; of the PG transform S = PG(W),

Rg [E] = 812 + 811€(Iq — 8218)_1522 (2.53)



2.5 Redheffer transforms 35
on the set
D(Rg) = {e € CP*9: det (I, — s91€) # 0}, (2.54)
since D(Rgs) = D(Tyw ), and, if € € D(Ryg), then by formula (2.13),
Rsle] = wiawyy + (w11 — wiaway war)e(Iy + wyy ware) ™ gy
= Twlel.

The Redheffer transform Rg may also be defined for (p + k) x (r + q)
matrices

S — |:311 312:|

S21 8522
with blocks

S11 € Cpxr, S12 € (Cpxq’ S91 € (Cer and s99 € (Ck><q

on the set
D(Rg) = {e € C™* . det (I}, — s916) # 0} (2.55)
by the formula
Rgle] = s12 + s116(I}, — s912)  Ls99, (2.56)

and not just for S € 8" with s9o invertible. If E C D(Rg), then

const

Rs[E] = {Rs[e] : € € E}. (2.57)

Theorem 2.27 Let § € SUTH*r+a) 4, decomposed into four blocks of the

const
sizes indicated above. Then:
(1) 8I%% C D(Ry).

const =

2 RS [Sgoﬁlzt N D(RS)] g ‘Sf)(;;f[sf

const*

const const const*

(2)

(3) 8"k C D(Ryg) if and only if 591 € Shkxr

(4) Rg[‘SO'rX]f ] C SPXUif and only if s12 € SPX1
(5)

5) If S is an isometric matriz and € € D(Rg), then Rg|e] is an isometric
matriz if and only if € is an isometric matriz.
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Proof Under the given assumptions, there exist a positive integer m < r+gq
and a pair of matrices M € C"™*" and N € C"*4 such that

* *
Iy — S11 S91 S11 S12
g
Tl sly ssy ][ sa s

_ [ I — (sfys11 + s31821)  —(sfys12 + s31822)

— (872511 + 839521) I, — (879812 + 839822)
[ M*M M*N
| N*M N*N

Let € € SZXk ND(Rs) and let g = (I}, — so1€) 's92. Then

onst
I~ Rslel"Rslel = I, — (s + 9751 (512 + smieg)
= NN + 539520 + g" " (M*N + 53, 522)
+(s39801 + N*M)eg
+g* e (M*M + s5,501 — I )eg.
Moreover, since
S22 + 82169 = 4,
it is readily checked that
S59S22 + g 7851502 + Sp980169 + g "85 50169 — gTETEg
= 839(822 + 82169) + g7€" S5 (522 + s9169) — g7y
= 5599 +97€ 559 — g'e"eyg
=g"(Iy —ee)g
and hence that
I, — Rg[e]"Rgle] = (N + Meg)* (N + Meg) + g* (I, — e*e)g. (2.58)

Consequently, Rg[e] € SL21 if ¢ € S™*F N D(Ryg).

const

If s9) € 8" and e € 8k, then s91e € S"** and hence € € D(Rg).

It remains to check that if SXF, C D(Rg), then sy € S¥*". But if this is
not so, then there exists a vector n € C" such that ||s21n|| = ||n|| = 1. Thus,
the matrix € = nn*sh, € S7XF,. However,

det (I, — so1mn*s5,) = det (1 — n*s3,s01m) = 0.

Therefore, the constructed matrix € ¢ D(Rg).
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Next, to verify (4), suppose first that ¢ € S™F, sy € §P*¢ and (I, —
Rsle]*Rgle])n = 0 for some i € CY. Then, in view of (2.58),

(N + Meg)n=0 and gn=0.

Therefore, N = 0, s22n = 0 and hence (I, — s3;521)n = 0, which in turn
implies that n = 0, ie., s9q € SPX1 — RS[SO”X‘I] C S8PX4, The converse
implication is self-evident, since s12 = Rg[0].

Assertion (5) is self-evident from formula (2.58), since M = 0 and N =
0 if S is isometric. This completes the proof, since assertion (1) is self-
evident. O

2.6 Indefinite metrics in the space C™

In this section we shall consider subspaces of C"™ endowed with the indefinite
inner product

[u,v] = (Ju,v) = v*Ju,

where J € C"™*"™ is a signature matrix with J # +1,,, (and hence, m > 2).
Then there exist vectors u,v and w # 0 in C™ such that

[u,u] >0, [v,v] <0 and [w,w]=0.

Thus, for example, if J = j1, then the vectors

o) (2] e[

meet the stated conditions. In general, if z € R(P), the range of P =
(I +J)/2; y € R(Q), the range of Q = (I, —J)/2; and if x # 0 and y # 0,
then

[, 2] = |l2* >0 and  [y,5] = —[ly|* <.
Moreover, if also ||z|| = ||y||, then
& +y,z +y] = [z,2] + [y, 9] = 2]” — ly|* = 0.

It is convenient to set

Miy = {ueC™: [u,u] >0}U{0},
My = {ueC”: [u,u] >0},
My = {ueC”: [u,u] =0},
Mo = {ueC”: [u,u] <0},
M__ = {ueC”: [u,ul <0}U{0}.
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A subspace L of C™ is said to be positive with respect to [, | if £LC M,
nonnegative if £ C M, negative if L C M__, nonpositive if L C M_
and neutral if £ C M.

A subspace £ of C™ is said to be a maximal nonpositive subspace if
L C M_ and L is not a proper subspace of any other nonpositive subspace of
C™. A subspace L of C™ is said to be a maximal nonnegative subspace if

L C M, and L is not a proper subspace of any other nonnegative subspace
of C™.

Lemma 2.28 Let L be a subspace of C™ and let p = rank(I,, + J) and
q = rank(1l,, — J). Then:

(1) LM, = dim L <p.
(2) LCM_ = dim L <q.
(3) LC My = dim £ < min{p,q}.

Proof Since J # +1,,, it suffices to restrict attention to the case J = j,,. In
this setting it is convenient to write u € C™ as u = col(z,y), where = € CP
and y € C¢. Then

[u7u] = <x,x> - <y’y> =z —y'y

and hence

r*x > yty <= ue My

¥r <y'y <= uwe M_

*r=y'y <<= u€ My.
Let wui,...,u; be a basis for £ and write u; = col(z;,y;) with z; € C?
and y; € C? for j = 1,...,t. Then, if L C M, it is readily checked that
x1,...,2¢ is a linearly independent set of vectors in CP:

x:ch:cj:O — u:chuj:O (2z*r > vw*uif u e My)

since uy, ..., u; is a linearly independent set of vectors in C™. Consequently,
t < p, as claimed in (1). Next, it follows in much the same way that if
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L C M_, then
t t
y:Zijj:O == u:ZCjszo,
Jj=1 Jj=1
since now 2y*y > u*u. Thus, y1, ..., y; is a linearly independent set of vectors
in C? and consequently, t < g, as claimed in (2).
Finally, (3) follows from (1) and (2), since My C M_ N M. O

We remark that the formulas
R(P) S Myy, dimR(P)=p
and
R(Q) S M__, dim R(Q) =q

imply that R(P) is a maximal nonnegative subspace and R(Q) is a maximal
nonpositive subspace.

Lemma 2.29 Let £ be a k-dimensional subspace of C" such that u*j,qu < 0
for every u € L. Then:

(1) There ezists a matriz S € Str%, and a k-dimensional subspace Y of
C? such that

£:{{Syy]:yey}. (2.59)

(2) The matriz S in the representation of L in (1) is unique if and only
if either k =q or k < q and S is coisometric.

(3) Conversely, if L is defined by formula (2.59) for some choice of S €
SP*4. and some k-dimensional subspace Y of C?, then £L C M_ and

const
L is a k-dimensional subspace of C™.

Proof Let v1,..., v be a basis for £; let v; = col(z;,y;) with z; € C? and
y; € Clfor j =1,...,k; and let

V:[’Ul...vk]’ X:[gjl...$k] and Y:I:yl...yk]‘
Then, under the given assumptions, V*j,,V < 0, and hence

XX <Y'Y.
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By the proof of the preceding lemma, the rank of the ¢ x k£ matrix Y is equal
to k and hence it admits a polar decomposition Y = UD, where U € C7**
is isometric and D € CF** is positive definite. Thus, as

Y*Y = DU*UD = D?,
it follows that
XD 'es* and XD 'U* € SPX¢

const const
and hence, upon setting
S =XD'U*,
that
SY = XD7'U*UD = X.

Thus, (2.59) holds for this choice of S € SP*? and Y = R(Y).

Next, to obtain (2), observe first that if & = ¢, then Y is invertible, )) = C4
and the matrix S = XY ! is uniquely defined by £. If k < ¢, then there
exists a matrix V € C4%(@=%) guch that U = [U V] is unitary and the p x ¢
matrix

Sy =[XD' E]|U*=XD'U*+EV*
meets the condition S;Y = X for every choice of E € CP*(¢=%) However,
since
S1Sf = XD 2X* + EE* = SS* + EE*,
it follows that S; is contractive if and only if
EE* <1I,—SS".

But this in turn implies that there exists a nonzero matrix E € CP*(a—F)
that meets the last constraint if and only if the contractive matrix S is not
coisometric. This serves to jusify (2). Thus, as (3) is self-evident, the proof
is complete. O

Lemma 2.30 Let J be a signature matrixz that is unitarily equivalent to j,q.
Then:

(1) £ C M_ is a mazimal nonpositive subspace of C™ with respect to J,
if and only if dim £ = q; and L C My is a mazimal nonnegative
subspace of C™ with respect to J, if and only if dim £ = p.
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(2) If L C M_ is a nonpositive subspace of C™ and dim L < q, then L
is a proper subspace of a mazximal nonpositive subspace L_ of C™.

(3) If L C M is a nonnegative subspace of C™ and dim L < p, then L
is a proper subspace of a maximal nonnegative subspace L, of C™.

Proof Since there is no loss of generality in taking J = j,4, the first assertion
follows easily from the preceding two lemmas. To verify (2), let £L C M_
and suppose that dim £ = k and k < ¢. Then, by Lemma 2.29, (2.59) holds
for some S € SP*¢.. Let

const*
L_ = s yeCly.
]

Then LC L CM_and L#L_,sincedim L=k < qg=dim L_.

Assertion (3) follows from (2) by replacing J by —.J. O
If £1 and L9 are subspaces of a subspace £ of C", then we will write
L= Ly[+]Ly

if the following three conditions are met:
(1) £1 N Ly = {0}.
(2) [x,y] =0 for every x € L1 and y € Ls.

(3) Every vector u € L can be expressed in the form u = z+y, where x € £,
and y € Lo. (In view of (1), this representation is unique.)

We shall also let
L ={vec™: [u,v] =0 for every u € L}.

If J # =£1I,,, then there exist subspaces £ of C™ such that £n LM # {0}.
This will happen only if £ N Mgy # {0}. It is readily checked that

cm =L+t = £ncH = {0}
In this case, we write
cH=cm-c

and say that £4 is the orthogonal complement of £ with respect to
the indefinite J-metric in C™. In a similar vein, if £ = £;[+]Ls, then we
sometimes write Lo = L]—|L; and £ = L[—]Ls.
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Lemma 2.31 If L = Ly[+]Ly, where L1 € My, and Lo C M__, then
£ncH ={o}.

Proof Let u € £LNLM). Then, in view of the given assumptions, u = w1 +us,
where u; € L4, us € Lo and

[u1, us] = [u,u1] = [u,us] = 0.
Therefore,
[ur,u1] = [ug,us] =0
and hence u; = ug = 0. Thus, u = 0 too. O

Remark 2.32 If £ N LM = {0}, then £ admits the decomposition £ =
Li]+]Lo, where L1 C M4y and Lo € M__ (as follows from Lemma 2.35,
that is established below). Moreover, if L = LY[+]L, for a second pair of
positive and negative subspaces Ly and L5, then dim L£; = dim L} for
j=1,2; see Remark 2.36.

Lemma 2.33 Let £ be a subspace of C™ such that L0 L = {0} and let u
be a nonzero vector in LN My. Then there exists a vector v € LN My such
that [u,v] = 1.

Proof Under the given assumptions, the vector u & L. Therefore, there
exists a vector y € L such that [u,y] = 1. It is readily checked that the
vector

1
vzy—§mmu

meets the two stated requirements. O

Lemma 2.34 Let £ be a subspace of C™ such that £ L = {0} and
LN My # {0}. Then there exists a nonzero vector u € LN M., and a
nonzero vector v € LN M__ such that [u,v] = 0.

Proof Under the given assumptions, the preceding lemma guarantees the
existence of a pair of vectors x,y € L N M such that [z,y] = 1. Then as

[+ ty,x +ty] = 2t, tER,



2.6 Indefinite metrics in the space C" 43
it follows that the vectors © = z 4+ y and v = = — y meet the stated require-

ments. O

Lemma 2.35 Let £ be a nonzero subspace of C™. Then L admits a J-
orthogonal decomposition of the form

L= Li[+]Lol+]Lo, (2.60)
where the subspaces L, Lo, L_ meet the conditions
E+ Q M++, L() Q M() and E_ Q M__.

Moreover, in any such decomposition,

(1) Ly = LN L,

(2) dim L4 +dim £y <p and dim L£_ +dim Ly <gq.

(3) dim Ly < min{p, ¢}.
Proof Let £ be a k-dimensional subspace of C™ with 1 < k < m. If L C
M, then the asserted decomposition of £ holds with £, = {0}, £y = L
and £L_ = {0}. If £ is not a subset of My, then either £L N M, # {0}
or LN M__ # {0}, or both. Suppose for the sake of definiteness that
LN My # {0}. Then there exists a vector u; € £ with [ug,u1] = 1. Let

Ly ={ueL: [uu] =0} If L; " My, # {0}, then there exists a vector
ug € L1 such that [u;,us] =0 and [ug,us] = 1. Let

Lo={ueLl: [uu;l]=0 for j=1,2}.
If £o N M, # {0}, then the construction continues to generate vectors

ug, . .., U with

[uj’ ui] =

{0 if i#j, 4,j=1,...,m
1 if i=4, i=1,...,m

until
Lr={uel: [u,u;]=0, j=1,...,r}
is such that
L, "My ={0}.
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Then, if £, N M__ # {0}, in a similar way one finds vectors vy, ..., vs
such that
0 if t#j, 4,j=1...5,
[Ui7vj] = . . . .
-1 if i=3, i=1,...,s,

[vi,uj] =0, i=1,...,s, j=1,...,m

Lrys={uvel:[uu]=0,j=1,....,r and [u,v]=0,i=1,...,s},
and

£T+s ﬁ M,, - {0}

We conclude that £, is a (k — r — s)-dimensional subspace of M and set
Lo = Lyrss,
L, =span{u;:1<j<r} if LNnMyy #{0}
and
L_=span{v;: 1 <i<s} if LNM__ #{0}.
This completes the verification of the decomposition (2.60).

Next, if u € Ly, then u € E[i } and (as follows by invoking Cauchy’s

inequality in L), u € ﬁ([f‘ ! Therefore, u € £ N L. Conversely, if u €

LN LY then, in view of the decomposition (2.60), u = uy +ug +u—_, where
uy € L1 and ug € Ly. Consequently,

0= [u,us] = [ur,usr] = ux =0

and hence that u = ug, i.e., u € Ly. This completes the proof of (1).
The asserted bounds on the dimensions follow from Lemma 2.28, since

Li[+]Lo CSMy and dim(Li[+]Ly) = dim L4 + dim L.

([

Remark 2.36 The decomposition exhibited in the last lemma is not unique.

Thus, for example, if L = span{u,w} where

[u,ul =1, [u,w]=0, and [w,w]=0,
then L admits the two decompositions
L = span{u}[+]span{w}
= span{u + w}[+]|span{w}.
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Nevertheless, the dimensions of the subspaces in the sum (2.60) are unique:
If the space L with decomposition (2.60) admits a second decomposition

L= L[+ L[+]L-,
in which £~+ CMiy, L£L_C M__ and Ly C My, then
dim £+ =dim £y and Lo = Lo.

To verify Remark 2.36, let uq,...,u; and vy, ...,v; be two bases of £ and
let U = [ul uk] and V = [vl vk]. Then U = VX for some
invertible matrix X € C**¥ and hence, as

U'JU = X*V*JVX,

Sylvester’s Law of Inertia (see e.g., [Dy07] p. 431) implies that the matrix
U*JU has the same number of positive (resp., negative) eigenvalues as the
matrix V*JV.

2.7 Minus matrices

A matrix U € C™*™ is said to be a minus matrix with respect to the
indefinite inner product [, ] (or with respect to the signature matrix J) if

[u,u] <0 = [Uu,Uu] <0.

Theorem 2.37 Let U € C™*™ be a minus matriz with respect to an m X m
signature matrix J # +1,,. Let

u—(U) = inf{[U[Z:UU]l)] cveC” and [v,v] < 0}
and
py(U) = sup { [U[Z: Zu] cuweC” and |u,u] > 0}.

Then:

(1) p(U) < p(U).

(2) p(U) >0

(3) [Uu,Uu] < p_(U)[u,u] for every u € C™.

(4) pe(U) <0 <= [Uu,Uu] <0 for every u € C™.
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(5) det U #0 = puy(U)>0.
(6) If u—(U) > 0 and p € C\{0}, then
p U € Peonst(J) = i (U) < |pf* < p_(U).

Proof Since J # +1,,, there exist a pair of vectors u,v € C™ such that
[u,u] = 1 and [v,v] = —1. Suppose first that [u,v] = re for r > 0 and some
6 € [0,27) and let p = ie®. Then

[u+ pv,u+ pv] = [u,u] + 2R{p[v,u]} + [v,v] = 0
and hence, since U is a minus matrix,
[U(u+ pv), U(u+ pv)] < 0.
Thus, as the same inequality holds if p is replaced by —p,
[Uu, Uu] 4+ 2R {p[Uv, Uul} + [Uv,Uv] <0

and
[Uu, Uu] — 2R {p[Uv, Uu]} + [Uv,Uv] < 0.
Consequently,
[Uu,Uu] < —[Uv, Uv]
for every choice of u € C™ with [u,u] =1 and v € C™ with [v,v] = —1. But

this is equivalent to the inequality

[Uu, u] < [Uv, Uv]

[u,u] —  [v,v]

for every u € C™ with [u,u] > 0 and v € C™ with [v,v] < 0. The last
inequality clearly justifies assertion (1).

Assertion (2) is clear from the definition.

Next, to justify (3), take any u € C™ and observe that:

(@) ] >0 = [Uu, U] < py (U, u] < g (0) [, ],
thanks to (1), whereas,

(b) [u,ul <0 = —[Uu,Uu| > —p_(U)[u,ul,
by the definition of p_(U), and

(c) [u,ul =0 = [Uu,Uu] <0=p_(U)u,u.
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The verification of (4) is similar: if p4 (U) < 0, then the first inequality for
[Uu,Uul, in (a) just above, implies that

[Uu,Uu] <0

when [u,u] > 0. However, the same inequality must hold if [u,u] < 0 too,
since U is a minus matrix. The implication <= in (4) follows from the
definition of p4 (U).

Next, (5) is a consequence of (4), because if ui (U) < 0, then the space
L ={Uu: u € C"} is a subspace of M_. Therefore, by Lemma 2.28,
dim £ < q. However, this is not possible if U is invertible (and J # —1I,,).
Thus, U invertible = p(U) > 0.

Finally, to verify (6), suppose first that p='U € P.onst(J) for some p €
C\{0}. Then, clearly,

[Uu, Uu] < |p|?[u, u]

for every u € C™. Thus,

Uu,Uu
) <0 = T e ) > P
fu, 4]
and
Uu,Uu
0] > 0 = [[M]]sm — 1 (U) < 1P,

Moreover, the argument can be run backwards to show that if uy(U) <
0| < p—(U), then

[Uu, Uu] < |p?|[u, ],
and hence that p~ U € Peonst(J), as claimed. O

Corollary 2.38 An matriz U € C™*™ is a minus matriz with respect to
an indefinite inner product [ , | if and only if there exists a constant ¢ > 0
such that

[Uu, Uu] < clu, u. (2.61)

Proof One direction follows from (2) and (3) in Theorem 2.37. The other
direction is self-evident. O
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2.8 Strictly minus matrices

A matrix U € C"™*™ is said to be a strictly minus matrix with respect
to the indefinite inner product [, | (or with respect to the signature matrix
J) if there exists a scalar ¢ > 0 such that

[Uu, Uu] < clu, u] (2.62)

for every u € C™.

Remark 2.39 Clearly, U is a strictly minus matriz if and only if
U*JU <¢J for some ¢ >0,

i.e., if and only if iU € Peonst(J). By Theorem 2.37, every invertible
minus matrix is a strictly minus matrix and the inequality (2.62) holds
for every u € C™ if and only if p (U) < c < pu_(U).

Theorem 2.40 Let U € C™*™ and let J be an m X m signature that is
unitarily equivalent to j,,. Then the following statements are equivalent:

(1) U is a strictly minus matriz with respect to J.

(2) U is a minus matriz with respect to J and p—(U) > 0.
3) UM_CM_ andUM__ C M__.
(4)

4) The linear mapping X — UX maps each of the two sets

(X eCm=a: X*JX <0}, {XeCm . X*JX <0}
into itself.
(5) There exists a nonzero constant ¢ such that cU € Peopst(J).

Proof The implications (1) = (2), (1) = (3), (3) = (4) and (1) <= (5)
are clear from the definitions, while (2) = (1) follows from Theorem 2.37.

Suppose next that (4) is in force. Then U is clearly a minus matrix with
respect to J and hence, in view of Theorem 2.37, u_(U) > 0. We wish to
show that pu_(U) > 0. If this were not the case, i.e., if u_(U) = 0, then, by
another application of Theorem 2.37,

[Uu,Uu] <0
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for every vector u € C". Thus, the subspace
L={Uu: ueC"}

is a subspace of M_. Without loss of generality, we can assume that J = j,,

and hence that there exists a matrix s € St 9, such that

{Uu: ueC™} C {[Z]y: yE(Cq}.
{U;j Y yE(Cq} - {Isq]y: ye(Cq}

q
for every choice of ¢ € S?%.. Let ¢ € S*7%, and let

=]

Then X*j,,X < 0 and hence, by assumption (4), (UX)*j,,(UX) <0, i.e.,

In particular,

(urie + u12)*(u11€ + u12) < (ug1e + u22)*(u21€ + u22)~

Therefore, usie + uge is invertible and consequently

el A [Ty e]
{UI y.ye(C} = {_Iq

[l
_ .

(ugie +u22)y: y € Cq}

Y yG(Cq}

s

C cyect,.

Therefore
s=Tyle] for every ee &4 (2.63)

and s € Sfoxn(i, Now let vy, v9, ... be a sequence of nonzero vectors in M__
such that

Uv,,U

lim [0 U0l -y,

nloo [Una 'Un]
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We can assume that [v,,v,] = —1 and then, upon setting v, = col(z,, y,)
with x,, € CP and y, € C?, it is readily seen that

[ynl® = [lza ] +1 > 1.
Consequently, the vectors wy, = ||y, || ~'v, are subject to the bounds

2 2 2

[l I? 1yn 12

Thus, we can assume that the vectors w,, tend to a limit w € M_ asn ] cc.
Moreover, if i (U) = 0 and § > 0, then there exists an integer /N such that

[Uwy, Uwy,| > dlwy,, w,] when n > N,
which in turn implies that
[Uw, Uw] > §lw, w].

The assumption w, € M__ means that in the representation
wy, = col(||ynll = 20, lynll " yn), 2n = enyn for some g, € Scomt and hence,
in view of (2.63), that

Uw, = _TUI[&L] (ug1€5 + u22) ng”
— 3] u215n+u22)Hz:H
— ] U21€ + U22)M
for some choice of ¢ € 8P, and 1 € C? with ||n|| = 1, as n T co along an

appropriately chosen subsequence. But this implies that
0> [Uw,Uw] > 6[w,w] (since s e SPXL)
and hence that p—(U) > 0. Thus, as
[Uu,Uu] < pu—(U)[u,u] for every ue C™,
by Theorem 2.37; and p—(U) > 0, by the preceding analysis, (5) holds with
c=pu_(U)"Y2 O

We are now able to complete the proof of Theorem 2.13.
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Corollary 2.41 If conditions (1)—(3) in the setting of Theorem 2.13 are in
force, then condition (4) is in force also.

Proof Let u = col(z,y) be a nonzero vector in M__ with components
x € CP and y € C%. Then the matrix

xy* . €
€= P belongs to S7*%, and u= [Iq] Y.
Therefore, by (1) and (3), the vector
9 TU [E]
Uu=U Yy = (ug1€ + u22)y
1 1

clearly belongs to M__. Similar considerations show that ©« € M_ —
Uu € M_ and hence that U satisfies condition (3) of Theorem 2.40. There-
fore, in view of the equivalences established in Theorem 2.40, U also satisfies
condition (4) of Theorem 2.13, as claimed. O

The numbers py (U) and p—(U) associated with a matrix U € C™*™ that
is a strictly minus matrix with respect to a signature matrix J # +1,, are
eigenvalues of the matrix

G=U"U=JU*JU,

where U* denotes the adjoint of U with respect to the indefinite inner
product [, ] based on J, i.e.,

[Uu,v] = [u, U*v]
for every choice of u,v € C™. Before turning to the proof of this assertion,
it is convenient to establish some preliminary results:
Lemma 2.42 Let U € C"™*™ be a strictly minus matriz with respect to a

signature matriz J # +1,,, and let G = JU*JU. Then:

(1) The eigenvalues of G are nonnegative.
(2) If Gu = Au and u # 0, then:

(a) [u,ul >0 = A< puy(U).

(b) [u,u] <0 = A>pu_(U).
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(©) [uu] =0 = A=p_(U) = ps (U).
(d) A<p_(U) = [u,u| >0.
() A>pr(U) = [u,u] <0.
() If p(U) < p—(U), then A & (4 (U), p—(U)).-

Proof In view of Remark 2.39, there exists a constant ¢ > 0 such that
U*JU < c¢J. Let H = cl, — G and let Gy = py for some nonzero vector
y € C™. Then

JH =¢J-U"JU >0

and
y"JHy = (c — p)y*Jy.
Moreover,
cJG -G JG=U"J(cJ -U*JU)JU
and

Y (cJG - G*IG)y = (c — pwpy*Jy = ay* JHy > 0.

Thus, if y*JHy > 0, then y > 0. On the other hand, if y*JHy = 0, then
JHy = 0, since JH > 0. Consequently, Hy = (¢ — u)y = 0, which forces
p = ¢ > 0. Therefore (1) holds.

Next, if [y, y] # 0, then (2a) and (2b) follow easily from the definitions of
pu—(U) and py (U) and the auxiliary identity

_[Gy.yl _ Uy Uyl

[y, ] [y, ]
On the other hand, if [y, y] = 0, then (¢ — p)y = 0 for every point ¢ > 0 that
meets the inequality pi (U) < ¢ < p—(U). Since p—(U) > 0 for a strictly
minus matrix, this is only viable if py(U) = p—(U). Thus (c) is proved;
assertions (d), (e) and (f) are easy consequences of (a), (b) and (c) and the
definitions of p—(U) and py (U), respectively. O

Lemma 2.43 Let U € C™*™ be a strictly minus matrix with respect to
a signature matrix J # +1,, and let A be an eigenvalue of the matriz G =
JU*JU. Suppose further that the algebraic multiplicity of A as an eigenvalue
of G exceeds its geometric multiplicity. Then

A= (U) = p_(U)

and there exists a J-neutral eigenvector of G with eigenvalue .
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Proof If (G — Al,,)*u = 0 and (G — \,,,)*~'u # 0 for some integer k > 1,
then clearly y = (G — A, )*~'u is an eigenvector of G corresponding to the
eigenvalue \. Moreover,

ly,y] = [(G- /\Im)k_luv Yl
= [u, (G = \,))F"1y] = 0.

Therefore, by Lemma 2.42, A = p_(U) = p4 (U), as claimed. O
Corollary 2.44 Let U € C"™*"™ be a strictly minus matrix with respect to a
signature matriz J # +1,,, and let G = JU*JU. Then:

(1) The algebraic multiplicity of every eigenvalue \ of G with A < pu4(G)
or A > u_(Q) is equal to its geometric multiplicity.

(2) If u4+(G) < u—(G), then G is diagonalizable.

Lemma 2.45 Let U € C™*™ be a strictly minus matriz with respect to a
signature matriz J # +1,,. Let ui,...,u; be a linearly independent set of
eigenvectors of the matric G = JU*JU with the same eigenvalue A and let
L = span{uy,...,ux}.

(1) If \ < p—(G), then LC M, ..
(2) If \ > py(G), then L M__.

Proof Clearly, Gu = Au for every vector u € L. Therefore, if A < p_(G)
and u # 0, then [u,u] > 0, by Lemma 2.42. Similarly, if A > u, (G) and
u # 0, then [u,u] < 0, by the same lemma. O

Lemma 2.46 Let U € C™*™ be a strictly minus matrixz with respect to
a signature matriz J # £1,,. Let uy,...,u; be a linearly independent set
of eitgenvectors of the matrix G = JU*JU corresponding to the eigenvalues
A,y Ap and let £ = span{uy, ..., u;}.

(1) The eigenvectors of G corresponding to distinct eigenvalues are or-
thogonal with respect to the indefinite inner product.

(2) If \j < p—(G) for j=1,...,k, then L M, .
(3) If \j > py(G) for j=1,....k, then L M__.
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Proof The formula
Ailui, us] = [Gui, uj] = [ui, Guyl = Ajlui, ug]

(which utilizes the fact that the eigenvalues of G are real) clearly implies
that

[ui,uj] =0 if /\7; 7& )\j.

Thus, in view of the previous lemma, £ = span{vy, ..., v}, where
0 if i#j
[vi,vj] = 1 if i=j and )\ <p—(G)

—1 if i=j and X\ > p4(G).
Thus, for example, if A\; > p, (G) and u € L, then

k k
U:ZCJ‘UJ' =54 [U,U]Z—Z|cj’2 — ue M__. ]
J=1 j=1

Theorem 2.47 Let U € C"™*™ be a strictly minus matriz with respect to
an m X m signature matriz J # +1,, and let G = JU*JU. Then:

(1) The eigenvalues of the matriz G are all nonnegative.

(2) If M(G) < -+ < Mu(G) is a list of the eigenvalues of G repeated
according to algebraic multiplicity, then

p(U) = 0p(G) and p—(U) = A1 (G).
(3) If v € C\{0}, then
YU € Peonst(J) <= Mp(G) < 7> < A1 (G).

(4) The matriz G has a J-neutral eigenvector with eigenvalue \ if and

only if \y(G) = Ay 1(G). In this case A = A\y(G) = Ap41(G).

Proof The first assertion is verified in Lemma 2.42. The rest of the proof is
broken into steps.

Step 1 Assertion (2) holds if uy (U) < p—(U).

By Lemma 2.43, the matrix G is diagonalizable in this setting. Let
U1, ..., Uy, be a set of eigenvectors corresponding to A\; < --- < )\, that
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are orthogonal with respect to [, | and let
Co = 0 if \j>pu_(U) for j=1,...,m
T span{u; : Aj < u—(U)} otherwise

and

- 0 if \j<pypU) for j=1,...,m
T span{u;j : \j > p4 (U)} otherwise.

Then, in view of Lemmas 2.42 and 2.46, £ C My, and L C M__.
Moreover, since G has no eigenvalues in the open interval (uy(U), u—(U))
by Lemma 2.42,

Lo[+]L_ =cm.
Therefore,
dim £, =p and dim L_ =g,
M < SN < pg(U) <p—(U) S App1 <000 < g
and every vector u € C"™ admits a decomposition
U= Uy +U_

with components uy € L4 that are orthogonal with respect to [, ]. Conse-
quently,

[u,u] = [ug, up] + fu—, u-]
and, since GL4+ C L4, [ut,uy] >0 and [u_,u_] <0, it is readily seen that

[Gu,u] = [Gus,us]+ [Gu_,u_]

IN

Apltg, ug ]+ A [u—, u_]
< 9u, ]
for every choice of v in the interval A\, <~ < A,; 1. But this implies that
pr(U) < Ap and p—(U) = Ap+1

and hence, as the opposite inequalities are also in force, that (2) holds.

Step 2 Assertion (2) holds if py(U) = p—(U).
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Let A = py(U) = p—(U). Then even though G is not necessarily diago-
nalizable, Corollary 2.44 guarantees that the algebraic multiplicity of every
eigenvalue \; of G with \; # X is equal to its geometric multiplicity. Thus,
we can choose an orthogonal set of eigenvectors u; for each such choice of
Aj and can define

Co — 0 if A\j>puye(U) for j=1,...,m
T span{u;j : A\j < 4 (U)} otherwise
- 0 if \j<pu_(U) for j=1,...,m
T span{u;j : \j > p—(U)} otherwise.

Then, in view of Lemma 2.46, £, C M, ., L C M__ and, consequently,
L. N L_ ={0}. Moreover, by (1) of Lemma 2.46, £, is orthogonal to £_
with respect to [, |. Let £ = L,[+]£_. Then, in view of Lemma 2.31,
£n £ = {0} and hence

cm = L[+]cH]
and, by Lemma 2.35,
L =K K-,

where K+ C M, 4 and K_ C M__. Consequently, as

(L4 K (L [HK-) =T
and

Li[+]Ky CMiy and L_[+]K- CM__,
it is readily seen that
dim £, +dim Ky =p and dim £_ +dim K_ =gq.

Moreover, the discussion in Step 1 is easily adapted to show that K, # {0}
and K£_ # {0}. Thus, for example, if £ = {0}, then dim £, = p and
consequently A\; < --- <\, < p4 (U). Moreover, if u € C™, then

U=Us +U_,
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where uy € Lo, u_ € K_[+]L_, GLL C L, and G(K_[+]L_) C L_[+]K_.
Therefore,

[w,u] = [uy,us] + [u—, u]

[Gu, u]

(Guy,uy] + [Gu_,u_]

IN

Mty us] + pe (U)fu ]

IN

Aplu, ul,

since A\, < p4(U) = p—(U) by the definition of £. But the last inequality
also implies that p4 (U) < A, which contradicts the fact that A, < uy (U).
Thus, £ # {0} and, by a similar argument, K_ # {0}. Therefore, the
numbers r = dim £, and s = dim L£_ are subject to the inequalities

0<r<p—-1and 0<s<qg-—1.
But this means that in the list \; < --- < A,

Aj=Afor r+1<j<m-—s
and hence that

Ap =A=p(U) = p-(U) = Apt1.

Step 3 Assertions (3) and (4) hold.

Assertion (3) follows from (2) and Theorem 2.37. Next, to verify (4),
suppose first that A = p (U) = p—(U). Then, by the analysis in Step 2, A
is an eigenvalue of G and the space

K =ker((G — AI,)™)
may be decomposed as
K=K [+]K-

where Ky C My, Ko CM__, dim Ky > 1 and dim K_ > 1. There are
two possibilities; either

(a) dim K >dim ker(G — Al,) or (b) dim K =dim ker(G — Al,).

In case (a), Lemma 2.43 guarantees the existence of a neutral eigenvector.
In case (b), we may choose u; € Ky with [uy,uy] =1 and u_ € K_ with
[u—,u_] = —1. Then u = us +u_ is a neutral eigenvector of G corresponding
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to A. This completes the proof of (4) in one direction. However, the other
direction is immediate from (2) and Lemma 2.42. O

Theorem 2.48 Let U € C™*™ be a strictly minus matriz with respect to
an m X m signature matriz J # +1I,,. Then the following conditions are
equivalent:

(1) {fueC™: ue My and Uu € My} # {0}.

(2) There exists a neutral eigenvector of G.

(3) M(G) = 12 (U) = - (U) = Ap11(G).

(4) There exists exactly one scalar p > 0 such that p~ U € Peopst(T).

Proof The equivalences (2) <= (3) <= (4) are consequences of the previous
theorem. The implication (2) = (1) is clear. It remains only to prove the
implication (1) = (2).

Let (1) be in force and suppose that p (U) < p—(U). Then

Cm = £+ [—H‘C*?

where the spaces L£4 are defined in Step 1 of the proof of the previous
theorem. Thus, if u € Mg and Uu € My, u # 0, then

u=us +u_ and Gu= Gus + Gu_,
where u4+ € L4 and Gu4 € L. Consequently,
0 = [uu] = [us, us] + [u—,u_],
0 = [Gu,u] =[Guy,uy]+ [Gu_,u_]
< O] + e (U]
and hence
0 < {11 (U) — e (U) s, s ).

Therefore, since [uy,us] > 0, this last inequality implies that py(U) >
pu—(U), contrary to assumption. Consequently (3) holds, and thus, as (3) is
equivalent to (2), so does (2). O

2.9 Linear fractional transformations in S’,%,

Lemma 2.49 Let U € C"™*™ and suppose that
(1) 8P4 C D(Ty).

const
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(2) Ty ['Sfo);get] < Sgoffet'
(3) The set Ty[SP1, N D(Ty)] contains more than one matri.
Then:

(4) U = cW for some choice of c € C\ {0} and W € Peonst (dpg)-
5) Sfoanst € D(Tv).
)

)

(
(6 TU[Squ ] C SPXG
(

const const*
IPXq IPXq
7 TU [Sconst] g Sconst'

Proof Let v € C™ be a nonzero vector such that u*j,,u < 0. Then by

Lemma 2.29, there exists a matrix ¢ € SL<% such that

u= [IE} y for some vector y € CY.
q

In view of assumptions (1) and (2),

re]” re
* » <
[Iq] Y [Iq] =0
for every choice of r in the interval 0 < r < 1. Consequently,

*
I . s |TE - TE
uw*U ]quuzlrlgly [IJ U jpgU L_J y <0.

Thus, U is a minus matrix with respect to the indefinite inner product
based on j,, and hence, in view of Theorem 2.37, u_(U) > 0. However, if
p—(U) = 0, then, by another application of Theorem 2.37, the vector space

L={Uu: ueC"}

is a subspace of M_ (with respect to the inner product based on j,,) and
consequently, by Lemma 2.29, there exists a matrix s € S” ¢, such that

const
S
LC y: yeCls.
Iq

Therefore,
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for every e € SEx%, ND(Tyy). But this implies that

Tyle] =
for every e € SL*% N'D(Ty), which is not viable with assumption (3). Con-

sequently p_(U) > 0 and hence by item (6) of Theorem 2.37, the matrix
11— (U)~12U belongs to the class Peonst (jpg). This justifies assertion (4). As-
sertions (5)—(7) then follow from Theorem 2.13. O

Lemma 2.50 Let W be an invertible minus matriz with respect to jpq. Then
(1) wag is an invertible ¢ x q matriz.

qx
2 ’LU12U)22 € S(onst and w22 wo1 € Swnsz‘

)
3) wi — w12w221w21 s an invertible p X p matriz.
4) SPX1 C D(Tyy).
)
)
)

(

(

(4) Seonst S

(5) Tow [Seonst) S Seonst-
(

(

pPxq IpXq
6) Tw [S(onst] - Sconst

7) Ty is injective on D(Ty ).

Proof Let W be an invertible minus matrix with respect to j,,. Then,
in view of items (1), (5) and (6) of Theorem 2.37, there exists a number
v € C\{0} such that the matrix W = v~1W belongs to the class Peonst (Jipq)-
Consequently, the first three assertions follow from Lemma 2.7, whereas the
next three assertions follow from Theorem 2.13. Finally, (7) follows from
Lemma 2.10. O

Theorem 2.51 Let U € C™*™. Then the following implicatations are in
force:

(1) If 8251 C D(Ty), Ty [SPXL,] € S and Ty is injective on SP<4

const const n const’

then
cU € Peonst(Jpg) for some c € C\ {0} and U is invertible.
(2) If cU € Peonst(Jpq) for some c € C\ {0} and U is invertible, then
SPX4 C D(Ty), Ty[SP*4] C SP*¢

and Ty is injective on D(Tyy).
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Proof Suppose first that the assumptions in (1) are in force and that

x

Y

U =0

for some choice of x € CP and y € C?. Then

*

zn
I, + yn*

=U

)

1
for every n € CY. Thus, if ||n|| is chosen small enough, then the matrix

e = (zn") (I +yn*) ™

belongs to S?7? and the preceding equality implies that

Ty le] = Ty 0].

Therefore, in view of the presumed injectiveness, ¢ = 0 and hence x = 0.
Consequently, upon writing U = [u;j], 4,7 = 1,2, we obtain

U1 T + ug2y = ug2y = 0.

Therefore, since (1) guarantees that ugg is invertible, it follows that y = 0
also and hence that U is invertible. Moreover, cU € Peonst(jpq) for some
nonzero constant ¢ by Lemma 2.49.

Next, (2) follows from Lemma 2.50. O

Theorem 2.52 Let U € C"*"™. Then the four conditions
(1) 8t»4. C D(Ty).

const

(2> Ty [Sfojz%t] - Sgojlit'
(3) Ty is injective on SEx1..
(4)

4) Ty maps the class of p X q isometric (respectively, coisometric) ma-
trices into itself if p > q (respectively, p < q)

are in force if and only if:
(5) U =cW for some c € C\{0} and W € Ueonst(Jipg)-
Moreover, if (5) holds, then:

(a) Ty maps SExl, onto itself.

cons
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(b) Ty maps the class of isometric (resp., coisometric) p X q matrices
onto itself if p > q (resp., p < q).
(©) 1 (V) = e (U),
(d) The modulus |c| of the number c in (5) is unique:
2 = ().

Proof Suppose first that (1)—(4) are in force. Then, by the preceding the-
orem, U = ¢W for some choice of scalar ¢ € C\{0} and invertible matrix
W € Peonst(Jpq)- Therefore, since Tis[e] = Ty [¢], we can assume that ¢ =1
without loss of generality and hence that the m x m matrix

F=jp, — U*quU

is positive semidefinite. Moreover, if p > ¢, then (4) implies that

[ Iq]F[i]zo

for every isometric matrix ¢ € SP*¢. Thus upon writing F' = [f;j], i,j =
1,2, in appropriate block form, we see that

e fie + e fia + fore+ faa =0

for all such e. Consequently, upon replacing € by e’e, and viewing the pre-
vious formula as a matrix Fourier series with respect to €'’ it is readily seen
that

fi2=0, for =0 and &"fi1e+ foo =0.

Therefore, since fi1; > 0 and fyo > 0, it follows that foo = 0 and £* f116 =0
for all isometric €. In particular, writing

51 * LI
=0 U and e =10, ;
Sp
where U; is unitary and sy > --- > s, are the singular values of fi;; the
formula €* fi1e = 0 implies that sy = --- = s, = 0, and hence by the

monotonicity of the singular values, that f;; = 0 too. Therefore, F' =0, i.e.,

Ue uconst(qu)-
If ¢ > p, then, it is convenient to use the formula

Tylel = (vi1 + 6v21)_1(v12 + £v99)
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based on the block decomposition of the matrix
V= quUilqu
that is given in Lemma 2.11 and to now let
F =VjpV* = jpg-
Then, F' > 0. Moreover, the fact that
ee* = I, = Tyle|Tyle|* =1,

implies that
I

3

[y elF

and hence, upon invoking the standard block decomposition F' = [f;;], 4,j =
1,2, it is readily seen that

fi1 +efor + fie" +efre™ =0

for every coisometric p x ¢ matrix . Then, since F > 0, it is readily seen,
much as before, that f;; = 0 and hence that V' € U,ppst(Jpq). This completes
the proof that (1)—(4) = (5). The converse is easy.

It remains only to check that if (5) holds, then (a)-(d) also hold. But,
(a) and (b) are easy and (c) follows from Theorem 2.48: U € Ueopst(J) =
UMy = M. Therefore, (1) and (3) of Theorem 2.48 hold. The latter justifies
(c). Then, in view of (3) in Theorem 2.47, (d) holds too. O

2.10 Linear fractional transformations in C7,F,

Analogues of Theorems 2.51 and 2.52 hold for the linear fractional transfor-
mations

Talr] = (a117 + a12) (a1 7 + age) ™

that are defined in terms of matrices A = [a;j], i,j = 1,2, with blocks
a;j € CP*P and that act in the class

ClP ={reCP*?: 74+7*>0}

const

and map the class

CPXP = {7 CPP: 74+71*> 0}

const
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. X . . . .
into CL°F' .. The main conclusions regarding such transforms are summarized

in the following theorem:

Theorem 2.53 Let A € C"*™, Then the following implications are in force:

(1)

If
v lAe Peonst(Jp)  for some v € C\ {0}, (2.64)
then
TA [Cfoffet N D(TA)] g Cfofzgt’ (265)
Cf)oxrf;t CD(Ta) and Ty [ijoxnpst] - Cf)oxrﬂf (2.66)

Let CPXP . C D(Ty). Then Ty is injective on CPX2, if and only if A is

const = const

: : ; ; o ot PXPp
an invertible matriz. Moreover, if Ty is injective on C.,, ., then Ty

is invertible on D(Ty).

If Coply © D(Ta) and Ta[CL 0] € Chply. and if Ta[CLL, 0 D(A))

const const const’ on st
contains more than one matriz, then condition (2.64) is in force.

If CPXP C D(T4) and the linear fractional transformation Ty maps

const =

CP*P. injectively into C"", then the condition (2.64) holds and the

const const
matriz A is invertible.

If the linear fractional transformation T4 meets the constraints in (4)
and maps the set

{1 € D(T4) : "7 = 0} into {c € CP*P : Re = 0}, (2.67)
then the modulus || of the number v in condition (2.64) is unique:
|r7|2 = K+ (A) = K- (A)a and '7_1A € uconst(Jp)- (268)

Conwversely, if (2.68) holds, then the matriz A is invertible and the
transform T4 meets the constraints in (5).

If A is a strictly minus matriz with respect to J = J,, then
0 (A) = Mp(A) and - (A) = Ay (A).
Furthermore,

77114 S Pconst(Jp) — :U’+<A) S "Y|2 S M—(A)
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Proof The theorem follows from Theorems 2.13, 2.51 and 2.52, Lemma 2.49
and the properties of linear fractional transformations based on the matrix
U defined in formula (2.5) that are recorded below:

D(Ty;) = {s € CP*P : det(I, + s) # 0},

Cpo C ’D(Tm) and prp N D(Tm) = Tm[cfojfst}?

const = const

Clonst = TglSto N D(Tg)],

const const

C"pot = Tm[‘égjnpst] and S:pot = Tm[C"po ]

cons cons const

If W = 9A%, then
A S 7Dconst(t]p) =W S Pconst(jp)7

A € Ueont(Jy) <= W € Unonat (),
JyA* T, A = B(j,W*j,W)B*,

p-(A) = p-(W), pi(4) = py (W),
Ni(A)=NW), j=1,...,m.

It remains only to verify assertion (5). The conditions in (4) guarantee
that

YA € Peonst(J,)  for some v € C\ {0} and that A is invertible.

The next step is to show that if condition (2.67) is in force, then v *A €
Uconst(Jp). Condition (2.67) guarantees that if W = DAY, then Ty maps
every p X p matrix € that meets the conditions

e'e=1, det(l,+¢e)#0 and det(l,+ Twle]) #0 (2.69)

into a unitary p x p matrix. Now let € be any unitary p x p matrix. Then
there exists a sequence 7, n = 1,2... with |y, | = 1 such that ~,e meets the
three conditions in (2.69) and v, — 1 as n T co. Consequently, the matrices
Tw [yne] are unitary and

Ty [e] = T Tiy [ymel

is unitary. O
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Remark 2.54 The results presented above can easily be reformulated for
linear fractional transformations in the classes

iCPXP = {v e CP*P: 3u >0} and iCDpot = {v e C’*?: Jv > 0}.

cons cons

In this representation the signature matriz J, is replaced by the signature
matriz Jp; it is useful to note that

Ty = V" L,Vi where Vi = [ _E)Ip ;) } . (2.70)
p

P Xp

2.11 Transformations from S’:F. into CL\F,

cons
Let Peonst(Jp, Jp) be the class of (j,, J,)-contractive matrices, i.e., matrices
B such that

B*J,B < jj, (2.71)

and let Ueonst(Jp, Jp) be the class of (jp, J,)-unitary matrices, i.e., matrices
B such that

B*J,B = j,. (2.72)
If A= BY, then
A € Pconst(Jp) < B¢ Pconst(jpa Jp)

and
A € Ueonst(Jp) <= B € Ueonst(Jp: Jp)-

Thus, as

A*JyA = J, <= AJ,A* = J, (2.73)
and

A*J,A < J, <= AJ,A* < J, (2.74)
by Corollary 2.5, it follows that

B*J,B < j, <= Bj,B* < J, (2.75)
and

B*J,B = j, <= Bj,B* = J,. (2.76)
The notation

Ceonst(A) = Tp[ShyE, ND(Tp)] for B =AY (2.77)

will be useful.
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Lemma 2.55 Let A € Peonst(Jpy) and let B = AD. Then
Ty [Cpot N D(TA)} C Ceonst(A) C crxp (2.78)

cons const

and the first inclusion may be proper.

Proof Let ¢ € Copnsi(A), i.e., let ¢ = T[e], where e € SL*F N D(Tp) and

“on st
let
u € biie + b2
=B = .
LJ {Ip] [ ba1€ + bao }

Then, since A*J,A < J, = B*J,B < jp,

[ZTB*JZ,B[I‘Z]g[;p]*jp[;p}go. (2.79)

The inequality (2.79) implies that
uv+v'u >0 (2.80)

and the condition e € D(Tp) means that the matrix v = byje + beo is
invertible. Let ¢ = uv™!. Then ¢ € C2:P.. since (2.80) holds and ¢ = Tle].

const?

Thus, the second inclusion in (2.78) holds.
Furthermore, if 7 € C22P ND(T4) and ¢ = T [7], then 7 = Tyze] for some

const
€€ Sfox,f;tﬂD(Tm) and, consequently, ¢ = Tyo([e] = Tg[e], i.e., ¢ € Coonst(A).
Thus, the first inclusion in (2.78) holds.

The following example shows that this inclusion may be proper: Let € =
—£¢*, where £ € CP and €*¢ = 1. Then € € SU'P, and det(I, +¢) = 0, i.e.,
e € D(Ty). Let

1 [ —
}m and B:Am:[ Iy “]

V2L I, w
where u is a p X p unitary matrix such that det (¢ + u) # 0. Then A €
uco7zst(Jp), €€ Spo N D(TB) and

const

I, 0

A-m| b

c=Tple]=(—e+u)(e+ u)*1 belongs to  Ceonst(A).

However, ¢ € Ta[CP2P. N D(T4)] because, if ¢ = T4[7] for some 7 € C2F . N

const const

D(T4), then T = Tiy[ey] for some 1 € SEF, N'D(Ty;) and

cons

C = TB[sl] = TB[é‘].



68 Algebraic preliminaries

Therefore e; = €, since B is invertible and hence T is injective by Lemma
2.10. But this contradicts the fact 1 € D(Tiy) and € & D(Ty;). Thus, in this
example, the first inclusion in (2.78) is proper. O

Lemma 2.56 Let A € Pconst(Jp); B = AY and [b21 bQQ] = [O Ip] B.
Then:

(2) The following three conditions are equivalent:
(a) SU*P. C D(Tp).

const =
(b) b22b§2 - bglbgl > 0.
(c) bag is invertible and

X = byiby  belongs to the set  SP<F (2.81)

const*
Proof Assertion (1) follows by looking at the 22 blocks in the inequality
BjpB* < J,.

The equivalence of (a) and (c) in (2) is established in Lemma 2.15; the
equivalence of (b) and (c) is easy. O

Lemma 2.57 Let A € Peonst(Jp) and suppose that the blocks b;; in the
four block decomposition of B = A satisfy at least one (and hence all)
of the conditions (a)-(c) in Lemma 2.56. Then Ceonst(A) = Tp[StrL,] and
hence Ceonst(A) is a matriz ball with a positive right semiradius. Its unique
center m. and its left and right semiradii Ry and R, may be specified by
the formulas considered in Lemmas 2.17 and 2.23 with B in place of U and

By = BWj in place of Uy, B1 € P(jp, Jp).

Proof This is essentially a special case of Lemma 2.23, which is applicable,

since S”*°, C D(Tp), under the given assumptions. O

2.12 Affine generalizations

The set Ceonst(A) may also be defined directly in terms of a linear fractional

transformation T4 that is defined on the set

D(TA) = {[Z] cu,v € CP*P and det(agiu + agv) # 0}
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by the formula

u _
Ty [v] = (a11u + a12v)(ag1u + agv) L.

Let
CoxP — {[u} cu,v € CPPL W+ 0*u >0 and  uru+vv > 0}
v

(2.82)
be the affine generalization of the class C2-” . Then r = u + v is invertible

and
Coxp — {QK [IEJ r: r € CP*? is invertible and € € Sfof,it} : (2.83)

Consequently,

Ceonst(A) = TA [@oﬁit N D(TA)] (2.84)

Let 74 denote the transform that is defined on the set of block matrices
{[“] TR (CPXP} by the formula

nl=al] =i (285)

If yLA € Peonst(J,) for some v € C\ {0}, then: 74 maps the class crxr

const
into itself; it is injective if A is invertible. Conversely, if 74 is an injective

CPXP into itself, then A is invertible and v LA € Pegnsi(J,) for some

v € C\ {0}. This characterization of invertible strictly minus matrices with

map of

respect to J, will be established below in the setting of general signature
matrices.
Let J be unitarily equivalent to j,,, let

Feonst(J) ={X e C™"*?: X*JX <0 and rankX = q} (2.86)
and
Foonst(J) ={X e C"*7: X*JX <0 and rank X = ¢}. (2.87)

In terms of this new notation, property (4) in Theorem 2.40 may be refor-
mulated as

Ty(F(J)) C F(J) and Ty (F(J)) C F(J).
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Theorem 2.58 Let J be a signature matriz that is unitarily equivalent to
Jpqg, let U € C™*™ and let Ty denote the linear map of C"*? into itself that
is defined by the formula

TvX =UX, X e C"™™4, (2.88)
Then:
(1) 7y is injective on j—"comt(J) if and only if the matriz U is invertible.
(2) Ty maps ﬁconst(J) injectively into Feonst(J) if and only if U is an
invertible minus matriz with respect to J.

(3) Ty maps the set ﬁconst(J) into itself if U is a strictly minus matriz
with respect to J.

Proof If U is an invertible m X m matrix, then 7y maps C™*? injec-
tively onto itself. If U is an invertible minus matrix, then, by Theorem 2.37,
YU € Peonst(J) for some v € C\ {0}, i.e., U is a strictly minus matrix.
Consequently,

<0if X € Feonst(J)

T XV JTp X < 42X TX :
( U ) U - ‘7‘ { <0 if X S fconst(‘])a

i.e., Ty maps Feonst(J) into itself and ﬁconst(‘]) into itself. This justifies (3)
and one direction of (1) and (2). To complete the proof, it suffices to check
the remaining assertions for the case J = j,,, i.e., to verify that

(a) If 7y is injective on ﬁCO,LSt(qu), then U is invertible.

(b) If 7y maps ﬁconst(J ) injectively into Feonst(Jpq), then U is an invertible
minus matrix with respect to jpq.

To verify (a), let the vector col(§,n) with components £ € C? and n € C?
belong to the null space of U and let y € C? be a nonzero vector such that
I, +ny* is invertible and the matrices

% *\—1
X = &y (g +ny”) ] and Y:[ 0*—1]
Iq (Iq‘l_ny)

both belong to the class ~ﬁconst(qu). It is readily seen that this can be
achieved for any vector y € C? with ||y|| small enough. Then

X =Y,
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since UX = UY and 7y is presumed to be injective on ]i"comt(qu). But this
implies that
EyIy+ny*) ' =0 and I = (I, +ny") ™
and hence that £ =0 and n = 0, i.e., U is invertible.
Suppose next that hypothesis (b) is in force and let ¢ € S%%.. Then

const*

U 3 ;
L}} =U |:Iq:| belongs to  Feonst (pq)-

Therefore, u*u < v*v and, in view of the rank condition, v is invertible, i.e.,
e € D(Ty) and
-1
w ' =Tyle] € SEr4..

Thus,
SPX1. C D(Ty) and TylSPr] C SPX1

const = const const*

Therefore, U is an invertible minus matrix with respect to j,,, by Theorem
2.51. O

Theorem 2.59 Let J be a signature matriz that is unitarily equivalent to
Jpg With p > q and let U be an invertible m x m matriz such that:

(1) U G Pconst(:]).
(2) Ty maps the set
{XeC™: X*JX =0 and rankX = ¢}

into itself.
Then U € Ueonst(J).

Proof Without loss of generality, we can take J = j,,. Let € be a p x ¢
isometric matrix and let

-k
Xk:[l 5} for k=1,... 4.
LI

Then X; j,,X) = 0 and the condition X;U*3,,UX}, = 0 holds if and only if

e*{ului; — u uor fe + ik{ufgull — UdoU fE

= Upuzz — Ufptrs + (—i)"e* {5 ugy — ufura}.
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Therefore, since i + i2 + i 4+ i* = 0, it is readily checked that
e {uljuir — usu1 fe = usouzr — ujgul2
and
{ulsur; — usquor e =0
for every p X ¢ isometric matrix €. The second constraint implies that
{ulyu1r — uspuor} = 0.
The assumption U € Peonst(jpg) yields the supplementary inequalities
uur —uyuzr < I, and  ujyugy — ujyuie > Iy,
which, when combined with the first constraint, imply that
uuin —unugr = I, and  ujpur — ujyuir = Iy

Therefore, U € Uonst(J). O

2.13 The J modulus

Lemma 2.60 If U € Pynst(J) is invertible and G = JU*JU, then
ker (I, — G)™ C ker (I,, — G)*%. (2.89)

Proof Let U € Peopst(J). Then J — U*JU > 0. Therefore

((J = U Iz, y)* < ((J = U"JU)z,2) {(J = U*JU )y, y)
for every choice of z,y € C™, or, equivalently

(T = @)z, 9] < (I — G, 2] (I — Gy, 9]
for every choice of z,y € C™. Assume now that (I,, — G)>u = 0 and let
x = (I, — G)u. Then the preceding inequality implies that
(I, — G)*u,y] =0 for every y € C™.

Therefore, (I,, — G)**3u = 0= (I,, — G)**?u = 0 for k = 0 and hence for
every positive integer k. O

Theorem 2.61 Let U € Peopst(J) be invertible, let Ay < --- < Xy, denote
the eigenvalues of G = JU*JU and assume that J is unitarily equivalent to
Jpg- Then
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(1) 0<)\1§---§)\p§1andlg)\,,+1§---§)\m,.

is not diagonalizable, then there exists an invertible matriz V €
2) If G 4 t di lizable, then th st ) tibl triz V
Cm>m sych that

V*JV = jp, and VGV = S, where S = diag{ D1, E, Ds},

Dy = diag{\i,..., A}, 0 < v < p, Dy = diag{hm_si1,--, m },
0<s<q, E=In_r—s+ N, N>=0 and Sjpq < jpq-

(3) G is diagonalizable if and only if ker(G — I,,)* = ker(G — I,,). If G
is diagonalizable, then the formulas in (2) hold with N = 0.

Proof Suppose that G is not diagonalizable. Then, by Theorem 2.47,
1 (U) = Ap(G) =1 = X1 (G) = p—(G).

Assume for the sake of definiteness that m > 3 and
A <A1 =1=-= A5 < Ap—st1;

and let D; = diag{\1,..., A} and Dy = diag{\y—s41,---,Am}. Then, in
view of Lemma 2.46, there exists an invertible matrix U = [U; Uy Us] with
block columns of size m X r, m x n and m X s, respectively, such that

GU, =U Dy, U{JD, = I,, GUy = UsDs, U3 JU3 = —1I,, U{JU3 =0

and the columns of Uy are a basis for ker (G — I,,,)?. Moreover, if Gu = \u
and £ € C", then the formula

(A= 1)[u, Uz€] = (G = In)?u, Usk] = [u, (G = 1,,)*Usé] = 0
implies that U;JU; = 0 and U5 JUs = 0. Thus,

UrJu = diag{]k, UQ*JUQ, —Ig}

and
Dy 0 0
GU =UC, where C=|0 F 0| and (F-1I,)%=0.
0 0 D

Since U*JU is invertible, the n x n matrix U;JU; is a Hermitian invertible
matrix. Therefore, there exists an invertible matrix K € C"*" such that
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K*UsJUyK = jip where k + £ = n. Let

I. 0 0 Dy 0 0
L=|0 K 0|, S=L"'cL=|0 K'FK 0],
0 0 I, 0 0 D,

K 'FK=1I1,+Nand V =UL. Then N> = K~Y(F - I,)’K =0,
V*JV =jp, and GV =GUL=UCL=VS.
Thus, as
0 > J-GJ=J-VSVviy=v{, -S)V1J
V{lm — S)ququV_lJ =V {Im = 8)ipsV",
it follows that (I, — S)jyq > 0. Set K~"!FK = FE to complete the proof of
(2) for the case r > 0 and s > 0. The cases r = 0, s = 0 and the proof of

(3) are easy consequences of the proof furnished above and are left to the
reader. O

Lemma 2.62 Let B € C*** be an upper triangular matriz with diagonal
elements by =X # 0 fori=1,...,k and let A € C**¥. Then

B*A = AB* «— BA = AB. (2.90)

Proof Under the given assumptions,

k

> <§> BI(=AI)F = (B = \I)F =o.

j=0
Now assume that £ > 1 and let
A ,
P (B) = ) B (AL)?
5= 3 () B
even j
and
E\ r_i i
BPR(B) =— ) BT (A L)Y .
== (5) o0
odd j
Then P;(B) and P»(B) are polynomials in B? that satisfy the identity

P1(B) = BP,(B).
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Therefore,
BAPy(B) = BPy(B)A = P\(B)A = AP\ (B) = ABPs(B).
Thus, as P>(B) is invertible, it follows that BA = AB, as needed. O

Theorem 2.63 Let A, B € C"*" and suppose that the eigenvalues of both
A and B are positive. Then

A*=B? < A=B. (2.91)
Proof Let A = USU~! and B = VIV ~!, where S and T are upper tri-
angular matrices in Jordan form and suppose that A?> = B2. Then, since
wl, + S and pl, + T are invertible for p > 0, it is readily seen that

dimker (I, — S)* = dimker (421, — S?)*

= dimker (21, — T?)*

= dimker (pul, —T)* for k=1,2,....
Therefore, S and T have the same Jordan block decomposition, up to the
order in which the blocks are placed. Thus, there is no loss of generality in
assuming that S = T, and hence that US?U~! = VS?V ! ie.,

QS*=5%Q with Q=V"1IU.

Now, if S has ¢ distinct eigenvalues, u1, ..., us, then S = diag {S1,..., S},
where §; is an upper triangular matrix with u; on the diagonal. Thus, if @
is written in compatible block form, then

QS* = 5*°Q < QijS; = S7Qi; for i,j=1,...,L

Therefore, Q;; = 0 if i # j and 62,,,5'72 = S?Q“, which, in view of Lemma
2.62 implies that Q;;S; = S;Qy, for i = 1,...,£. Consequently, QS = SQ,
i.e., A= B. This completes the proof of the implication = in (2.91). The
implication <= is self-evident. O

Theorem 2.64 Let U € Peonst(J), G = JU*JU and suppose that U is
invertible. Then there exists a unique matriz R with positive eigenvalues
such that R*> = G. Moreover, this matriz R has the following properties:

(1) R=exp{—HJ}, where H >0 (and hence is selfadjoint).
(2) JR*J = R.
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(3) R S Pconst(t])-
(4) UR™' € Uponst(J).

Proof We shall asume that J # +1,,, because if J = £1,,,, then the theorem
is obvious. In view of Theorem 2.61, it suffices to focus on the case

G=VSV™', where S=diag{D;, E, Dy}, V*JV =jpy,

and the matrices Dy, E and Dj are specified in (2) of Theorem 2.61. Then
clearly the formula

R=VS V™' with S =diag{D\? Ey, D)*},
and

1 1
E, :In+§N:eXp{§N}

exhibits a matrix R with positive eigenvalues such that R?> = G. The asserted
uniqueness of such an R follows from Theorem 2.63.
Next, to verify (1), let

Ly = diag{ln\,...,In\}, Ly =diag{lnA\y,_s41,...,1In\,;,}
Sy = diag{Li, N, Ly}, 2H=-VSV7'J, k=p-randl=q-s.
Then, as
9pq = diag{l,, jre, =L}, L1 <0, —jueN>0 and Ly >0,
it follows that
—S9Jpq = diag{—L1, —N, —Ls }j,q = diag{—L1, —Njp;, L2} > 0.
Therefore,
R= exp{%VSQV_l} =exp{—HJ}
and
H =~V SaipgigV T = LV Sapg V" 2 0

This completes the proof of (1); the implications (1) = (2) = (4) = (3)
are easily checked. O

The unique matrix R with positive eigenvalues that meets the condition
R? = JU*JU is called the J modulus of U. The J modulus was introduced
by V. P. Potapov as a basic tool in his study of the convergence of products of
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mvf’s with J-contractive values. Its usefulness stems from the following facts,
which were also established by Potapov; see [Po60], [Po88a] and [Po88b].

Theorem 2.65
(1) If R = exp{—HJ}, where H > 0, then the eigenvalues of R are
positive and R?> = JR*JR, i.e., R is the J modulus of itself.

(2) If Uy, Us € Peonst(J) are both invertible, and Uy JU; < Uy JUS, then
R1J < RaJ for the corresponding J modulii.
(3) If RiJ < RyJ and R; = exp{—H,;J}, where H; > 0, then Hy < H».

(4) If H € L"*™([0,d)) and H(z) > 0 a.e. on [0,d), then the multiplica-

loc
tive integral

A
U:/e—H(;L‘)de
0

converges if and only if H € L{"*™([0,d)). (See Section 3.19 for the
relevant definitions.)

Remark 2.66 In view of assertion (4) of Theorem 2.64 and assertion (1) of
Theorem 2.65, an m X m matriz R is the J modulus of an invertible matrix
U € Peonst(J) if and only if

R=e1/

for some H € C™*™ with H > 0.

2.14 Infinite products of matrices
Let By, Bo,..., B, be a finite sequence of m x m matrices and let
A A
[IB:=5B1B2--- B, and ] Bi=BuBui- B,
k=1 k=1
denote the right and left products respectively. The symbols
~ A
[[Bi=BiB:---B,--- and [[By=:-ByBu1---Bi
k=1 k=1
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are called the right and left products of the infinite sequence {B},}2, of
m X m matrices, respectively.

A right (resp., left) infinite product of the matrices By, Bo, ... is said to
be convergent if

(1) All the matrices By, are invertible.

(2) The sequence of right (resp., left) partial products

n

A A
P, = H By, resp., P, = H By,
k=1 k=1

converges to a limit P as n T co.

(3) The limit P is invertible.

If one or more of these three conditions fails, then the infinite product is
said to be divergent.
If these three conditions are met, then P is called the right (resp., left)

product of the matrices By, Bo, ..., and is denoted
~ A
P:HBk resp., P:HBk
k=1 k=1
Since

ks oA
115 =115
k=1 k=1

the right product is convergent if and only if the left product of the matrices
By, k > 1, is convergent and, if these products are convergent, then

= TR
H B, | = H Bj.
k=1 k=1
Thus, it is enough to study right products.
If the right product
P,=By---B, = nleny
of the matrices By, k > 1, converges, then

lim B, = I,. (2.92)

n—oo
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Since the matrices P, and B,, are invertible and tend to invertible lim-
its as n ] oo, the sequences ||P,|, || Bull, [|P; ]| and ||B,"|| are bounded.
Consequently, the identity

n+4-{

~
]%V¥f__}%L::}%L I]: Z3k_‘Im
k=n+1

implies that {P;} is a Cauchy sequence if and only if for every e > 0 there
exists an integer IV such that

n+l
m

H By, — I, || < € for every n > N and every ¢ > 1. (2.93)
k=n+1

Moreover, if this condition holds, then

s}

m
H B;,  is invertible for large enough n
k=n+1

and hence, P is invertible, since for such n,

is the product of two invertible matrices.

Lemma 2.67 Let {B;}7°, be a sequence of invertible m x m matrices such
that the series Y p 1 ||Bi — Im|| converges. Then the right product

=
H By, conwverges.
k=1
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Proof Let A, = B, — I,,,, k = 1,2, ..., let B}, be invertible and assume that
the series > 72 | || Ag|| converges. Then

nt! nit n4r
HBk—Im = H(Ier+Ak>_I7n, < H(l"i_HAkH)_l
k=n k=n k=n
n+t
< eXP{ZHAkH} -1,
k=n

since the second inequality is self-evident, and the first inequality is easily
verified directly for £ = 1, and then by induction for £ > 1. Thus, the Cauchy
condition (2.93) follows from the Cauchy condition for the convergence of
the series > 77 [|Akl|- O

2.15 Some useful inequalities

In this section we establish some useful inequalities for future use.

Lemma 2.68 If V € CP*Y, then
IV]I* < trace(V*V) < q||V]? (2.94)
and
det(V*V) < ||[V]*2. (2.95)
If p=q and V is invertible with ||V~ < 1, then

VI < [det VI <[V (2.96)

Proof Let 3 > --- > ,uZ denote the eigenvalues of the positive semidefinite
matrix V*V. Then (2.94) and (2.95) are immediate from the observation
that

trace(V*V) = pd + - + Hgv VI =m
and

det(V*V) = pi - -- MZ.
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Finally, (2.96) is easily obtained from the same set of formulas when ¢ = p
and V is invertible with ||V =!|| < 1, because then u? >1forj=1,...,p.
([l

Lemma 2.69 Let W € Ueonst(Gpq) and let so1 = —w2_21w21. Then the matrix

c= (I, + sne)(I, — s916) 7" (2.97)
is well defined for each choice of e € SL3%, and, if s = Twe], then
Re > (1 — ||s]|?) wipwas. (2.98)

Proof The matrix c is well defined, because wos and weie + woo are both
invertible matrices. A straightforward calculation shows that

Re = (I, — sa18) *(I, — €*s3y5018) (I, — s216) "

Z (Iq — 8215)_*(Iq — 6*6)(1(] — 8216)_1.

Therefore, since

I, — s"s = (w16 + wa2) " (Iy — €¥e)(wa1e + wgz)_l,

it is readily seen that

Re > wiy(Iy — s"s)wan > (1 — ||8H2) Wao W3-

2.16 Bibliographical notes

In [Po60] V. P. Potapov considered more general injective linear fractional
transformations of the class Peopst(J) into S 3" than (2.6). The transfor-
mation (2.6) was introduced by Yu. Ginzburg [Gi57]. The transformation
defined by formula (2.13) was found independently by Redheffer and used
to transform chain scattering (transmission) matrices into scattering matri-
ces in his study of transmission lines with distributed parameters via the
scattering formalism.

Matrix and operator balls were extensively studied by [Shm68]|. The pre-
sented proofs of Lemmas 2.18-2.21 in Section 2.4 are adapted from [DFK92].

An analogue of Theorem 2.51 for the transform (2.53) in a Hilbert space
setting was established by Redheffer in [Re60].

Most of the material in Sections 2.7 and 2.8 was adapted from [KrS96a].

Corollary 2.38 is equivalent to a result of P. Finsler [Fi37], which states
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that if a pair A and B of n x n Hermitian matrices are such that A is
invertible and

(Az,x) > 0 = (Bz,z) >0

for every x € C", then there exists a constant ¢ > 0 such that B — cA > 0.
The recent text [GLKO05] is a good introduction to linear algebra in vec-
tor spaces with indefinite inner products that includes Finsler’s result as
Proposition 10.2.1.

The verification of (1) in Lemma 2.42 is adapted from Potapov [Po88a].
The discussion of the J modulus in Section 2.13 is adapted from [Po60],
[Po88a] and [Po88b]. These references contain additional useful information
on the J modulus; for additional perspective, see also [An04]. Item (4) in
Theorem 2.65 is a corollary of a result on a family of multiplicative inte-
grals of J moduli that is established in [Po88b], which is perhaps Potapov’s
principal result in this direction.
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The Nevanlinna class of meromorphic mvf’s

The first half of this chapter summarizes a number of basic definitions and
facts on the Nevanlinna class of meromorphic scalar and mvf’s of bounded
Nevanlinna type in C4. Special attention is paid to the subclasses asso-
ciated with the names of Schur, Carathéodory, Smirnov, and Hardy and
a subclass of pseudomeromorphic functions for use in the sequel, mostly
without proof. For additional information, the books of de Branges [Br68al,
Dym and McKean [DMc76] and Rosenblum and Rovnyak [RR94] are recom-
mended for scalar functions; Helson [He64], Rosenblum and Rovnyak [RR85]
and Sz-Nagy and Foias [SzNF70] are good sources for matrix and operator
valued functions. The article by Katsnelson and Kirstein [KK95] also con-
tains useful information.

In the second part of this chapter, characterizations of the Nevanlinna
class of mvf’s and some of its subclasses in terms of the domain and range
of the operator of multiplication by a mvf f in the class under consideration
acting between two Hardy Hs-spaces of vvf’s (vector valued functions) will
be presented. Inner-outer factorizations and the notions of denominators
and scalar denominators will also be developed in this part.

The symbols C, C; [resp., C_] and R will be used to denote the complex
plane, the open upper [resp., lower| half plane and the real line, respectively;
R: =[0,00) and R_ = (—00,0]. The symbols RA = (A + A*)/2 and JA =
(A— A*)/(2i) will be used for the real and imaginary parts of A for numbers.
matrices and operators.

3.1 Basic classes of functions

A measurable p x ¢ mvf f(u) on R is said to belong to:

83
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P for 1 <r < oo if
£l = [ twaces ()" Fu)) 2 is fiive
L2 for 1 < r < oo if
[e.e]
/ (1 + p) Yrace{ f(u)* f(p)}?dp s finite.

LA if
ess sup{||f(ul| : p € R} is finite.
A p x ¢ mvf f(\) is said to belong to:

SP*1 (the Schur class) if it is holomorphic in Cy and if f(A)*f(X) < I,
for every point A € C4;

HEX? if it is holomorphic in C, and if

£l = sup{[[f (M : A € C1} < 003

HE™ (the Hardy class), for 1 < r < oo, if it is holomorphic in C; and
iff
151 =sup [ trace{ S+ i) F+ )} P < oo
v>0J—00
CP*P (the Carathéodory class) if ¢ = p and it is holomorphic in C and

FO)+ fN)*
o) = TAEIAT
for every point A € C;
WP*1(~) (the Wiener class) for a fixed v € CP*4  if it admits a repre-
sentation of the form

fO) =7+ / eMn(t)dt, for X € R,

— o
where h € L{™(R);
WP*4 if it belongs to WP*1(~) for some y € CP*Y;

If f € H?*Y, then its norm coincides with the L2*? norm of its boundary values
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Wﬁxq('y) for a fixed v € CP*4, if it admits a representation of the form

FO =~ +/ M (t)dt, for A € RUC,,
0

where h € L™ (R );
WPX4(5) for a fixed v € CP*4, if it admits a representation of the form
0

fO) =5+ / eMh(t)dt, for \€e RUC_,

— 00

where h € L™ (R_);

NP*? (the Smirnov class) and N2, the subclass of outer mvf’s in
NP1 will be defined in Section 3.11;

NP*® (the Nevanlinna class of bounded characteristic) if it can be ex-
pressed in the form f = h~lg, where g € HXY and h € Hy, (= HXY).

The class N'P*? is closed under addition, and, when meaningful, multi-
plication and inversion. Moreover, even though NP> is listed last, it is the
largest class in the list of meromorphic p x ¢ mvf’s given above. Analogous
classes will be considered for the open lower half plane C_. In particular, a
p x q mvf f is said to belong to

KP*? if it is holomorphic in C_ and if

1713 = sup / trace{f (1 — iv)" f(j — iv)}dp < oo.

v>0J -0

For each such class of functions X?*? we shall use the symbol X instead of
X1 and AP instead of AP*!,

Theorem 3.1 (Fatou) Let f € Hy. Then there exist nontangential bound-
ary values f(u) for alomost all points p € R. In particular

flp) = li?g f(p+iv) a.e. on R.

Proof This follows from the corresponding theorem for harmonic functions
in Cy; see, e.g., Theorem 5.3 on p. 29 in [Ga81]. O
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Theorem 3.2 Let f € Hy and suppose that f(A) #Z 0 in C4, then the
boundary value,

f(u) #0 for almost all points p € R.

O

Proof See Corollary 2 on p.65 of [Ga81].

Corollary 3.3 Let f1, fo € Hoo and suppose that the boundary values fi(p)
and fo(1) coincide on a set of positive Lebesgue measure in R. Then f1(\) =
f2(A) on C..

Theorem 3.4 Let f € NP*1. Then f has nontangential boundary values
f(p) at almost all points i € R and f(X\) is uniquely defined by its boundary
values f(p) on a set of positive Lebesgue measure in R.

Proof Let f € NPX4. Then, by definition, f = h=!g, where g € SP*4, h € S
and h # 0. Thus, by Fatou’s theorem, g and h have nontangential limits g(u)
and h(p) a.e. on R and h(p) # 0 a.e. on R, by Theorem 3.2. Consequently,
f = h~'g has nontangential boundary values. Moreover, if f(u) = 0 on a
subset of R with positive Lebesgue measure, then g(u) = 0 on a subset of
R of positive Lebesgue measure and hence g(A) = 0 in C,, by Theorem 3.2.
Thus, the same conclusion holds for f(\) = h(\)~1g(N). O

In view of the preceding discussion, every f € HEF™? has nontangential
boundary values, since HP* ¢ NP> for 1 < r < oo. Moreover, the norm
in H?*? can be computed in terms of boundary values only, and the corre-
sponding spaces H*? can be identified as closed subspaces of the Lebesgue
spaces LY *? on the line, for 1 < r < oo; see Theorem 3.59. Furthermore, the
spaces HY*? and K§*? are mutually orthogonal complementary subspaces
of L5™? with respect to the inner product (f,g) = [*_trace {g(u)* f (1) }dp;

ie.,
L]Q)Xq = ngg @ Kgxq; and L5=HY o KL if ¢=1.
Theorem 3.5 Let f € HY* for 1 <r < co. Then the

1 fw) dy

fwy=5- | = w (3.1)
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and the Poisson formula

fo) =2 [~ g, (3.2

T J-o0 |:u - w’2
are valid for every point w € C,. Formula (3.2) is also valid for f € H5Y.

Proof This follows from Theorems 11.2 and 11.8 in [Du70], since it suffices
to verify the asserted formulas for each entry in the mvf f. O
We shall use the symbols

I1; to denote the orthogonal projection from L5*Y(R) to HY*?,
II_ =1—1I, for the complementary projection,

P, denotes the orthogonal projection onto a closed subspace L of a
Hilbert space,

FEN) = f) ) =FN 0 poh) = =2mi(A - D),
VaealLla} for the closed linear span of subsets £, in a space X,
E for the class of scalar entire functions,
In* Ja] = { 1n|c.b| if |a|>1 |
0 if Ja|<1
(g, hyst = [72 h(p)*g(p)du for the standard inner product in L(R)

and for mvf’s h € LE*P(R) and g € LE*I(R).

3.2 The Riesz-Herglotz-Nevanlinna representation for mvf’s in the
Carathéodory class

A p x p mvf ¢(\) belongs to the Carathéodory class CP*P if and only if it
admits an integral representation via the Riesz-Herglotz-Nevanlinna formula

. . 1 > 1 7
A) = — A — — d for A € C 3.3
e =ia—ivg = [~ {tr - bt maccs 6y

where a = o* € CP*P, 3 € CP*P 3 > 0 and o(p) is a nondecreasing p x p

mvf on R such that
/ d(trace o;(,u)) < o (3.4)
00 1+p
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The parameters « and [ are uniquely defined by ¢(\) via the formulas

a=7c(i), B=limv 'Re(iv). (3.5)
vToo
The Stieltjes inversion formula
2
7(p2) = () =l [ (el + ie)dp (3.6)
€ I

which is valid at points of continuity pq, pe of o(u), serves to define o(u)
up to normalization. Such a mvf o(p) will be called a spectral function
of ¢(\). In this monograph we shall always assume that ¢(0) = 0 and that
o(p) is left continuous on R. Under these normalization conditions, o(u) is
uniquely defined by ¢(A). The inclusion

X
CcrxP c NTP,

that will be established in Lemma 3.58, serves to guarantee that every mvf
¢ € CP*P has nontangential boundary limits ¢(u) at almost all points u € R.
In particular,

c(p) = lif(f)l c(p+ i) for almost all points u € R.
€

The spectral function o(p) can be decomposed into the sum

o(p) =0os(p) + oalp), (3.7)

of two nondecreasing p x p mvf’s os(u) and o,(p), where og(p) is the sin-
gular component of o(u), i.e., o, () = 0 for almost all points u € R, and
04(1) is the locally absolutely continuous part of ¢(u) normalized by
the condition ¢,(0) =0, i.e.,

Gall) = /0 " f(a)da, (3.8)

where

*° trace f(u)

f(p) >0 ae.onR and
oo L p?

dp < 00. (3.9)

The convergence of the last integral follows from (3.4). In fact, condition
(3.4) is equivalent to the two conditions

> d(trace oy(p)) > trace f(p)
/ < oo and /

dp < oo.
—00 1+M2 —o0o 1+H2
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Moreover,
f(u) =0o'(n) = Re(p) ae.on R (3.10)

and hence, in view of formula (3.9),

/ > trace{c(p) + c(p)"}
—0o 1+ ,uz

dy < oo. (3.11)

If o(p) is locally absolutely continuous, i.e., if o(u) = o4 (1), then the p x p
mvf f(u) = o’(p) is called the spectral density of ¢()).
Formula (3.3) implies that

1 /> d
%c(i)zﬂ—l—ﬂ/ 11(‘;)2,

which leads easily to the following concclusions:

Lemma 3.6 Let ¢ € CP*P. Then in formula (3.3)

N 1% do(p)
=0 < R =— —, 3.12
g iy =1 [ (312)
whereas =0 and o(p) is locally absolutely continuous if and only if
N L[ Re(p)
R =— du. 3.13
iy =1 [ Ty (313)

The subclass of mvf’s ¢ € CP*P with 8 = 0 and locally absolutely con-
tinuous spectral functions o () in the representation (3.3) will be denoted
CL”*P. The subclass of mvf’s ¢ € CP*P with singular spectral functions will

be denoted Cf;f; Every mvf ¢ € CP*P has an additive decomposition

c(A\) = cs(\) +cu(N), where ¢, €ClP and ¢, € CPXP. (3.14)

sing

This decomposition is unique up to an additive constant purely imaginary
p X p matrix. Thus, in terms of the notation introduced in (3.3), (3.7) and
(3.10), we may set

1 [ 1
cs(N) =i — i + por /_ {,U 1 —f/ﬂ } dos (1) (3.15)

and

= [ {s - T s (3.16)
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where f(u) = Re(p) a.e. on R. This decomposition corresponds to the nor-
malization ¢, (i) > 0, and is uniquely determined by this normalization.
There are other normalizations that may be imposed on ¢, that insure
uniqueness of the decomposition (3.14).

Remark 3.7 A muf c € CP*P admits a holomorphic extension across a finite
interval (a,b) if and only if os(a+) = o5(b—) and the spectral density f(u) of
ca(X) has a holomorphic extension to an open set in C that contains (a,b).
This depends essentially upon the observation that if f is holomorphic in the
set

Q={pu+iv:a+d<pu<b—0 and —9<v <0},
then

N 2 B 1
/a+<5 {H—A_H—uQ}f(H)dﬂ_/F{ﬂ—)\ 1+M2}f(<)d<’

where I' is the intersection of the boundary of  with C_ directed from a+ 6
tob—9.

Remark 3.8 If c € CP*P, a € R and b > 0, then formula (3.3) implies that
. b [ do(p)

R +1ib)=b +/ — . 3.17

( C)((I 2) ﬁ ) (M—G)Z‘i‘bQ ( )

The particular choice ¢(\) = I, yields the evaluation

- b/oo 1 (3.18)

o (p—a 42
Lemma 3.9 Ifc € CP*P, a € R and b > 0, then

* (Re)(a + ib) )
-~ ‘da <2 . 1
/_OO T e < 2m(R0)(0) (3.19)
Proof If b > 0 and v > 0, then the evaluation

b o[> 1 1 1
b do——— 2
W/_Oo(u—a)2+b2a+iu T i+ ) (3:20)

which follows readily from the Poisson formula since the function

1
Fr(X) = A+ v
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belongs to Hy if v > 0, leads easily to the formula

b [ 1 1 b+v
— da = . 3.21
) B e e L e e M

Thus, in view of formulas (3.17) and (3.21),

* (Re)(a + ib) ~wb 2b+1 [ do ()
/_Ooa2+(b+1)2da B b+15Jr b+1 /_oou2+(2b+1)2
2 (% do(p)
: W{2/6+7r/_oou2+1}
= 27(Rc)(7).

Lemma 3.10 Let ¢ € CP*P. Then:

(1) Re(w) > 0 for at least one point w € C if and only if Re(w) > 0 for
every point w € Cy.

(2) If Re(p) > 0 for almost all points p € R, then (Re)(w) > 0 for every
point w € C,.

(3) If Re(w) > 0 for at least one point w € C, then ¢~ € CPXP,

Proof Statements (1) and (2) follow from formula (3.17) and the fact that
B > 0 and o(p) is a nondecreasing mvf on R. The verification of (2) also
uses the inequality

(o) d o0
/ U(M)2 > / i’%(ﬂ)2 .
—oo [ = Al —oo [ = Al

Statement (3) is immediate from (1). O

3.3 Some subclasses of the Carathéodory class CP*?
(a) PP HEP.

If ¢ € CP*P N HE?, then, by a well-known theorem of the brothers Riesz
(see e.g., p.74 [RR94]), f = 0 in formula (3.15), the spectral function
o(u) of ¢(A) is locally absolutely continuous and formula (3.15) reduces to
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¢s(A) = ia. Therefore,

. 1 [ 1
C()\) =1+ E . {M )\ - 1 f[ug } f(M)d/% (322)

where a* = a € CP*P,
f(p) = (Re)(u) >0 ae.onR and fe LEXP(R). (3.23)

It is clear that if condition (3.23) is in force, then the function ¢(\) defined
by formula (3.22) belongs to C5*? and that

Re(N) < || fllocdp for A € Ci.

To the best of our knowledge, necessary and sufficient conditions on f(u)
which guarantee that ¢ € CP*P N HEX? are not known.
We turn next to two subclasses of the class CP*P N HEP:

(b) (P = {¢c e PP N HE? . (Re)(p) > 6.1, > 0 a.e. on R}, where
6. > 0 depends upon c.

(c) CrPNWP*P(y), where Ry > 0.

In case (b) the mvf f(u) in the integral representation (3.22) is subject to
the bounds

nil, < f(p) <21, forae peR,
where 0 < 1 < 6s.

In case (c) the lower bound may not be in force.

(d) P ={cecr*r: sup{||lve(iv)|: v >0} < oo}.

It is known that a mvf ¢(A) belongs to C} xp

representation of the form

if and only if it admits a

1 [/~ 1
c(\) = — /_oo = /\da(,u), where trace o(u) < oo,

or, equivalently, if and only if ¢ € CP*P and

sup {v trace Re(iv)} < oo and lim c(iv) = 0. (3.24)
v>0

vToo
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3.4 Inner-outer factorization in the class H,

A function f(\) belongs to the class S;;, of scalar inner functionsif f € S
and |f(u)| =1 for almost all points p € R.

Example 3.11 (Blaschke products) Let

n
A\ —
b()\):];[[l%C ()\_ii), for A € C4+ and n < oo, (3.25)
where the points wi, € C4 and are subject to the Blaschke condition
AL
27’@2 < oo if nm=o00 (3.26)
1 1+ |wk\

(that is necessary for the convergence of the product) and the Vy are con-
stants of modulus one that are chosen to insure the convergence of the prod-
uct if n = co. For example, we can choose

V=1 if ’wﬂfl and 'Yk:@k/wk if |wk\>1.

If |wk| < 1 for at most finitely many indices k, then we can choose Yy =
Wi Jwy for all k. In this case,

n

1 —)\/wk
b(\) = Hm AeCy, n<oo. (3.27)
k=1

Products of the form (3.25) and (3.27) are called Blaschke products and
the factors are called elementary Blaschke factors.

Theorem 3.12 A function f € S admits the representation

FA) =b(M)bs(N), (3.28)
where b(A) is a Blaschke product and bs(\) = exp(ia + i) with « = @ and
B >0 if and only if

lim

®In|f(u+iv)|
M/ —AET P = o. (3.29)

o L p?
Moreover, if f € Si, and

fe\etHy in Lo, (3.30)
t>0

then bs(A) = exp(iav + i5A) as above.
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Proof See Akutowicz [Akub6] for the condition (3.29) and [Dy74] for the
sufficiency condition (3.30). O

Theorem 3.13 Let f € S and suppose that f(w) =0 for at least one point
w € C, but that f(N\) £ 0. Then the set wy,ws, ..., of all the zeros of f(\),
repeated according to multiplicity, satisfy the Blaschke condition (3.26) and
hence the corresponding Blaschke product b(\) defined by formula (3.25)
18 convergent if the normalization constants - are chosen appropriately.
Moreover,

fA) = b(N)fi(X), where fi € S and fi(\) # 0 for every A € Cy.

Proof The proof rests on the observation that if f(w) = 0 for some point
we Cy and b,(\) = (A —w)/(A—w), then b, f € S by Schwarz’s lemma.
Clearly a finite number of zeros wy,...,w, can be removed from f(A\) by
iterating this procedure n times. A more detailed analysis may be found in
Section 2.13 of [DMc76]. O

Example 3.14 (Singular inner factors) Let

bs(A) = exp{—cs(\)}

. . I [ 1+ puXdog(p)
= - — 1B+ — 3.31
exp{ {za i3 +7Ti/—ooﬂ—)\1+ﬂ2 , (3.31)

for X € Cy, where ¢cs € Cf;i; is given by formula (3.15) and hence,
a €R, >0 and os(p) is a nondecreasing singular function on R (i.e.,

"(n) =0 a.e. on R) that is subject to the constraint

/°° d(trace og(p))
o Lp?

g
< oQ.

The function bs(X) is referred to as a singular inner function. It can be
characterized as an inner function that has no zeros in C, .

The next theorem presents a fundamental factorization formula for func-
tions f € § that is due to Riesz and Herglotz.

Theorem 3.15 Let f € S and suppose that f(A\) Z 0. Then

FA) =b(Mbs(N)e(N), (3.32)
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where b(\) is a finite or infinite Blaschke product that is defined by the zeros
{wi}y (n < o0) of f(N) (repeated according to their multiplicity) by formula
(3.25), or b(A) = 1 if f(X) # 0 in Cx, bs(X) is a singular inner function and

B P L+ I ()
©(N) —exp{ /_Oo S dpy for A e Cy. (3.33)

0
Conversely, every function f(X) of the form (3.32) in which b(\) is any finite
or convergent infinite Blaschke product, bs(\) is any singular inner function

and
i [ 14 pX k(p)
A) = — d for AeC 3.34
o —ep{L [T I e, e
where
) is summable and k(p) >0 a.e. on R (3.35)
1+ p? - ’

belongs to the class S and k(p) = —In|f(u)| a.e. on R.
Proof Theorem 3.13 guarantees that if f € S and f # 0, then
f(A) =b(A) exp{—c(N)} for XeC,,

where b()) is the Blaschke product that is defined by the zeros of f()\) in
C;+ and ¢ € C. Thus, upon invoking the additive decomposition (3.14) and
writing

bs(A) = exp{—cs(N)},
we obtain the formula (3.32) with

p(A) = exp{-c(N)},
which is of the form (3.34), with

k(p) = Re)(u) = —In|f(p)| ae. onR.

The stated conditions (3.35) on k(u) follow from this formula and the fact
that (1 + p?)~1(%Re) € L.

The fact that every function f(A) of the form (3.32) belongs to the class
S when k(u) is subject to the constraints (3.35) is self-evident. O

Remark 3.16 The factors b(\) and bs(\) in formula (3.32) are unique up
to constant factors of modulus one.
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Corollary 3.17 Every inner function f(\) can be written as a product
FA) =b(N)bs(N), for X € Cy, (3.36)

where b(\) is a Blaschke product and bs(\) is a singular inner function.
Moreover, the factors b(A\) and bs(\) are uniquely determined by f(\) up to
multiplicative constants of modulus one.

Proof This is immediate from the previous theorem, because k(u) = 0 a.e.
on R, ie., o(A) =1. O
A function ¢ € H is called outer if

{¢f: f € Hy} isdensein Hj.

The class of scalar outer functions that belong to the Schur class S will be
denoted S,,;. The notation

—i\* _
a=(35) aa wo =2

for k=0,+1,... and e/()\) =e? (3.37)

will be useful.

Theorem 3.18 Let ¢ € Hy. Then the following conditions are equivalent:
(1) ¢ is outer.

(2) @(A) # 0 for every point A € C4 and
Jw [ In|e(p)]
1 = — ——d 3.38
alelw =2 [~ g, (3.38)

for at least one point w € C.

(3) ©(A) # 0 for every point X € C4 and the identity (3.38) holds for
every point w € C.

(4) ¢ admits an integral representation of the form

i [ 14 puX k(p)
A) =7 — duy for AeC 3.39
P(A) eXp{ﬂ/_oou—A 2y for €Cy, (3.39)

where 7 is a constant of modulus one and k € Ly (R).

(5) \/{ewop:t >0} = Hy.

t>0
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o0
(6) \/{?ﬂn(ﬂi n:(),l,...} = H,.
n=0
Moreover, if ¢ is outer, then

k(1) = —In [ () (3.40)

in the integral representation (3.39).

Proof The equivalence of items (1)—(5) is covered in Sections 2.8-2.10 of
[DMc72]. The equivalence of (1) and (6) follows from the definition of an
outer function and the fact that

{tp : n=0,1,...} is an orthonormal basis for H,.

O

Corollary 3.19 The functions @ in the class Syt can be parametrized by the
formula (3.39), where 7 is a constant of modulus one and k(p) is a function
on R that is subject to the constraints (3.35). Moreover, in formula (3.39),

k(p) =—Inlp(p)| ae onR and 7 =p(i)/|e@)|. (3.41)

Theorem 3.20 If f € Hy and f # 0, then f(\) admits an inner-outer
factorization

f) = i fo(N), (3.42)
in which the inner factor f; and the outer factor f, are unique up to multi-
plicative constants of modulus one. Moreover:

(1) |f(N)] is subject to the inequality
: b [ In|f(p)
(2) The inequality (3.43) is an equality at one point w = a + ib in C, if
and only if equality holds at every point w € C,..

(3) The inequality (3.43) is an equality at one point w = a + ib in C; if
and only if f(X\) is an outer function.

(4) If fe€ S and f £0, then f, € Sout-
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Proof Let s(A\) = ||f||o2 f(\). Then s € S and hence, by Theorems 3.15 and
3.18, s(\) admits an inner-outer factorization

s(A) = si(A)so(N).
Thus, the factorization formula (3.42) holds with f;(A) = s;(A) and f,(\) =
| fllooSo(A). The inequality (3.43) follows from the inequality
[fW)] < |fo(w)l

for every point w € C; and the identity (3.38) applied to the outer factor
fo(A). O

Corollary 3.21 Let f € Hy,. Then

sup{[F(N)]: A€ Cy} = esssup{[f(u)]: peRY.  (3.44)

Proof In view of formula (3.18), the inequality (3.43) clearly implies that
lf(N)] < esssup{|f(u)| : u € R} for every point A € C, and hence that
the left hand side of the asserted identity cannot exceed the right hand side.
The identity then follows from the fact that

flp) = 1,,1?01 f(p+iv) ae.onR.

3.5 Factorization in the classes N; and N

A function f € N is said to belong to the Smirnov class N, if it admits
a representation of the form

f=g/h with g8 and heS,u. (3.45)

Thus, in view of the preceding analysis, every function f € AN, may be
expressed as a product of the form

F) = b(N)bs (M1 (M) /pa(N), (3.46)
where b()) is a Blaschke product of the form (3.25), bs(A) is a singular inner
function of the form (3.31), ¢;(\) € Sout,J = 1,2, and

lo1()/2(p)] = | f(w)| for almost all points u € R.

Formulas (3.39) and (3.40) are still valid for ¢(A) = ¢1(\)/p2(X\). However,
the restriction k(p) > 0 a.e. on R is no longer in force.
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Theorem 3.22 (The Smirnov maximum principle) Let f € N and
let 1 <p<oo. Then

feH, < feN.NLy(R). (3.47)
Moreover, if f € Hy, then

£z, = £z, (3.48)
for 1 <p<oo.
Proof See Theorem A on p. 88 of [RR85]. O
If f € N is holomorphic in C; and f(\) # 0, then the number
| .
T;_ = limsup n]fy(w)| (3.49)
vloo

is finite.
Lemma 3.23 If f € N; and f()\) #0 in Cy, then:
(1) —oo <7/ <0.
(2) EMf(N) ENy = d>7].
(3) In formulas (3.36), (3.28) and (3.52), T;r =7, and 7, = —f3.
(4) If also f € S, then ei)‘T;f()\) esS.

Proof The first three assertions are immediate from the representation for-

mula (3.46) and the formulas for its factors. In fact Tf+ = —[3, since
1 i 1 ' In|b(i
T L2 e ) 1G] L0 B P
vToo v vToo 14 vloo v
and
I [b, (i | .
T 2] e 1 71 G (3.51)
voo v voo 1%

The final assertion then follows from the Smirnov maximum principle, since

if f €S, then
€77 F(w)] = |f ()] < 1

for almost all points ;1 € R and eAT7 f(\) e N, O
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Remark 3.24 If, in the setting of the last lemma, f(\) # 0 for every
point A € Cy, then there is no Blaschke factor b()\) in the factorization
formula (3.46) and hence the lim sup in (3.49) can be replaced by an ordinary
limit.

Lemma 3.25 If f € § and f(\) # 0, then f(\) is a Blaschke product if
and only if the condition (3.29) is satisfied and T;r =0.

Proof The result follows from Theorem 3.12 and assertion (3) in Lemma
3.23. 0

Lemma 3.26 If f € Hy and if e_1f € Hy for everyt > 0, then f(\) = 0.
Proof If f € H,, then (1 —i\)~!f(\) € Hs. Therefore,

A R
1f£ Z))\ — /0 ez)\ug(u)du

for some function g(u) € Lo(R.). Thus if also e f(\) € Hy for t > 0,
then

o] t 00
e—Mt/ ez)\ug(u)du — e—z)\t/ ez)\ug(u)du + e—z/\t/ ez)\ug(u)du
0 0 t
also belongs to Hy. But this means that

t
e_’)‘t/ eMg(u)du € Hy N Hy
0

and hence that
t
/ eMg(u)du =0 for every t > 0.
0
It is now clear from the formula for (1 —i\)~1f(\) that f(\) = 0. O

Lemma 3.27 If etjf € H for a sequence of positive numbers ty > to > ---
which tend to 0 as j T oo, then f € Hy.

Proof The function g(A) = (1 — i)~ f(A) belongs to Ha, since e;,g € Ha
and [|g — e, gllst — 0 as j T oo. Therefore f € Lo NN, = H,, by the
Smirnov maximum principle. O

A function ¢ € N is called outer if it can be expressed as a ratio () =
©1(A)/p2(N), where @1, p2 € Sput. The class of outer functions in N will be
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denoted N,,;. Thus,
Nowt TNy CN.

We remark that
feNw < feN,and f~! e N,. (3.52)

The implication = follows easily from the definitions of the classes N,,; and
N.. Conversely, if f € Ny and f~' € Ny, then f = g/h and f~! = g1 /h4,
with g € S, h € Sput, g1 € S and hy € Syy;. Therefore, since gg1 = hh; and
hhi € Syut, it follows that ggi € Sout, and hence that g € S,y¢, as needed,
and g1 € Syy;. This implies that the product of two outer functions in NV is
outer. Conversely, if f € N, g € N} and fg is outer, then (as follows from
the factorization formula (3.46)) both f and g are outer.

Remark 3.28 If f € Ny and f # 0, then the inequality (3.43) holds;
equality prevails for at least one (and hence every) point w = a + ib in C
if and only if f € Nowr. This characterization may be used to show that
(A — w)* € N,y for every integer k and every point w € C_. This last
conclusion also follows from Lemma 3.57 (with much less effort), since Nyt
is multiplicative group and (A — w) € Noyt if w € C_.

Later, in Theorem 3.64, we shall see that
@ € Nyt < the set {¢f : f € Hy and of € Hy} is dense in Hj.

If p € Hy, then ¢f € Hs for every f € Hs. Therefore, this last characteri-
zation is consistent with the definition of an outer function in H., that was
given earlier.

Every ¢ € N, admits a representation of the form (3.32), where
k € Li(R). From the representation (3.39) and (3.45), it follows that
every f € N admits an essentially unique representation of the form

FO) = 01N oa(N)p(N), (3.53)

where b1 (\) and ba2(\) are inner functions that have no common nonconstant
inner divisors in the class S;, and ¢ € Ny, i.e., @ is an outer function in the
class M. A function f € N belongs to A, if and only if the denominator
b1 (A) in formula (3.53) is absent.

If f € N, then the set of roots of f(\) (counting multiplicities) coin-
cides with the set of roots in the Blaschke factor b(\) in (3.46) (counting
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multiplicities). In particular, if f(\) # 0 for any point A € C,, then the
Blaschke factor b(\) in (3.46) is absent; if f()\) is continuous in C, then the
singular factor in (3.46) reduces to bs(\) = Veg(A).

Lemma 3.29 If f € £ N N and f(\) £0, then 7' is finite and

FOO = e BN p(N), (3.54)

where p(\) € € ﬁ/\/out and b(X) is a Blaschke product of the form (3.27). If
fe&ENN,, then 7' < 0 and the factorization (3.54) yields an inner-outer

factorization of f wzth an inner factor exp{— z)\T +b that is meromorphic
in C and an entire outer factor .

Proof By a double application of formula (3.32), f(\) admits a representa-
tion of the form

FO) = eb(N)p(N),

where 3 > 0, b()) is a Blaschke product and ¢ € N,,;. Therefore, as follows
with the help of (3.50) and (3.51),

T;r = —4.

The Blaschke product b in formula (3.54) may be written in the form (3.19)
because f(\) has at most finitely many roots wy with |wi| < 1. Consequently,

P = ¢ T Fu(N, where £,0) = [[ 20 5

n—oo =1 )\/UJ

is entire, since the the functions f,,(\) are entire and converge uniformly on
compact subsets of C. O

Theorem 3.30 Let g(i) be a measurable function on R such that g(p) > 0
a.e. on R. Then:

(1) The factorization formula
glp) =|f(w))* ae onR for some f €N (3.55)
holds if and only if

* [Ing(w]|
/_Oo S < . (3.56)



3.6 The rank of meromorphic muf’s 103

(2) If the constraint (3.56) is met, then there exists a solution f(\) =
©(N) in the class Nyyt that can be uniquely specified by imposing the
normalization condition p(w) > 0 at some fized point w € C..

(3) The set of all solutions f € N to this factorization problem is de-
scribed by formula (3.53), where ¢ € Nyyt is uniquely specified as in
(2) and by and by are arbitrary inner functions.

(4) The factorization (3.55) holds for some f € H,, 1 < p < oo if and
only if the constraint (3.56 ) holds and g € L, 5. Moreover, if these
two conditions are met, then every solution f € H, is of the form

f =bp, where b € S;;, and p(\) is an outer function that belongs to
H,.

Proof See [RR 94]. O

3.6 The rank of meromorphic mvf’s

Let f(A) be a mvf that is meromorphic in some open nonempty subset 2 of
C. Then by denotes the set of points w € 2 at which f is holomorphic,

h;f =h;NCy and F)JT =h;NC_.
We shall define
rank f = max{rank f(\): A\ € f]}r}
for every meromorphic p x ¢ mvf f(A) in C;..
Lemma 3.31 Let f(\) be a meromorphic p x ¢ muf in C,, let r = rank f
and assume that f(\) £ 0. Then
rank f(A) =r for every A € f)j{ (3.57)

except for at most a countable set of points {w;} that do not have a limit point
in Cy. Moreover, if f € NP*4, then the sequence of points {w;} satisfies the
Blaschke condition (3.26) and

rank f(u) =r for almost all points p € R. (3.58)

Proof Let r = rank f. Then r = rank f(w) for some point w € f)}’ and hence
there exists an r x r submatrix A(\) of f(\) such that its determinant §(\)
is not equal to zero at the point w. Consequently, 6(A) # 0 in C; and hence
as 0(A) is meromorphic in C4, it has at most countably many zeros {w;} in
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C4 and this set does not have a limit point in C,. Therefore, rank f(\) =r,
except for the set {w;}, since rank f(\) < r for every point X € h}'.

If f € NP*7, then § € N and consequently, the sequence {w;} satisfies the
Blaschke condition (3.26). Moreover, nontangential limit values f(u) and
d(p) exist at almost all points p € R and rank f(u) > r for almost all
points p € R, since §(p) # 0 a.e. on R. On the other hand, if A;()) is a
submatrix of f(\) of size r; x 1 such that 6; () = det Aq(p) is not equal to
zero on a subset of R of positive Lebesgue measure, then §;(A) Z 0 in Cy.
Consequently, 7 < r and hence rank f(u) < r for almost all points u € R.
Thus, the proof is complete. O

3.7 Inner and outer mvf’s in H? ¢

A mvf f € HE is said to be inner (resp., *-inner) if

I = f(w)" f(u) =0 (resp., I, — f(p)f(p)" =0)

for almost all points 1 € R. It is said to be outer (resp., *-outer) if the
closure

fiﬂgz HY  (vesp., f~HY = HJ, where f~(\) = f(—)\)").

It is readily checked that in order for f € H5'? to be inner (resp., outer),
it is necessary that p > ¢ (resp., p < ¢). (The inequalities are reversed if
inner /outer is replaced by *-inner/s-outer.) In particular, a square mvf is
inner if and only if it is *-inner and is outer if and only if it is *-outer.

The symbols SP*? SP*? SP=1 and SP% will be used to designate the
classes of functions f € SP*? which are inner, *-inner, outer and *-outer,
respectively. In the square case, S/P = S’V and S\P = S, Moreover,
for mvf’s f in either of these two classes, det f(\) # 0 in C, if f € S
and det f(\) # 0 in C, if f € SP7P.

out

Theorem 3.32 Let f € HEY. Then f is an outer mof if and only if
(1) rankf(w) =p for at least one point w € Cy..
(2) Every muf g € H5'? that meets the inequality
g(w)*g(u) < ()" f(p)

for almost all points p € R also meets the inequality

g(N)"g(N) < F)"F(N)
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for every point X\ € C4. Moreover, in this case, rankf(\) = p for
every point A € C4, rank f(u) = p for almost all points n € R and

g(A) =b(A) f(X)
for some b(\) € S"*P.
Proof See, e.g., Propositions 4.1 and 4.2 on pp. 200-201 of [SzNF70]. O

Lemma 3.33 If b € S!¥ and if det b(\) is constant in C,., then
b(A) = constant.

Proof If det b(\) = 7 in C, then b(A)~' € HE? and det {b(A\)*b(\)} =
|7|? = 1. Therefore, since b(A\)*b(\) < I, in C4, equality must hold and this
in turn implies that b(A)* € H5P. Therefore, b(\) must be constant. O

3.8 Fourier transforms and Paley-Wiener theorems

The Fourier transforms

flo = | e and () = o / T du (3.59)

—0o0 —0o0

will be considered mainly for f € L{*?(R) and f € L}*/(R).
If f € L5*Y(R), then the integral is understood as the limit of the integrals
ffA in L5 (R) as A T co. Moreover, the mapping

f— (27r)_1/Qf is a unitary operator in L5 (R),
i.e., it is onto and the Plancherel formula holds:
(F.G)st = 2n(f, g)sr for f,g € LE*,
and
)= (V) ae. onR. (3.60)
If f € LY*Y(R), then 1f (1) belongs to LHY*Y(R) if and only if
f s locally absolutely continuous on R and f" € LY*(R).  (3.61)

Moreover, if these conditions hold, then

nf() =if (). (3.62)
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If f e ¥ (R)and g € LT*%(R), then fe WPXT(0), g € W"*1(0), fg e
WPX4(0) and

(Fo)V(t) = / f(t—s)g(s)ds a.e. on R. (3.63)
Formula (3.63) is also valid if f € L{™"(R), g € Ly"/(R) and 1 < s < o0.

Theorem 3.34 If f € WPXP(0) and v € CP*P, then there exists a matriz
0 € CP*P and a muf g € WP*P(0) such that

~

(v + f()(6+9(w) =1 (3.64)
if and only if

~

det (y+ f(n)) #0 for every point p € R and vy is invertible.  (3.65)

If fG WﬁXP(O) (resp., WP*P(0)) and v € CP*P, then there exists a matriz
§ € CP*? and a muf g € WP(0) (resp., WP™P(0)) such that (3.64) holds
for all points u € R if and only if

det (v + f(A) £ 0 for every point A € C,. (resp., C_) and
v is invertible. (3.66)

Proof The stated assertions for mvf’s are easily deduced from the scalar

versions, the first of which is due to N. Wiener; the second (and third)

to Paley and Wiener; see [PaW34] for proofs and, for another approach,

[GRS64]. O
If (3.64) holds, then (by the Riemann-Lebesgue lemma) vé = I,,.

Theorem 3.35 (Paley-Wiener) Let f be a p x ¢ muf that is holomorphic
in Cy. Then f € HY*? if and only if

fA) = / e fV(x)dx  for A€ Cy

0

and some fV € Lgxq(R+). Moreover, if f € ngq, then its boundary values
f(p) admit the Fourier-Laplace representation

flp) = /OO e fV(x)dr  a.e. on R.

0

Proof This follows easily from the scalar Paley-Wiener theorem; see, e.g.,
pp. 158-160 of [DMc72]. O
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Theorem 3.36 (Paley-Wiener) A p x ¢ muf f admits a representation of
the form

15
f) = /_ e fV(z)dx  for A e C

and some fV € LE*Y([—a, B]) with 0 < «, B < oo if and only if f(X) is an
entire p x q muf of exponential type with 74 (f) < a and 7—(f) < B and
f € Ly(R).

Proof This follows easily from the scalar Paley-Wiener theorem; see, e.g.,
pp. 162-164 of [DMc72]. O

3.9 The Beurling-Lax theorem

The functions ¢ (A) and 1% (A) introduced in (3.37) will be used frequently
below.

Lemma 3.37 If f € L} (R) and

/ or(Wf()du =0 fork=0,%1,...,

—00

then f(u) =0 a.e. on R.

Proof Since

A—i\" 2 \" A+i\F 2 \*
= — = 1
<)\+i> <1 )\—H') and <)\—i> < +)\—i>

for k =0,1,..., it is readily seen that under the given assumptions

/_o; (uf:(tui))kdﬂ =0 fork=0,1,....
Therefore,
/OO Mal,u:() for A\ e CL UC_.
oo b — A
Thus, as

(-2 = { ~i Jyexp (i = M)t if A€ C-

i [0 exp(i(u— Nt)dt if A e Cy,
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it follows that
/ e—’i“te—”‘ﬂf(t)dt =0 foracR andb>0.

~

Consequently, f(¢) =0 on R and hence f(u) =0 a.e. on R, as claimed. O

Theorem 3.38 Let L be a proper closed nonzero subspace of HY such that
etf € L for every f e L and every t>0.
Then there exists a positive integer ¢ < p and an inner myf b € Sf’nxq such
that
L = bHj. (3.67)

Moreover, this muf b(\) is uniquely defined by L up to a unitary constant
right multiplier.

Proof The formula
A—a
A—a

guarantees that £ is invariant under multiplication by ;. Moreover, ¢ L

is a proper subspace of £, because otherwise (¢1)*£ = L for all positive
integers k£ and hence

L= (ng)kﬁ = ﬁ";:()(gol)jﬁ - ﬂ?:Q(@l)ng for k=0,1,...,

=1+i(a—a) / eMe= gt for o € Cy (3.68)
0

which leads to a contradiction, since N32, (1)’ Hy = {0}. Thus,
MN=Lop L

is nonzero, and since (1)’ is orthogonal to (1)*MN for j # k and PIN C
gp’ngp , much the same sort of argument leads to the Wold decomposition

L=EPen
j=0
Let fi,..., fi be an orthonormal set of vectors in 91 and let
FN=[fi - fi] and G\)=Vr(A+i)F()).

Then
/ on (W) F () F(p)ndp =0 for n=1,2,...

—00
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and every choice of &, € CF. The last integral is also equal to 0 for
n=—1,-2,..., as follows upon taking complex conjugates and interchang-
ing £ and 5. Thus,

L[ G(1) G(p) — I
- , —0 f —0,41,42,....
7T/_Oogo (1) 52 dpy=0 for n=0

which, in view of the preceding lemma, implies that G(u)*G(u) = I, a.e.
on R. Therefore, k < p, and hence dimension < p. Let ¢ = dimension N
and let k = ¢q. Thus, as G € N’ fxq N L2?, the Smirnov maximum principle

implies that G € HL'? and hence, as G*G = I, a.e. on R that G € SP*%.
Moreover, as f € 9 implies that

f = Ff = @D()Gf and L= @ﬁo(ﬁjm,

it follows that £ = GH{. This completes the proof of existence.

If there are two inner mvf’s b and by such that £ = bHJ = by HJ', then the
identity M1 = HY © bH] = H) © by Hj' implies that ¢ = ¢; = dimensionN
and hence that the columns of 1yb form an orthonormal basis for 9 as do
the columns of 1yb;. Therefore there exists a constant ¢ X ¢ unitary matrix
V such that by = by V. This proves the essential uniqueness of b. O

Lemma 3.39 Let by(\) = (A—a)/(A—@a) for a € C; and let L be a proper
closed subspace of HY. Then the following assertions are equivalent:

(1) e.£ C L for every t > 0.
(2) b L C L for at least one point o € Cy.
(3) bo L C L for every point o € C,..

Proof If (2) is in force, then the argument in the first part of the proof of
Theorem 3.38 is easily adapted to verify the Wold decomposition

L=EPun, with N, =LOb.L.
n=0

Let f € M, and let ho(\) = {\/27/(ia —ia)(A — @)} . Then, since h,bk,

k=0,1,...,is an orthonormal basis for HQ,

o0

ethe = ch b%,  where Z len(t)]? < oo,

k=0
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Thus, if f € 9, then

etf = Z cr (bl £, belongs to L.
k=0
Therefore, (2) = (1); and, as the implication (1) = (3) is justified by
formula (3.68) and (3) = (2) is self-evident, the proof is complete. O
The generalized backwards shift operator R, is defined for vvf’s and
mvf’s by the rule

IN=F@ .
(Raf)(N) = A= Az
() if A=«

(3.69)

for every A, o € hy. In order to keep the typography simple, we shall not
indicate the space in which R, acts in the notation.

Lemma 3.40 Let L be a proper closed subspace of HY and let V(t) =
H+e_t]H5 fort > 0. Then the following assertions are equivalent:

(1) V(t)L C L for every t > 0.
(2) R,L C L for at least one point o € Cy
(3) RoL C L for every point a € C,..

Proof The proof follows by applying Lemma 3.39 to £, the orthogonal
complement of £ in HY and invoking the identities

<V(t)f7 g)st = <fv etg>st and <Raf>g>st = <f7 bag>st

for fel,ge Lt t>0and aeC,. O
The spaces

H(b) = HY © bHY for b e S (3.70)

m

will play a significant role in future developments.

Lemma 3.41 If bH} D biHY, where b € S and by € SU, thenr = p
and b=1b; € SP*P.
Proof The stated inclusion implies that

£
[

§
P

Py (3.71)

|

st st
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for every & € CP and every w € C,. Therefore, since the orthogonal pro-
jectors in (3.71) can be reexpressed in terms of the isometric multiplication
operators M, and M; and the projection II, as

PblHé’ = Mb1H+be and Png = MbH+Mb*,

respectively, and

I, My § _ bi(w)*¢ and TL, M)- § _ bl(w)*‘§7
Pw Pw Pw Puw
the inquality (3.71) implies that
£y (w) b (W)€ _ ‘ bie|” _ Hb(w)as P Eb(w) bw)s
Pw (Ld) Pw st o Pw st Pw (OL))

for every choice of £ € C? and w € C,.. Therefore,
b (w)b1(w)* < b(w)b(w)*

for every point w € C,.. Thus, as the rank of the matrix on the left is equal
to p except for an at most countable set of points w € C,, it follows that
r > p. At the same time, r < p, since b € S*". Therefore, r = p and

m

b~lb € PP, O

Corollary 3.42 If bH, O BHY, where b € 8" and 3 € Sin, then v = p
and Bb—1 € SP*P,

m

Proof This follows from Lemma 3.41 with by = §1,,. O

Theorem 3.43 If b; € Slpn%p for 3 = 1,...,n, then there exists a muf
be SV such that:

m

(1) b;'o e 8PP forj=1,...,n.

J in

(2) IfEESpo and b;lgESpo forj=1,...,n, then b=1p e SPXP.

wm wm m
Moreover, a muf b € 8PV is uniquely specified by these two constraints up
to a constant unitary p X p multiplier on the right.

Proof Let

L=(\bHS and B=]]det b,
j=1 j=1
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Then, since ﬂb;l € 8P it follows that 3HY C b;HY for 1,...,n and hence
that ﬁHé7 C L. In view of Theorem 3.38, there exists a mvf b € anxr such
that £ = bH}, and hence BHY C bHj. Therefore, r = p by Corollary 3.42 and
(1) then follows from the inclusion bHY C b;HY by Lemma 3.41. Moreover,
ifbe S is such that bj_lg € S for j =1,...,n, then gHg C bHY and
consequently (2) follows by another application of Lemma 3.41.

Finally, if be Sf;fp meets the same two conditions as b, then b~b and

b='b both belong to S?*” and therefore b='b is a constant unitary p X p

m

matrix. O
A mvf b € SP*P that meets condition (1) in Theorem 3.43 is called a com-
mon left multiple of the set {b1,...,b,}; b is called a minimal common

left multiple of the given set if it meets (1) and (2).

Theorem 3.44 If b, € S for a € A, then there exists a muf b € Sh7
such that:

(1) b 1o, € SEXP for every a € A.

(2) Ifbe S and b1, € SI*P for every o € A, then b=1b e Shr,

S

Moreover, a mvf b € S;," is uniquely specified by these two constraints up

to a constant unitary p X p multiplier on the right.
Proof Let

£=\/ boH}
acA

be the minimal closed subspace of Hg that contains the subspaces baHg
for every choice of av € A. Theorem 3.38 implies that £ = bH; for some
b € SP*". Moreover, since by H) C bHj, Lemma 3.41 implies that r = p. If
be SP*P is such that b1, € SPXP for every o € A, then b, Hj C gHg for
every a € A, and hence bH} C gHg . Therefore, b=1b € SPP by Lemma
3.41. O

A mvf b € SP*P that meets condition (1) in Theorem 3.44 is called a
common left divisor of the set {b, : o € A}; b is called a maximal
common left divisor of the given set if it meets (1) and (2).

There are analogous definitions of common right multiple, minimal com-
mon right multiple, common right divisor and maximal common right divisor

and corresponding analogues of Theorems 3.43 and 3.44.
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Lemma 3.45 If

B(N) = Hﬁj()\), where  (;(\) = (A _wj> and wj e Cy,
j=1

A=
is a finite Blaschke product, then dim H(3) = n.
Proof It is readily checked that the functions

1
A — W

k
er(N) =] 80
j=1

belong to H(S) for k = 1,...,n and are orthogonal in Hy. Let f € Hy© 3Ho
and set

(f,05)

ci=———== forj=1,... n
T s ei)

Then, since

0= <f—zcj<,0j,<pk> fork=1,...,n,
j=1
it follows that f(w1) — >27_; ¢jpj(w1) = 0 and
f =219
— | (wr) =0 for k=2,...,n,
( Bi-e Br—1 ()

and hence that
SN e
M € Hy for k=1,...,n.
B B
Therefore,

f—- ch'(pj € 6Hy N (5H2)l.
j=1

Thus, f — Z;’:l cj; = 0, which serves to prove that ¢1,..., ¢, is a basis
for Hy & BHy and hence that dim Hy © GHs = n. O

Lemma 3.46 If b € S!”" is a rational muf, then dim H(b) < co.

Proof Let b be a rational p x p inner mvf and let 5(A) = det b(\). Then,
since H(b) € H(BI,) and dim H(5I,) = pdimH(S3), the assertion follows
from Lemma 3.45. O
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3.10 Inner-outer factorization in HEX¢

Lemma 3.47 Let f € L2 and let
FHY C H. (3.72)

Then f(u) is the boundary value of a muf f(\) that belongs to the space
HE.

Proof Fix w € C;. Then, under the given assumption (3.72), the mvf
g(i) = pu()~Lf(p) is the boundary value of a mvf g()\) that belongs to
HY*?. Consequently, f(u) is the boundary value of the holomorphic mvf
FA) = pu(N)g(X). Moreover, f € ./\/fxq, since p, € N.. Consequently, by
the Smirnov maximum principle (or inequality (3.43)), applied to each entry
of the mvf f € N1, f e HE. O

Theorem 3.48 Let f € SP*Y and suppose that rank f = r > 1. Then f
admits an inner-outer factorization

f=bp, wherebe S, pe8 " (3.73)

out

and a *-outer-x-inner factorization

f = pube, where p. € SP*" and b, €S, 0. (3.74)

*out *iMn

Moreover, the factors in (3.73) and (3.74) are defined up to constant unitary
r X r multipliers u and v:

b—bu, @—u"p and o, — v, by — vV b,.

Proof Let f € 8P%% let r = rank f and let £ = fH{]. Then L is a closed
subspace of H} that is invariant under multiplication by e; for ¢ > 0. There-

fore, by the Beurling-Lax theorem, £ = be for some b € Sﬁf £ Moreover,
the mvf ¢ that is defined by the formula

o) =b(p)* f(u) for almost all points u € R
belongs to L{éq(R), l#llc <1 and the closure
©HY = HS.
Therefore, by Lemma 3.47 and the definition of the class S.J o(p) is the

out
boundary value of a mvf p(\) that belongs to the class S'%4 The inclusion

out
FHy C bH;
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implies that for any fixed point w € C,

Iy,

Pw

for some g € Hg %4 Therefore,

range f(u) C range b(u)

for almost all points © € R. Thus,

b(p)p(p) = b(p)b(p)" f(1) = f(n) for almost all points 1 € R,

since the matrix b(u)b(u)* is the orthogonal projection matrix onto the range
of b(u). Moreover,

rank f(u) =rank f and rank ¢(u) =rank ¢ a.e. on R.

Therefore, if rank ¢ = ¢, then £ = rank f = r. This completes the proof of
the existence of the asserted inner-outer factorization (3.73).
Suppose next that f admits another inner-outer factorization

f=0bip; with b € SPX™ and S Sxa,

in out

Then the formula

bHY = boHY = by HI = by H}!

implies that r1 = r and b;(A\) = b(A)u for some unitary matrix u € C"*",
by the essential uniqueness of the inner mvf in the Beurling-Lax theorem.
Thus,

b(p)upr () = b(p)e(p) for almost all points p € R,

and hence, upon multiplying both sides of the last equality by u*b(u)*, we
obtain

©1(p) = up(p) for almost all points p € R.

The assertions on x-outer - *-inner factorizations for f € SP*? follow from
the inner-outer factorization of f~ € S7*P. O

Corollary 3.49 Every nonzero muf f € HE'? admits an inner-outer fac-

torization of the form

= by,
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where b € anxr and ¢ is an outer function of class HX'? for some r <
min{p, q}. This factorization is unique up to the replacement of b(\) by b(A)X
and () by X*o(\), where X is an r X r constant unitary matriz. Moreover,
r = rank f. Every nonzero muf f € HY%'? also admits a *-outer-x-inner
factorization which can be obtained in a self-evident way from the inner-
outer factorization of f~(X).

Proof This follows from Theorem 3.48 applied to the mvf f/|| f]co- O
Every square mvf f € HEP with det f(\) # 0 in C, admits both an
inner—outer factorization and an outer—inner factorization:

f=0brpr = @abo

where b; € SP*P and ¢, is outer in HX” for j = 1,2.

Theorem 3.50 Let f € SP*P. Then
(1) feS? <« detf € Sou-

out

(2) feST «— detf € Sy.
Proof Let f € §P*P. Then, by a theorem of M. G. Krein (see, e.g., [Roz58]),
(a) det f(A\)#0 for AeCy

X
fest —

() mndet fw)] = 2 [~ LT,

oo 1+ ,u2
for every point w € C,.
By Theorem 3.18, the equality (b) holds for the scalar function det f(\) of
the class S if and only if det f € Syy¢. This completes the proof of (1).
Suppose next that f € SP*P. Then the inequality

|det f(1)|* 1, < f(w)*f(p) < I,

which holds for almost all points p € R, implies that if det f € S;;,, then
fe anXp . The converse is self-evident. O

A scalar function h € S is said to be a scalar multiple of a mvf f € SP*P
with det f(\) £ 0, if hf~! € SP*P.

Lemma 3.51 Let s € SP*1 and let £ = s(w)n for some point w € C4 and
some vector n € C¢ such that £*¢ = n*n. Then & = s(\)n and n = s(\)*¢
for every point A € C,.
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Proof If n = 0, the asserted conclusion is self-evident. If n # 0, then we
may assume that n*n = 1. Then

[§Fs(Mnl <1 =¢¢=¢"s(w)n

for every point A € C,. Therefore, the maximum principle applied to the
scalar function £*s(A)n implies that £*s(\)n = 1 in C; and hence that

1€ =sMnllP = €¢—&s(Nn—n"s(A)*E+n"s(A) s(A\)n
= n"s(A)*s(\)n—1<0,

which imples that £ = s(A)n in C,. Similar considerations based on the
evaluation of ||s(A\)*¢ — n||? yield the identity s(\)*¢ =7 in C,. O

Corollary 3.52 Let s € SP*¢ and let s(w)*s(w) < I, at a point w € C,,
then s(A\)*s(\) < I, at every point X\ € C,..

Corollary 3.53 Let s € SP*P be such that det (I, — s(\)) # 0 in C4. Then
det (I, — s(N\)) # 0 for every point A € Cy.

Proof If det (I, — s(w)) = 0 for some point w € C;. Then ¢ = s(w) for
some vector £ € CP with £*¢ = 1. Therefore, by Lemma 3.51, £ = s(A\)€ in
C. and hence det (I, — s(A\)) =0in C,. O

The next lemma amplifies the corollary.

Lemma 3.54 If s € SP*P and det{I, —s(\)} # 0 in C, then the muvf I, —s
is outer in HEP.

Proof If I, — s is not outer in H5®, then the closure {I, — s}HY # HY.
Therefore there exists a nonzero element g € H) such that

{1 —stf.9)e = 0
for every f € HY. Thus
g=1lys%g
and hence, since

lgll2 = Ty s7glla < [[s*gll2 < llgllo,
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it follows that s*g € H) and thus

9(1) = s(p)"g(n)
for almost all points p € R. But this implies that

det{I, —s(u)*} = 0 for almost all points p€R
= det{l, —s(u)} = 0 for almost all points p € R
= det{l, —s(\)} = 0 forevery point A€ Cy,
which contradicts the given assumption. O

3.11 The Smirnov maximum principle

A p x ¢ mvf which is holomorphic in C; is said to belong to the Smirnov
class V7”7 if it can be expressed in the form

f=n"lg, (3.75)

where g € H5'? and h is a scalar outer function of class Hyo. It is readily
checked that A/ fxq is closed under addition and also multiplication, whenever
the matrix multiplication is meaningful. In particular, if f € N fxq, then
(1 =N F(N) € NPT and AP F(N) € NP*7 for every integer k. If also g is
outer in H5'?, then f is said to belong to the class N2;¢ of outer mvf’s
in NPX4

[

Theorem 3.55 Let f € NV*P. Then
fENPY = det f € Ny (3.76)

out
Proof Let f € N2%P. Then f = gh™! where g € SU)7 and h € S,u.
Therefore, since
det g
det f = —=
€ f (h)p )
it follows from Theorem 3.50 that det f € N,,;. Conversely, let f € N pr
and let det f € N,y Then, since f = gh™! with g € SP*? and h € S,u, it
follows that

det g = AP det f
belongs to Syyu:. Therefore, by Theorem 3.50 ¢ € S?*7 and consequently

out

feNPxP, O

out
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Theorem 3.55 may be viewed as a generalization of the first assertion in
Theorem 3.50. The example

f=—2_  gesuy

(det g)'/7 out

indicates that the implication

det f € S;,, = feSP*P

m

does not hold for f € NP*F.

Lemma 3.56 If f € NP*P and det f(\) £ 0 in C,, then
(1) f e NP if and only if both f and f~1 belong to NT*7.

out
(2) feNEAP if and only if f~1 € NLIP.

Proof The implication = is a straightforward consequence of Theorem
3.55. Conversely, if f € N?*P and f~1 € N2"? then

where g € SP*P, h € S,ut, g1 € SP*P and hy € S,u:. Therefore, since
gg1 = hh11,, and hhi € S,yt, it follows that

det g - det g1 € Sput

and hence that det g € S,,;. Thus, g € S’} by Theorem 3.50. This com-

out

pletes the proof of (1); (2) is immediate from (1). O

Lemma 3.57 Let ¢ € CP*P. Then:
(1) ce /\/:pr.

(2) ¢l e NP <= det ¢(N) £ 0 in Cy <> ce NP

o

Proof Let ¢ € CP*P. Then the mvf s = (I, —¢)(I, +¢) ™! belongs to the class
SP*P and the function det {1, + s(\)} # 0 at every point A € C.. Therefore,
by Lemma 3.54 and Theorem 3.50,

I I
pT—’—S S quﬁp and det { p;-é’} € Sout-
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Thus, ¢ € NP This proves (1). The second assertion follows from Lemma
3.54, Theorem 3.50 and the observation that

I —
= % € 8PP = det ¢(\) £ 0 in C,.

Lemma 3.58 The following assertions hold:
(1) CP*P = Ty [SP*P N D(Tiy)].
(2) Ccrxr Cc NP,
(3) If c € CP*P, then ¢ € NP1P if ®e(w) > 0 for at least one (and hence

out
every) point w € C.

(4) CP*P = Tog[SP*P) and CP*P < NPXP.

out

Proof This follows from Lemma 3.57. O
We turn next to the Smirnov maximum principle. In the formulation,
f € N7*% is identified with its boundary values.

Theorem 3.59 If f € NV™!, then

sup / " (trace{f (u + iv)* F(u + i)} 2dp

v>0J -0

= [ (race( 0 £}y 2

—00

for 1 <r < oo,

sup trace{ f(A)"f(A)} = ess sup, cgtrace{f(u)"f(n)},
€Ly

sup [ I ilrdu= [ IfGIdu for 1< <o
v> —00 —00

and

sup [|f(A)[| = ess sup,cr{[l ()|},
xeC.

where in these equalities both sides can be infinite. In particular,
NPXE N LPX9(R) = HP*Y (3.77)

for 1 <r < oo.
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Proof See Theorem A on p. 88 of [RR85]. O

A p x ¢ mvf which is holomorphic in C_ is said to belong to the Smirnov
class N?*? if it can be expressed in the form (3.75) but with g and h in the
corresponding classes with respect to C_. In particular, f € AN?*? if and
only if f# € ./\/’iXp.

The Smirnov maximum principle will be invoked a number of times in the
subsequent developments. The proof of the next lemma, which is useful in
its own right, is a good illustration of the application of this principle.

Lemma 3.60 Let f(\) be a px q muf that is holomorphic in a set hy D C,.
Then the following equivalences hold:

~1
(1) p; ' f € HY*.
(2) Rof € HY™ for at least one point o € by.

(3) Rof € HY™ for every point o € by.

Proof Suppose first that (1) is in force and let o € hy. Then f € N7*? and
R, f € N?*%. Moreover, if 1 € R, then

F0) = (@) _ ki) (00 () _ sy

p— o (n—a)  (p+i)

If o € R, then the preceding assertion is self-evident, since

ot

o S Loo, (p+4) 7 f € L5 and (u+14) "' f(a) € LH*7.

If & € R, then the same conclusion holds since (R, f)(u) is bounded in a
neighborhood (o — d,a« + ¢) of e, and (u +7)/(p — @) is bounded for p € R
with |4 — a| > §. By the Smirnov maximum principle, this completes the
proof of (1) = (3). The implication (3) = (2) is self-evident. Finally, if
(2) is in force, then

f) = fle) _ (A=) (f(N) = f(@))

A+ (A +1) A—a)

clearly belongs to HY™? since (A —«)/(A+1) belongs to Heo. Thus, (2) =
(1). 0
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3.12 Characterization of the classes N?*7, N?*7 NP"% and HEXY via

out
multiplication operators

Let f be a p x ¢ mvf that is meromorphic in C; and let M 1 be the operator
of multiplication by f that acts between the spaces HJ and H} with

D(f)={h € H] : fh e H}} (3.78)
and range

A(f)y={9€ HY: g= fh for some he Hi}. (3.79)

Lemma 3.61 The operator Mf is a closed operator.

Proof Let {h,} € D(f) and {g,} = {thn} be two convergent sequences
such that

h, — h in H} and ¢, — ¢ in H).
Then, since h,(A) — h(\) and g, () — g(\) at every point A € C,
(Mpha)(A) = F(N)ha(A) — F(VRA) = g(A) at every point A € b},
ie., heD(f) and g = Myh. O

The closure D(f) of D(f) in HY is invariant under multiplication by
et(A), t > 0. Therefore, the Beurling-Lax theorem implies that if

D(f) # {0}, then D(f)=bsH, where by e S " (3.80)

in
Moreover, 1 < r < ¢ and by is uniquely determined by f up to a right
constant unitary multiplier of size r x r.

Theorem 3.62 Let f(\) be a p X ¢ muf that is meromorphic in C4 such
that D(f) # {0} and let by € SE*" be defined by the Beurling-Lax theorem
as in (3.80). Then:

D(f) =bsH] with by € S < f e NP*4. (3.81)
D(f) = Hi < f e NV*L (3.82)
D(f) = H} < f e HY". (3.83)

Moreover, if f € HE'?, then the operator Mf of multiplication by the muf f
is a bounded linear operator from HJ to HY with norm

1My = [ flloo- (3.84)
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Proof (<=) Suppose first that f € NP*%. Then f = f1/(bp), where f; €
§P*1 p e S, and p € Spyr. Therefore, bpHS C D(f) and thus, as

©H] = H} and bHJ =bH],

we see that

bHY C D(F) = by Hj.
Consequently, by Corollary 3.42, r = q.
If f € NP7 then b(A) =1 in the preceding argument and hence bs(\) =
I,. If f € HE'?, then clearly D(f) = HJ.
(=) Next, to deal with the opposite implications, suppose first that

D(f) = bsH{ and by € S, Then for any fixed point w € C there exists a
sequence of mvf’s b, (\),n = 1,2, ..., in H*? such that their columns belong
to D(f) and tend to the corresponding columns of the mvf p,,(A)~1bs(N)
in Hj. Thus, the Cauchy formula for vvf’s in HJ guarantees that h,())
tends to p,(A)7tbs(A) at every point A € Cy when n T co. Therefore, since
det bg(A) # 0 in C4, we may conclude that det h,(\) # 0 in C for large
enough n and hence that for such n, fi(A) = f(A\)h,(\) belongs to HY™?

and
f=hh!
belongs to N?*?. This completes the proof of (3.81).

Suppose next that D(f) = Hj. Then, (3.81) guarantees that f € NP7,
ie., f= fi/bp, where fi € SP*P, be S;, and ¢ € Spyr. Let

fa=fi/b=f.
Then,
£D(f) = ¢fD(f) = pA(f) C Hy
and, since fo € L&? and || fa]|o < 1, we also have
foHy = f2D(f) € f2D(f) C H.

Therefore, by Lemma 3.47, fo» € HXY and so f € N?*? This com-
pletes the proof of (3.82). It remains to verify (3.83) and formula (3.84).
The implication <= in (3.83) is self-evident. Conversely, if D(f) = H{,
then f € NP*? by (3.82), and, as Mf is a closed operator on the
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full Hilbert space Hy, it must be bounded. Let £ € CP, n € C? and w € C,..
Then,

ocmt fLeHD and S e mHE,
Pw Pw Pw
and it follows that
— oy ¢ — 7 ¢ M|l st €]t
(i 2 | <m| 2] & - rdlele
Pw Pw /[ g Pw ||t || Pw || st pw(w)

At the same time, by the Cauchy formula for functions in Ho,

a7 €> _ &fwhn
< d P’ Puw po(w)

Thus,
&7 f (W)n| < M l[Inllse l€]]se
and hence
[ f()ll < || My
for every point w € C,. Consequently, f € HX? and
[flloe < [[MF].
On the other hand, the bound
[Mghll2 = [[fhll2 < || fllool|Pll2

implies that ||Mf|\ < |Ifllcc and hence that formula (3.84) holds. O

Theorem 3.63 Let T be a bounded linear operator acting from Hj into HY
such that

et(A)(Th)(X) = (T(eth))(N)  for h € H] and every t > 0. (3.85)

Then there exists a unique muf f € H5Y such that T = Mf 1s the operator
of multiplication by the muf f(\), i.e.,

(Th)(A) = f(\A(N)  for h € HY. (3.86)

Moreover,

1T = 1[flloo- (3.87)
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Proof Let {;, j = 1,...,q, denote the jth column of the identity matrix I,.
Then the vvf h; = pi_lfj belongs to Hy and, consequently, g; = Th; belongs
to HY for j =1,...,q and the p x ¢ mvf

F)=pi[ (N - 94N ]

belongs to N7*%. In view of Lemma 3.61 and the equivalence (3.82), the
operator M ¢ of multiplication by the p x ¢ mvf f with domain D(f) C Hj
and range A(f) C HY is a closed linear operator with D(f) = Hj. Moreover,
since (3.86) holds for the vvi’s h = £/p; for every £ € C? and

\/ etp;lcq = Hgv
t>0

the relation Th = th holds for every h € Hi,i.e., D(f) = Hj and T = Mf.
X

The equivalence (3.83) guarantees that f € HA
of existence. suppose next that f; and fy are two mvf’s in HZ'? such that

¢, This completes the proof

Th = fih = foh for every he Hj.

Then, the particular identities

- f)S

= =0 forevery &eCY
Pi

clearly imply that f; = fo.
This completes the proof, since (3.87) was established in Theorem 3.62. [

Theorem 3.64 Let f € NV™9. Then

feNA! «— A(f)=HS. (3.88)
Moreover, if ¢ = p, then
fte HUX? «—= A(f) = HY (3.89)

Proof Suppose first that f € A2, Then

out

f=h/e
where fi € SV and ¢ € Syur. Thus, 9HY C D(f),
foHY = f1H] C A(f)
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and

feHI = f1H] C A(f) C HS.
But
fiHY = HY, since f; €SP,

out

Thus, A(f) = HY.
To obtain the converse, let

feN* and A(f) = H.

o3

Then
f = fl/%

where f; € 8P*? and ¢ € S, and, by Theorem 3.62, D(f) = Hj. The next
step is to show that f; € S5 or, equivalently, that

ut
fiHL = HY.
We know that
HD(f) = @I D(f) = A(f),
and hence that

HD(f) = ¢A(f) = pA(f) = pH} = HJ.
Therefore, since
HD(f) € fiH3 C HY,
we must also have
fLH3 = HY,

as needed. Finally, if ¢ = p, then (3.89) follows from the equivalence in (3.83)
applied to f~! in place of f. O

3.13 Factorization in N?*? and denominators

A pair of mvf’s fi, f» € N¥*? is said to be right coprime if

be S and f;b~h € NV for j = 1,2
= b()\) is a constant unitary matrix. (3.90)
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Similarly, a pair of mvf’s fi, fo € N2™? is said to be left coprime if
be S and b~ f; € NT* for j =1,2
= b()\) is a constant unitary matrix. (3.91)

The notation
(fi,fo)r=1, and (f1,fo)r =1,

is used to designate right and left coprime pairs, respectively.

Remark 3.65 If, for ezample, b1,by € SV, then, in view of Theorem
Theorem 3.44,

(b, bo)r = I, <= biHY \/ by HY = HY = H(b1) NH(b2) = {0}.

There is a more restrictive definition of left (right) coprime Hoo-muf’s that
for by, by € anXp reduces to

[b1,02] = 1)y <= || Pryvy ) Pryo) | < 15
see pp. 268-289 in Fuhrmann [Fu81]. If by, by € SLV are rational, then the
two definitions coincide.
Theorem 3.66 If f € NP> and f # 0, then f admits two representations:
f=frdy', where fre NP dpe ST, (dp,frR)r=1, (3.92)
and
f=d;'f, where fi€ NP dp e 8PP and (dp, fr)r = I,. (3.93)

The factors fr and dr are uniquely defined by f up to a constant unitary
multiplier on the right, whereas the factors fr and dy are uniquely defined
by f up to a constant unitary multiplier on the left.

Proof Let f € N?*4. Then, by Theorem 3.62, D(f) = byHj where by €
S0, Let f1(A) = F(A)bs(A). Then,

byD(f1) = D(f)

and hence

by D) = byD(f1) = D(J) = by HY.

But this implies that D(f;) = H4. Therefore, by Theorem 3.62, f; € N7*%.
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The next step is to show that (fi,bs)r = I,. If b € ST is a common
right divisor of f; and by, then D(fbsb~') = Hj by Theorem 3.62, since
fbsb~t € NP9, Moreover, the inclusion

(forb~ " )D(fbrb™") C Hj
implies that

(bsb™")D(fbs07") € D(f)
and hence that

byb= HY = (byb~"YD(fbb 1) C D) = by HY,
and, consequently, that
b HY C HY.
Therefore, since
ble anxq by Lemma 3.47 and b € anxq,

(M) is a constant unitary matrix. Thus, the the first representation formula
3.92) with fr(X) = fi(A\) and dr(X\) = bs(A) is justified. Moreover, since

drHY = drD(fr) = dgD(fr) = D(f) = by Hj,

it follows that dr = byu for some ¢ X ¢ unitary marix v and hence that the

b
(

mvf’s dp and fr in (3.92) are essentially unique.
Finally, since

feENV «— fTeNT*P and be ST «— b € ST,

m m

the assertions related to (3.93) follow from the results proved above by
passing to transposes. |

Theorem 3.67 Let f € NP*9. Then the factors fr and dg in the repre-
sentation formula (3.92) and the factors fr and dp in the representation
formula (3.93) are minimal in the sense that:
(1) If f = frdy" with dg € S and fr € N?*%, then dp = dpb and
fr = frb for some muf b € SI*1.

(2) If f = d;' fr with dp € PP and fr, € NP*Y, then dj, = bdy, and

in

fr =bfyL for some mufb e SLP.
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Proof In setting (1), Theorem 3.62 implies that D(fr) = Hi and
dr D(fr) C D(f). Therefore, since D(f) = byHy = dpHJ,

dp HY C dp H

and, consequently, the mvf b = dﬁl dr belongs to 811 and

fr = fdr = frdy' dr = frb,

as claimed. The proof of (2) is similar. O

If f € NP*% and f # 0, then dg € S1*1 is called a right denominator
of fif fdp € NP*1: and d € S is called a left denominator of f if
dpf € N?*%. The mvf’s dp and d; that intervene in (3.92) and (3.93) are
called minimal right and left denominators of f, respectively, since dp
is a common left divisor of every right denominator élvR of f and dy is a

common right divisor of every left denominator dy of f, thanks to Theorem
3.67.

Lemma 3.68 Let f be a rational p X ¢ muf. Then its minimal left and right
denominators dj, and dr are rational.

Proof Let f(\) be a rational p x ¢ mvf. Then there exists a finite scalar
Blaschke product 3(\) such that 3(\)f(\) is analytic in C, and hence Gf €
N fxq, ie., JL = 1, is a left denominator of f. Consequently, by Theorem
3.67, ﬁdzl € 8PP and thus, as

m

ﬁd*jé € HY and d §

i P—i

€ KI' for every £ € C?,

it follows that

df pgi eKlo <pp) K.
Therefore, since the space on the right is a finite dimensional Hilbert space
with basis of rational vvf’s, the mvf df is also rational.
The proof that dg is a rational mvf is similar. O
An ordered pair {d,ds} of inner mvf’s dy € S!*¥ and dy € S is called
a denominator of the mvf f € NP> if

dy fdy € NT¥4.
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Thus dL is a left denominator of f if and only if {dL7 I} is a denominator of
f,and dpis a right denominator of f if and only if {,, d R} is a denominator
of f.

A denominator {dj,ds} of f is called a divisor of another denominator
{dy,d} of f if

didt € PP and  dyldy € ST

It is called a trivial divisor if c?ldl_l and dy 1(72 are constant unitary ma-
trices. A denominator {d;,ds} of f is called a minimal denominator of f
if every denominator of f that is a divisor of {d;,dy} is a trivial divisor.

Lemma 3.69 Let f € NP> and let {671,672} be a denominator of f. Then
there exists a minimal denominator {dy,ds} of f that is a divisor of {d;,dz2}.

Proof Let {31,672} be a denominator of mvf f. Let fi = dif. Then ds is
a right denominator of fi;. By Theorem 3.67, there exists a minimal right
denominator dy of fi. Thus, dq fdy € NV*1 dy € SI*? and ds is a common
left divisor of all right denominators of fi. Therefore, d, dy € Sf]nx 7. Let

fo = fds. Then dy is a left denominator of f2. By Theorem 3.67, there exists
a minimal left denominator d; of fs, i.e.,

dlfdg € N_{Xq (394)

and d1 is a common right divisor of all left denominators of fds. Therefore,
did;t € SPXP. Thus, {d1,d2} is a divisor of {di,ds}. In view of (3.94),
{di,ds} is a denominator of f. It is a minimal denominator of f. Indeed, let

{b1,b2} be a denominator of f that is a divisor of {d,ds} i.e.,
u=dby' €SP and v=1by'dy € ST
Then
b1 fby € foq, di =ub; and dy = byv. (3.95)
SPXP

Consequently, b; is a left denominator of fy and bldf1 ., since dy is

a minimal left denominator of fo. Therefore, u € S/"7 and v € S'*¥ and
hence, u is a constant unitary p X p matrix. Furthermore, since d; d1_1 € Sf’nXp

and (3.95) holds,
Jibe = lefbg = c?ldflublfbg € ./\/'fxq.
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Consequently, by is a right denominator of f;. From this it follows that
dy'by € ST, Thus, as v = (dy "ba) ™" also belongs to ST, the mvf v is a
constant unitary ¢ x ¢ matrix. |

A denominator {d;,I,} of f is minimal if and only if d; is a minimal left
denominator of f. Similarly, a denominator {I,,ds} of f is minimal if and

only if do is a minimal right denominator of f.

Theorem 3.70 Let f € NP*? and let {dy,d2} be a minimal denominator
of f. Then:

(1) If f is a rational muf, then di and ds are also rational muf’s.
(2) If f is an entire muf, then dy and dy are also entire muf’s.

Proof Let f be a rational p x ¢ mvf. Then clearly f € N?*9. Let d; and
dr be minimal left and right denominators of f, respectively. Then, in view
of Lemma 3.68, d;, and dp are also rational. Let {d;,d2} be a minimal
denominator of f. Then the mvf b = dyd; " belongs to SL*¥, since df, is a

left denominator of fds and d; is a minimal left denominator of fdy. Thus,
H(b) € H(dy)
and, as H(dr) is finite dimensional with a basis of rational vvf’s, thanks to
Lemma 3.46, the vvf
b(A) — b(«)
A—«

Therefore, b is rational, as is d; = b~'dy. The proof that ds is rational is

¢ is rational for every & € CP.
based on similar considerations using dg.
The proof of (2) will be given in Theorem 3.105. O

Theorem 3.71 FEvery muf f € /\/’ﬁxq that is not identically equal to zero
admits an inner-outer factorization of the form

fO) =b,(N)pr(N), where by, € SV and ¢, € NJ1 (3.96)
and a x-outer-x-inner factorization of the form
F) = or(Nbr(N), where pr € NIIG and by € S,k (3.97)

In both of these factorizations,

r = rank f. (3.98)
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The factors in each of these factorizations are defined uniquely up to re-
placement of

br and ¢, by bru and u*er
and

er and br by  prv and v bR,

where u and v are constant unitary r X r matrices. Moreover, there exists a
q X q permutation matriz K such that

[Ir 0] Ko (N) or (MK {IOT] >0 for every point A € Cy,

and, for each such permutation matrix K and each fized point w € C,, there
exists exactly one factor ¢ in (3.96) and exactly one factor g in (3.97)
such that

pr(w) K

I
01 > 0 and [I, 0]K gp(w)> 0. (3.99)

Proof Let f € N7*%. Then f = ¢! f1, where ¢ € Spyr and fi € SP*?. Thus,
by Theorem 3.48, f; admits an essentially unique inner-outer factorization
of the form f; = by, where b; € Slpnw, p1 € 8™ and

out

r =rank ¢1(\) for A € C,.

Therefore, f = biy1/p, ie., (3.96) holds with by = by, ¢1 = ¢1/¢ and
r = rank f. Moreover, {¢(A)n : n € C?} is independent of A € C,, since
pE Sgu%tq, and hence there exists a g x ¢ permutation matrix K such that the
first r columns of the r X ¢ matrix ¢ (A\) K are linearly independent at every
point A € C,.. This matrix K meets the first condition in the theorem, and
for each choice of w € C,, there exists a unique unitary matrix x € C"*"

such that
I,
zp1(w)K {O] > 0.

Thus, fixing w and z, the matrix ¢ (A) = up;i(\) is outer and satisfies the
first condition in (3.99). Moreover, if ¢y, is a second r X ¢ outer factor of f
that meets the same normalization condition as ¢y, then ¢r () = ypr(A)
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for some unitary r X r constant matrix ¥,

yor(w) K [ﬂ =or(w)K [ﬂ >0 and ¢p(w)K [ﬂ > 0.

Therefore, y = I, i.e., there is only one outer factor of f that meets the
normalization condition at w.
Similar arguments serve to verify the assertions for ¢pr, with the same

matrix K, since ¢ (1) e (1) = er(p)er(n)* a.e. on R. O
Theorem 3.72 Every muf f € NP> that is not identically equal to zero

admits a representation of the form

/= dZIbLgoL, where dj, € anXp, b, € SPX7.

m

y (3.100)
YL € outq and (dlnbLSOL)L = Ip;
and a representation of the form
f = @rbrdyt, where pp € NPXI bp € ST,
! . " (3.101)

dr € I and (prbr,dR)r = I,

In these two representations of f(\), r = rank f and the factors are es-
sentially unique, i.e., up to the replacement of dy by udp, @r by veor and
by, by ubpv* in (3.100), where u and v are constant unitary matrices, with
analogous replacements for the factors in (3.101).

Proof This is an immediate consequence of Theorems 3.66 and 3.71. O

3.14 Some properties of outer mvf’s

This section is devoted to a number of characteristic properties of outer
mvf’s. The first of these is an extremal characterization.

Theorem 3.73 Let v € NV*? and ¢ € N7 be such that
() (k) < o(p) e(p) ae onR. (3.102)
Then:
(1) PN P(A) < p(A)*p(A)  for every A € C..
(2) Y(A) =s(N)e(N)  for exactly one muf s € SP*".
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(3) If equality holds in formula (3.102), i.e., if
P(u)*(p) = p(p) (p) a.e. on R,

then s € SV*" in (2), i.e., (2) is an inner-outer factorization of 1.

(4) If equality holds in formula (3.102) and 1 € NP1, then p = r and

out
Y = up for some constant p X p unitary matrix u.

Proof If ¢ € Norxq then ¢ = h/g for some choice of h € S and g € Syus.

ut out

Thus, as ¢1 = gt belongs to N7™? and
Y1(p) 1 () < h(p)*h(p) <1, ae onR,

the Smirnov maximum principle implies that ¢, € SP*9. Let

Tf=1v1fi for f=hf1, fi € Hy.

Then, in view of the last inequalities, T'f is well defined by f, T'f € H} and
ITfl < |||l for every f € A(h). Thus, Tf is a contractive linear operator
from A(h) into Hi. Therefore, since h € 8,7, T can be extended to a

out
contractive linear operator acting from Hj into HL. Moreover, since

e;Tf="Te,f, forevery fe Hyand T >0,
Theorem 3.63 guarantees the existence of a mvf s € SP*" such that
(Tf)(A) =s(N)f(A) for every f € Hj.
Thus, if f — h%, then

Tf = ¢1£ = shé for every £ € C?
Pi Pi
and hence ¢y = sh, which verifies (1) and proves the existence of at least
one s € §P*9 such that (2) holds. To check uniqueness, assume that ¢ =
s1¢ = 89 for a pair of mvf’s s1, s9 in SP*4. Then the equality
(s1(p) — s2(p)p(p) =0 ae onR
implies that
si(n) =s2(pu) ae. on R,

o4, Thus, s; = so.
Suppose next that equality holds a.e. on R in (3.102), then

() {Ir — s(p)"s(u)yp(p) =0 a.e. on R.

since rank (i) =7 a.e. on R, as ¢ € N3
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Thus,

{1 — s(u)"s(W)}te(n) =0 ae onR

and hence, as rank ¢(u) = r a.e. on R, it follows that s € SP*".
Finally, (4) follows from (3) and the uniqueness of the inner-outer factor-
ization of the mvf 1) € N¥™? that was established in Theorem 3.71. O

Theorem 3.74 Let ¢ € N, Then:
(1) p3te € HY*? for some (and hence for every) w € Cy if and only if
pilp € Ly
(2) If p; ' € HY*?, then p € NEXJ if and only if

out

\/ RoexpC? = H}. (3.103)
t>0

Proof The implication p'y € HY*? = p;t(u)p(p) € LY if w € C4
is obvious. The converse implication follows from the Smirnov maximum
principle.

Now let p e € HY*? for some w € C;. Then p lpé € HY for every
¢ € C? and w € C... Consequently

L = {(Roer)p€ : £ € C}
is a subspace of HY for every t > 0 and
D+ = \/ ﬁt
>0
is a closed subspace of HY. Moreover, the formulas

ef(A)—1 e r,(A)—1 er(A)—1
e e

imply that
e; Ly C Ly, +L, if t>0 and 7>0
and, consequently, that e, D, C D, for every t > 0. Therefore, by the

Beurling-Lax theorem, there exists an essentially unique mvf b € anxr such
that

D, =0bH) for some r < p.
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Consider fixed a > 0. Then

a(A) —1
e())\QO()\)f € L, forevery £eCi.
But, £, C D,. Consequently,
ca() —1

3 ©(A) = b(A)h()), where be S and h € Hy ™"

Therefore, since A\/(eq(A\) — 1) € Ny, it follows that
() = b(A)hi()\), where hy € N7

By Theorem 3.71, there exists an essentially unique inner-outer factorization

of the mvf hy, i.e., hy = brpr, where by € 8™, ¢ € N2 % and r =

rank hy. But o(pu)*e(p) = hi(pw)*hi(pn) a.e. on R. Consequently, rank h;

= rank . Now let ¢ € N2%? Then rank ¢ = p. Consequently, r; = p.

Thus, ¢ = bbryy, where bb;, € anXp, pr € /\/:,qutq
and so too b are constant unitary p X p matrices. Consequently r = p and
D, =bHY = HY, i.e., (3.103) holds.

Conversely, if the relation (3.103) is in force, then D(¢) = H{ and A(p) =
HY and hence, in view of Theorem 3.64, ¢ € N?17. O

ut

, which implies that bby,

Theorem 3.75 Let o € HY*?. Then ¢ € NP7 if and only if
V el — ]
t>0

Proof The proof is much the same as the proof of (2) in Theorem 3.74. O

3.15 Scalar denominators

A function (3 is called a scalar denominator of the mvf f € NP> if
Bf e NPT and B € S,. (3.104)

The set of all scalar denominators of f will be denoted D(f).

Lemma 3.76 Let f € NP*1 and let dp and dr be minimal left and right
denominators of f. Then D(f) # 0 and

D(f) =D(d;") =D(dg"). (3.105)
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Proof Let § = det dr, where dy is a minimal left denominator of a mvf
f € NP*4 Then

Bf = (Bd")fr € NTXY, (3.106)

since fr, € N9 and Bd; ' € ST*P. Consequently, 8 € D(f), i.e., D(f) # 0.

Next, since (3.106) holds for every 3 € ©(d;'), the inclusion D(d;') C
D(f) is in force. Conversely, if 3 € D(f), then d; = B1, is a left denominator
of f. Therefore, since dy, is a minimal left denominator of f, dr. dzl € anXp ,
i.e., Bd;' € SP*P and hence 8 € D(d;"). Thus D(f) € D(d;"). This proves
the first equality in (3.105); the second may be verified in just the same
way. (]

A scalar denominator 3y of a mvf f € NP*? is called a minimal scalar
denominator of f, if it is a common divisor of all scalar denominators of

f, e, if
Go € D(f) and [/By € Sy, for every 5 € D(f). (3.107)

Lemma 3.77 Let f € NP*9, let d;, and dg be minimal left and right de-
nominators of f. Then:

(1) f has a minimal scalar denominator.

(2) A minimal scalar denominator of f is a minimal common multiple
of all the entries f;; of f.

. . , -1
(3) The sets of minimal scalar denominators of the three muf’s f, d; ",
and d;{l coincide.

Proof Let u;; be a minimal denominator for the entry f;; of f,if fi;; Z 0. In
view of Theorem 3.43, there exists an essentially unique minimal common
multiple w of all the w;;. Since uf;; € Ni, uf € foq. Thus u is a scalar
denominator of f, i.e., u € D(f). Moreover, if v € D(f), then vf € N?*? and
hence v f;; € N, i.e., v is a common multiple of the {u;;}, i.e., vui_jl € Sin.
However, since u is a minimal common multiple of {u;;}, v v € S;,. Thus,
u is a minimal scalar denominator of f. This completes the proof of (2); (1)
follows from (2); and (3) follows from Lemma 3.76. O

Let u € S;;, and let
NPXU )y ={f e NP*1: weD(f)} ={f e NP*": uf € N}
Then it is clear that NP*9(1) = NP*7,
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A rational p x ¢ mvf f belongs to N?*%; it belongs to N?™? if and only
if f has no poles in C,.. If f has poles w1, ...,w, in C,, repeated according
to their order, then

feNP*(u), where u()\)= H .
=1

A— Wi
Wj
and u()\) is a minimal scalar denominator of f(\).

3.16 Factorization of positive semidefinite mvf’s

This section focuses on the following factorization problem: given a measur-
able p x p mvf g(u) on R, find f € NP such that

f(w)*f(p) = g(p) ae onR. (3.108)
In view of Lemma 3.31,
rank f(u) =r =rank f a.e. on R.

Thus, this problem admits a solution only if the given mvf g(u) satisfies the

conditions
g(p) >0 and rankg(p)=r a.e.on R, (3.109)
where r < p.
The solutions f = ¢ of the factorization problem (3.108) such that ¢y €
7P are of special interest.

The nondegenerate case r = p, i.e., the case g(u) > 0 a.e. on R will
be considered in this section. A criterion for the existence of at least one
solution f € NP of the problem (3.108) will be formulated and the set
of all solutions to this problem will be described when r = p. In Theorem
3.110 the factorization problem (3.108) will be considered under the extra
assumption that the mvf g(u) is the nontangential limit of a mvf g € NP*P
and then the case r < p will not be excluded.

Theorem 3.78 Let g € L}™? be such that g(u) > 0 a.e. on R. Then there
exists an outer muf pr, € HY*P such that f = ¢ is a solution of the
factorization problem (3.108) if and only if

Indet g € Zl.
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This function f is defined by g up to a constant unitary left factor and it
may be normalized by the condition f(w) > 0 at some fixed point w € C .

Proof A complete proof may be found in [Roz67]. The uniqueness also
follows from assertion (4) in Theorem 3.73. O

We turn next to a more general theorem on the solution of factorization
problem (3.108) in the class NP with g > p.

Theorem 3.79 Let g(u) be a measurable p x p muf on R such that g(u) > 0
a.e. on R. Then:

(1) There exists at least one f € NP*P such that (3.108) holds if and
only if
In|lg*!| € L. (3.110)

(2) If condition (3.110) is satisfied, then there exists a muf o1 € NL3F
such that f = ¢r, is a solution of problem (3.108). This solution is
unique, up to a constant unitary left multiplier and it may be uniquely
specified by imposing the normalization condition pr(w) > 0 at some
fixed point w € C..

(3) The set of all solutions f € NP with ¢ > p of the factorization
problem (3.108) is described by the formula (3.100) with o, € NP,
considered in assertion (2) and arbitrary inner muf’s dr, € SL*4 and

qxXp
by € Sm .

Proof Let f € N7*P be a solution of the factorization problem (3.108) for
a measurable p X p mvf g(u) with g(u) > 0 on R. Then, by Theorem 3.72,

f = dzlbLSOL)
where dj, € anxq, by € anxr, o1, € NP and consequently

or () *er () = g(u) a.e. on R.

Therefore, since r < p and rank g(u) = p a.e., we must have r = p, i.e.,
o, € NP2V, This completes the proof of assertion (3). Moreover, p; =
©1/p2, where 1 € SPF and ¢ € S,

Next, since det ¢; € S and det 1 #Z 0, it follows that

0> /°° In | det o1 ()|

dp > —o0
R R
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and
| det @1 ()] < [ler ()]l < 1.
Consequently,
0> /OO Wd,u > —00.
Thus, as

le (I
oGl =1, (e

it follows that

n flg(u) /°° In 02 (12)[*
> ————du ———=—d —00.
0_/—00 1+ 2 + sy > —00

Therefore, In | g|| € L1, since the second integral is finite. Similar arguments
imply that In [[g~!| € L.

Conversely, let g(u) be a measurable p x p mvf on R such that g(u) > 0
a.e. on R and condition (3.110) is in force. Then the function

1 e 1 1
— |
pa0 = { ot [~ (- s lalan

belongs to the class N,,; and

lpa(p))? = [lg(w)|| a.e. on R.
Let
g1(p) = 1+ p*) " g() /o2 ().

Then, clearly g;(¢) > 0 a.e. on R and ¢; € L}*". Moreover, as

det(g(1)/1e2(1)*) < g ()] 1
(I+p2p = (A+p2Plea(p)r (14 p2)P

det g1(p) =

it is readily seen that

/°° In det g1(p) _

oo 1 pr T
Furthermore,

gi(w)™" = 1+ p)le2 () Pg ()™
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and

(1 + p?)P |2 (1) det g(p) ™"
< (L4 2P loa ()Pl g () 1P

det g1 ()"

Consequently,

dp > —oo,

/°° In det g1 (p)
oo 1 p?

since condition (3.110) holds for ||g(x)~!||. Thus,
g1 €LP? gi(n) >0 ae.on R and Indet g € L.

By Theorem 3.78 there exists a mvf f; € HY*P N NP"P such that

out

fi(p)* fi(p) = g1(p) a.e. on R.
Let
er(A) = (A +9)p2(A) fi(A).

Then ¢ € N2'P and f = ¢ is a solution of the factorization problem

out
(3.108). The essential uniqueness of a solution f = ¢ with ¢ € NZ3P

out
follows from assertion (4) of Theorem 3.73. This completes the proof of

assertions (1) and (2). O

Remark 3.80 The dual factorization problem to (3.108) is to find a muf
f € NP*T guch that

fW ()" =g ae onR. (3.111)

The equivalences

f)f(p)" =g(p) <= 7 f~(p) =9(-p) ae onR
and
feNP — f~ e NP

yield dual versions of Theorems 3.78 and 3.79.



142 The Nevanlinna class of meromorphic muf’s

3.17 Blaschke-Potapov products in S?*?
Analogues of Blaschke factors for mvf’s f € SP*P with det f # 0 were
systematically studied by V. P. Potapov. These analogues will be called BP
(Blaschke-Potapov) factors and their products will be called BP products.
An elementary BP factor can be expressed as

By(A) =1, = P+b,(N)P=1,+ (bo(N) —1)P (3.112)
where P = P? = P* is a p X p matrix orthoprojector and
A\ —
bo(A) = 7)\72 with aeCy and |y]=1.
—@

An elementary BP factor is said to be a primary BP factor if rank P =1
in formula (3.112). If rank P = k and vy, ..., v is a basis for the range of P
and

V=lvr- v
is the p x k matrix with columns vy, ..., v, then
P=VV*V) V"
Thus,
Bo(N) = I, + (ba(N) = )V (VFV)IV™

If the basis is chosen to be orthonormal, then V' is an isometry, i.e., V*V =
I, and then P = VV* and

k
I+ (ba(\) = )P = [[{L, + (ba(N) = 1) P;},
j=1
is the product of k primary factors with orthogonal projections
Py =wvvi, j=1,...k,
of rank one such that

and, as follows from the formula

o1 o] |1 o= D vl
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It is readily checked that

Ba(A) =1, + (ba(\) — 1)P € SPXP

wm

and that a finite product of such elementary BP factors is a rational mvf in

Sh*™_ The converse is also true:

Theorem 3.81 FEvery rational p X p muf that belongs to anXp can be ex-
pressed as a finite product of elementary BP factors multiplied by a constant
unitary p X p matriz.

Proof This is a special case of Theorem 4.7. O
It may also be shown that a rational mvf in S/”” has McMillan degree m
if and only if it can be expressed as the product of m primary factors times
a constant unitary factor on either the left or the right. (The definition and
basic properties of McMillan degree may be found in [Kal63a].)
The infinite BP products

A~

[IBi) = Bi()B(A) - Bu () -
and

A

H Bj(A) =+ Bn(A) -+ Ba(A)B1(A)
are said to be convergent if the sequence of corresponding finite partial
products converges to a p x p mvf B(\) such that det B(A) #0 in C,.
Theorem 3.82 (V. P. Potapov) Let

B](A):Ip_i—(b(l,()\)_]-)P?v j:]-aza"'a

be a sequence of elementary BP factors that are normalized by the condition

ba; (w) >0

at some point w € C, w # « for j = 1,2,.... Then the following are
equivalent for A € C, :
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[ee]

(%
(1) The infinite BP product HB]- (M) converges.

j=1
A
(2) The infinite BP product HBj (M) converges.
j=1
(3) Hba].()\) converges.
Jj=1
(4) D (1= [ba; (W) < o0
j=1
(5) The given sequence of points oy, o, ... satisfies the Blaschke condi-

tion given in (3.26).

Moreover, if (4) holds for at least one point A € C, then it holds for every
point X € C; and the products in (1)-(3) converge uniformly in every com-
pact subset Q0 of C that does not intersect the closure of the points oy, ao, . . ..

Theorem 3.83 (V. P. Potapov) Let

s = ([[B0 | vr (1 <n<oo)
k=1

where U, is a p X p unitary matriz and
Bi(A\) =1, + (b, (\) —1)P, nj =rank P

is an elementary BP factor. Then

det By (\) = b, (A\)"™, det B(A) = (det U,) wak (A)"*
k=1

and B(X\) may be factored as a left BP product

B\ =U [ BiV),
k=1

where Uy is a p X p-unitary matriz and

B/[;()‘) =1, + (b, (N) — 1)Pif, rank P;f = ng.

(3.113)

(3.114)
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Conversely, any left BP product (3.114) may be factored as a right BP prod-
uct (3.113).

Proof See [Po60] and [Zol03]. O

Corollary 3.84 If B(\) is a BP product, then det B()\) is a Blaschke
product.

Theorem 3.85 Let f € SP*P and assume that det f(\) £ 0 in Cy and that
the set E of the zeros of det f()\) in C is nonempty. Then E = {w;}]_y,
n < 00, is at most countable and is subject to the constraint (3.26), counting
multiplicities. Moreover, f(\) has both left and right BP factorizations

fX) = Bi(N)ge(A) and  f(A) = gr(N)Br(N),
where By (resp., B, ) is a left (resp., right) BP product of size p X p; gy, gr €
SP*P and g(N\) and g, (\) are invertible px p matrices for every point A € C..

Theorem 3.86 Let f € SP*P| [et g(\) = det f(\) and suppose that g(\) Z 0
in C4. Then the following four conditions are equivalent:

(1) f(\) is a left BP product.

(2) f(\) is a right BP product.

(3) g(X) is a Blaschke product.

(4) 7/ =0 and
[ Infg(p+ )|
1 ————du =0. 3.115
/L 3119

Proof The equivalence of (1), (2) and (3) follows from Theorem 3.85
and Corollary 3.84. The equivalence of (3) and (4) follows from Lemma
3.25. 0

Corollary 3.87 If f = fif2, f1, fo € SP*P and f is a BP product, then both
f1 and fo are BP products.

Proof This follows from the equivalence between statements (1) and (3) in
Theorem 3.86. O

Theorem 3.88 Let B € Sﬁfp and let v be a minimal scalar denominator
of B#. Then B is a BP product if and only if v is a Blaschke product.
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Proof The function v~! det B € S;,,, since det B is a scalar denominator of
B# and v is a minimal scalar denominator of B*. Therefore, if B is a BP
product, then det B is a Blaschke product by Corollary 3.84 and hence, v is
a Blaschke product by Corollary 3.87. Conversely, if v is a Blaschke product,
then v, is a BP product, and another application of the preceding corollary
to the identity

(vB™)B = vl,,

guarantees that B is a BP product, since (vB#) € SP*7. O
Theorem 3.89 Let s; € Sf)nXp, j=1,2,..., be such that either 8515j+1 €
SV for j =1,2,... or sj+1sj_1 € SI*P for j = 1,2,... and assume that

s(A) = limjje05j(A) exists at each point X € Cy and det s(\) # 0. Then
s e STnXm.

m
Proof Suppose for the sake of definiteness that sj_lst € Sgbx P for j =
1,2,.... Then the inequalities

s(w)s(w)® < sj41(W)sjr1(w)” < sj(w)s;(w),

clearly imply that det sj(w) # 0 whenever w € C; and det s(w) # 0. More-
over, if m > n, then the evaluations

Oos — 5 *(s — Sp dy
mewm ) s ) = )

= /_Z{2Ip — 5 (1) S (1) — S (1) 50 (12) } |p:§5)|2

—m/ (L, — su (1) s )}m,
:m{%—%W)%Mm}

23w

imply that p_ls, tends to a limit f € HY™” and p,(\)"ts,(A) — f(A)
at every point A € C4 as n | oco. But this in turn implies that f(\) =
po(N)"1s(A) and hence that

= ') [ s ),
/. P TR e T
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Therefore, since
I, — s(p)"s(pn) > 0 for almost all points p € R,

it follows that s(u)*s(u) = I, for almost all u € R, i.e., s € SV, O

Corollary 3.90 If B € SP*? is a BP product, then B € S?7.

m

Proof This is immediate from Theorem 3.89. O

A mvf g € §P*P that is invertible at every point A € C, admits both a
multiplicative left integral representation and a multiplicative right integral
representation. This representation is a generalization of the multiplicative
representation of a scalar function g € S with g(\) # 0 in A € C; that
follows from the representation

g(\) = exp{—c(\)}

with ¢ € C, and the integral representation (3.3) of ¢; see Potapov [Po60] and
Ginzburg [Gi67]. In the next section, we shall present this representation in
the special case that g(\) is an entire inner mvf.

3.18 Entire matrix functions of class N/?*¢
A pxgmvf f(X) = [fjr(N)] is entire if each of its entries f;;()) is an entire
function. The class of entire p x ¢ mvf’s f(\) will be denoted EP*4. If f also
belongs to some other class > then we shall simply write f € €N AXP*4.
An entire p x ¢ mvf is said to be of exponential type if there is a constant
7 > 0 such that

£V < vexp{r|A[}, for all points A € C (3.116)

for some v > 0. In this case, the exact type 7(f) of f is the infimum of all
such 7. Equivalently, an entire p x ¢ mvf f, f Z 0, is said to be of exponential
type 7(f), if
In || M
7(f) = limsup HHT(T)H < 00, (3.117)

Tr—00
where

M (r) = max {|[f(N)[ : [A] = r}.
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The inequalities in (2.94) applied to the matrix f(\) yield the auxiliary
formula

#(f) = lim sup In max{trace(f(A\)*f(N)) : |A| = r}.

r—00 2r

(3.118)

Moreover, a mvf f € EP*? is of exponential type if and only if all the entries
fij(A) of the mvf f are entire functions of exponential type. Furthermore, if
f € EP*4 is of exponential type, then

7(f) = max{7(fyj) : fi; #0,1 <i<p,1<j<q}. (3.119)
To verify formula (3.119), observe first that the inequality
[fij (WP < trace{ f(N)* f(N)}

implies that 7(f;;) < 7(f), if fi; # 0. On the other hand, if

T=max{7(fij) : fi; #0,1 <i<p,1<j<q},
then there exists a number v > 0 such that

trace f(0)"f(N) = > _1fi;(MP < vexp{2(r +2) A}

for every £ > 0. Consequently, 7(f) < 7. Also, it is clear that if

My(r) =max{|f(\)|: |\|<r and XeCi},

then

T(f) = maX{TJr(f)v T— (f)}7 (3120)
where

74 (f) = timsup M),
and that

T+(f) = max{7r+(fi;) : fi; 0,1 <i<p, 1 <5 <q}.

Analogues of formula (3.118) are valid for 74 (f). Moreover, if a mvf f € EP*4
has exponential type 7(f), then the types 74 (f) and 7—(f) of the mvf f in
the closed upper and lower half planes C, and C_ are not less than the
exponential types 7';_ and T of the mvf f on the upper and lower imaginary
half axis respectively, i.e.,

7 < lim sup W fEN . (3.121)

vToo v
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Theorem 3.91 (M. G. Krein) Let f € EP*1. Then f € NP*1 if and only
T+(f) < 0o and f satisfies the Cartwright condition

*In" || f(w) |

Moreover, if f € ENNP* then 7, (f) = T]T.

Proof See [Krd7al, [Kr51] and Section 6.11 of [RR85]. O

Lemma 3.92 If f € ENNP*? and f(\) £ 0, then
> In trace{ f(Liv)* f(Liv)}

+ .
77 = limsu 3.123
f vToo 2v ( )
Proof This is immediate from Lemma 2.68. O

Theorem 3.93 If f(A\) = [fjx(N)] is a p x ¢ muf of class NP*1 such that f
is holomorphic in C, and f(X\) # 0, then

T}“:max{'r;;k: j=1...,p, k=1,...,q and fj.(\) #0}.

Proof The proof is the same as that of (3.119). O
Let
1 =+
5? = lim sup Indet f(iv)]|

vToo v

for f € NP*P with det f(X\) #Z 0.

(3.124)

Theorem 3.94 Let f € EP*P be invertible in C, and let f~1 € /\@’iXp. Then:
(1) fe&ENNPXP,
(2) 0< 1) < o0

In | det f(iv)] In | det f(iv)]
v vico ™ 1

(3) 5’? = limsup, ;o = lim exists as a

limit and 7‘? < 5;[ < pr-
(4) e N det FL(N) € Nyus

(5) 5} = pr+ if and only if eiT;Af(A) e NP,

out
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Proof (1) is self-evident (since f = (f~!)71). Next, since f~! = h=lg with
h € Sout and g € SP*P, formula (3.38) with ¢ = h implies that T,j' = 0.
Consequently,

T]T = Tgtl and (5;{ = 5;,1

and hence (2) follows from the inequalities

1= lg(i)g(iv)~Hl < llg(@)lgG) =Ml < llgG) "I,

and the inequalities in (3) follow by applying (2.96) to g(\)~!. To obtain
the rest of (3), let g = by in C; with b € 8PP and ¢ € 8PP Since

hP(X\) = det f(\) x det b(\) x det p(N)

for A € C4, it follows that det b(A) has no zeros in C,. Moreover, since f is
entire and ¢ is holomorphic in C,, det b()\) is a singular inner function of
the form

det b(\) = ~el*A
for some v € C with |y| = 1 and some «a > 0. Thus,

5? — lim In|det f(iv)]

vToo v

exists. The inequalities in (3) are immediate from Lemma 2.68, and (4) is
immediate from the preceding identifications.
Next, in view of (1) and Lemma 3.92,

exp{iTEk Aie(N) € Ny

for every entry fji(A) in f(A) which is not identically equal to zero. There-
fore, since T;r > T;;k,

ezrj.*Af()\) _ eiT‘;rA(p()\)—lb()\)—l
belongs to /\/ﬁXp and hence so does
h(\) = €7 Ab(A) L.

Thus, by the Smirnov maximum principle (see Theorem 3.59), h € SlpnX b

Moreover,

det h(\) = eipf?/\ﬁefwf“ =7 eXp{ﬂpT}r - 5?))‘}7
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which is consistent with the already established inequality 5; < pTJj_. Thus,
if (5;{ = pr;, then

deth(A\) =7
and hence, by Lemma 3.33, h(\) = constant, i.e.,
b(\) = €1 I,
(up to a constant p X p unitary multiplier). Therefore
it —
e f(A) = oV
PXPp

belongs to N},", which proves the hard half of (5). The converse statement
drops out easily from the observation that if €t f € NEXP then

out

= 0. (]

.
—Tiv .
Jim sup In det{e |f(iv)|}

vloo v

Corollary 3.95 Let f € EPXP be invertible in C, with f~' € HX". Then
the following are equivalent:

) i P

@ 1 Inftrace{ f(iv)" f)}] _
(3) limy o AL _

(4) feN".

Proof This formulation takes advantage of the fact that for a sequence of
nonnegative numbers {xy},

limsupxr =0 <= lim x; =0.

k—00 k—o0

The rest is immediate from the preceding two theorems and the inequalities
in Lemma 2.68. O

3.19 Entire inner mvf’s

A scalar entire inner function f(\) is automatically of the form f(\) =
f(0)e* where |f(0)| = 1 and d > 0. The set of entire inner p x p mvf’s is
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much richer. It includes mv{’s of the form

F) = f(0)e™?,

where f(0)*f(0) = I, and D > 0 as well as products of mvf’s of this form.
More general constructions of entire inner p x p mvf’s may be based on the
right multiplicative integral

b
8%

/ exp{p(t)dM ()}

a

of a continuous scalar valued function () on the closed interval [a, b] with
respect to a nondecreasing p x p mvf M(t) on [a,b]. The integral is defined
as the limit of products of the form

exp{p(m)[M(t1) — M(to)]} exp{ep(m2)[M(t2) — M(t1)]
-explo(tn)[M (tn) — M (tn-1)]},

where a = tp < t; < --- < t, = b, is an arbitrary partition of [a, ],
7; € [tj—1,t;] for 7 = 1,...,n, and the limit is taken over finer and finer
partitions as n T oo and

max{t; —tj—1, j=1,...n} — 0.

Under the given assumptions on ¢(t) and M (¢) this limit exists and is called
the (right) multiplicative integral of ¢(¢) with respect to M (¢). Multiplicative
integrals may also be defined under less restrictive assumptions on ¢(t)
and M (t) than were imposed here; see e.g., the appendix of [Po60]. A left
multiplicative integral

b
N

/ exp{p(t)dM (1)}

a
may be defined in much the same way as the limit of products of the form

eXp{‘P(Tn)[M(tn) - M(tn—l)]} exp{gO(T,L_l)[M(tn—l) B M(t”_2)]
- exp{p(t1)[M(t1) — M(t)]}.
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If H € L™ ([a,b]), then by definition

t
5%

/ exp{p(t) H(t)dt} = / exp{p(t)dMt},

a

where M (t / H(s

Theorem 3.96 (V. P. Potapov) Let f € ENS!*P. Then

A
=Uy / exp{i\dM (t) (3.125)
0

where Uy = f(0) is a p X p unitary matriz and M(t) is a nondecreasing
p X p muf on the interval [0,d] that may be chosen so that it is absolutely
continuous on [0, d).

Conversely, if Uy is a constant p X p unitary matriz and M(t) is a nonde-
creasing p X p muf on the closed interval [0,d], then the muf f(\) is well
defined by (3.125) and f € ENSP*P.

m

Proof See [Po60] and [Zol03]. O

Lemma 3.97 Ifb € P and if det b(\) = € for some § > 0, then:
(1) R,b¢ € HY & esHY for every choice of w € Cy4 and € € CP.
(2) b(A) is an entire muf of exponential type.

Conversely, if a muf b € SU*7 is entire, then detb(\) = e x det b(0) for
some § > 0.

Proof Under the given assumptions,
b~H(\) = e h(N)
for some choice of h € HP. Therefore,
e"b(p) = h(p)*
for almost all points € R, which in turn implies that

b(\) i
Py wﬁ €Ee MKg
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for w € C; and € € CP. But this leads easily to (1), since R, b¢ € HY; (2) is
immediate from (1) and Theorem 3.36.

The converse follows easily from the fact that if a mvf b € Sé"nx P is entire,
then det b(\) is a scalar inner entire function, and hence it must be of the
indicated form. O

Similar considerations lead easily to the following supplementary result.

Lemma 3.98 Ifb € ENSLY and b = biby, where by,by € SU*V, then
b1,by € EPXP,

Proof By (the converse statement in) Lemma 3.97, det b(\) = ve*?, where
|| =1 and § > 0. Therefore, det b;(A) is of the same form and hence b; ()
is entire by (2) of the same lemma. O

The preceding analysis also leads easily to the following set of conclusions,
which will be useful in the sequel.

Theorem 3.99 Let b€ ENSY*P and let f =b~t. Then:

m

(1) detb(\) = e x det b(0) for some o > 0.
(2) The limits (3.121) and (3.124) satisfy the inequalities
0<7) <df <prf < oo (3.126)
(3) 5; _ giTI(})ﬂolm | de;c/b(z'u)| _
(4) p7‘f+ > «, with equality if and only if
b(A) = 2/Pp(0).
(5) b(N) is an entire muf of exponential type 7';_.

Proof Item (1) is established in Lemma 3.97. Moreover, in view of (1),
f(A) = b71()) is entire and satisfies the hypotheses of Theorem 3.94. The
latter serves to establish (2); (3) is immediate from (1) and then (4) is
immediate from (5) of Theorem 3.94.

Finally, the proof of (5) rests mainly on the observation that

| ] In||b(—:
ot s B )]
voo 4 vToo v

bounds the growth of b(A) on the negative imaginary axis. Theorem 3.91
applied to entire mvf’s that are of the Nevanlinna class in the lower half plane
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C_ implies that 7_(b) = T;”. Therefore, 7(b) = max {7_(b), 7+ (b)} = 7_(b),
since [|b(A)]| <1 in Cy. O

In subsequent developments, the structure of entire inner mvf’s will be
of central importance. The following three examples illustrate some of the
possibilities:

Example 3.100 If b(\) = I, with a > 0, then
PTy—1 = dp—1 = pa.

Example 3.101 If b(\) = ¢ @ I, = diag{e®,1,...,1} with a > 0,
then

Tp—1 = (Sbfl = a.
Example 3.102 If b(\) = diag{e 1, er2 . %) with ay > ag > --- >
a, > 0, then
-1 =ap  and  Op-1 =ap+ -+ ap.

For future use, we record the following observation which is relevant to
Example 3.101.

Lemma 3.103 If b € £NSI*Y admits a factorization b(X) = by (A)ba(N)
with b; € SP*P fori = 1,2 and if 6,1 = 7,1, then:

(1) b € ENSL? and

(2) 61 =7
fori=1.2.

Proof Since (1) is available from Lemma 3.98, we can invoke Theorem 3.99
to help obtain the chain of inequalities

Op-1 = 5bfl + 5b;] > bel + Tb;l > Tp-1.

But now as the upper and lower bounds are presumed to be equal, equality
must prevail throughout. This leads easily to (2), since §;-1 > 7;-1. O
3.20 Minimal denominators of mvf’s f € £ N NP*4

Lemma 3.104 Let f € ENNP*9. Then:
1) feN! =1/ <0.
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(2) If T}’ > 0, then €+ is a minimal scalar denominator of f.
(3) A minimal scalar denominator of f is an entire function.

Proof Since f € N7 < f;; € N and, by Theorem 3.93, Tf+ <0<

Tps < 0 for every entry f;, in the mvf f such that f;; # 0, it is enough to
IR

show that

feN, < 7'f+ <0 for scalar functions fecENN,

in order to verify (1). But this follows from Lemmas 3.23 and 3.29.

Next, to verify (2), let T]T > 0. Then 74 (fjx) < TJT by Theorem 3.93,
and hence, € fjk € Ny, by Lemma 3.23. Thus, eTf+f € NP*1 e, €t is
a scalar denominator of f. Thus, if § is a minimal scalar denominator of
f, then § € §;;, and 6‘167; € S;n. Therefore, Lemma 3.98 guarantees that

B € £€NS;y, and hence that § = ve, with |y =1 and 0 < a < 7—f+' On the
other hand,

fa+7'f+ :T;;fSO,

since eq f € N?*9. Thus, a = 7 and (2) holds.

Finally, if f € ENN fﬁxq, then § =1 is a minmimal scalar denominator of
f I feENNPX but f ¢ NP then (1) implies that 7'f+ > 0 and hence
(2) yields (3). O

Theorem 3.105 Let f € £ENNPXY. Then:

(1) The minimal left and right denominators di, and dr of f are entire
muf’s.

(2) The minimal denominators {dy,d2} of f are also pairs of entire
muf’s.

Proof If f € ENNT™?, then dj, and dg are constant unitary matrices. There-
fore, it suffices to consider the case where f & N/ fxq. By the previous lemma,

e_+ is a minimal scalar denominator of f and, therefore, by Lemma 3.77, it
!

is a minimal scalar denominator of the mvf’s le and dl_{l. Consequently,

_ -1 qxq _ -1 PXPp
br = eTf+ dp €8, and by = eT;dL €S, "
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But this is the same as to say that

67_? Iq = deR and eTf+ Ip = deL,

which implies that dp € ENST*? and d;, € ENSP*P, thanks to Lemma 3.98.

m m

Suppose next that f € & N NP*? and let d;, and dr be minimal left
and right denominators of f, respectively, and let {d;,d2} be a minimal
denominator of f. Then, just as in the proof of Theorem 3.70, it may be
shown that dzd;’ € SP7 and dy'dr € S1*? and hence, since d; and dg

m

are entire by part (1), that by = del_l is entire and by = dg_ldR is entire.
Consequently, bid; and dsby are entire, as are d; and ds. ]

3.21 The class IIP*¢
A pxgmvf f_ in C_ is said to be a pseudocontinuation of a mvf f € NP4,
if

(1) ff € NPX4 je. f_ is a meromorphic p x ¢ mvf in C_ with bounded
Nevanlinna characteristic in C_ and

(2) lim f(u — iv) =lim f(u +iv) (= f(u)) ae. on R.

The subclass of all mvf’s f € NP*? that admit pseudocontinuations f_
into C_ will be denoted IT’*?. Theorem 3.4 implies that each f € IIP*¢
admits only one pseudocontinuation f_.

Although

TP >4 C Nqu7

by definition, and f € N?*? is defined only on C,, we will consider mvf’s
f € TIP*? in the full complex plane C via the formulas

fA) =f-(A) for Aebhr NC_
and

flp) = lir% f(p+iv) a.e. onR.

The symbol h; will be used to denote the domain of holomorphy of this
extended mvf f()\) in the full complex plane and

b} =b;NCy, by =h;NC_ and b} =h;NR.
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We shall also write
P =117*Y, MM =II' and IINAXPX? =TIIPX9 N P4

for short.

It is clear that a p x ¢ mvf f belongs to the class II?*? if and only if all
the entries in the mvf f belong to the class II. Moreover, IIP*? is a linear
manifold and

fell”, gell"™ = fg e I’
f e’’’ = det f €1l and tracef € II;
f el and det f £0 = f~! € IIP*P;

fell’t — f# cTITP, f~ e 9P and f(—\) € IIP*4.
The inclusion
SPXP C TIPxP

m

is also obvious and, moreover, the pseudocontinuation s_ for a mvf s € anXp
may be defined by the symmetry principle

s-(\)=["N]", recC.,
that follows from the equality
s(p)s(p)* = s(u)*s(p) =1, a.e. onR.
Thus,
s7(\)s(\) = s(\)s*(\) = I, for every A € hs N by
if s € SP*P.
The following result is due to Douglas, Shapiro and Shields [DSS70].
Theorem 3.106 Let f € Hy. Then
fellNHy < f € Hy&bHy for someb € S;,. (3.127)

Proof If f € Hy © bHy for some b € S;,,, then h_ = b~!f belongs to the
space K. Let f_ = h_/b#. Then f* € A and

li /- (= iv) = b)h-(n) = (1) ac.onR,  (3.128
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i.e., f_ is a pseudocontinuation of f and, consequently, f € II N Hy. Con-
versely, if f € IIN Hy, i.e., if f € Hy and (ii) holds for some function f_(\)
such that f* € A, then f# = g/b, where g € N, and b € S;;,. Therefore,
since

lg()| = [f-(w)| = |f(n)| ae. onR,

g € Ly NN, and the Smirnov maximum principle guarantees that g € Hs.
Thus, as

F(u) = f-(n) = b(p)g* (n) ae onR,
it follows that f belongs to Hy NbKs = Hy © bH>. O

Corollary 3.107 Let f € HY™Y. Then f € LN HY™ if and only if b=1 f €
K5*? for some b € Siy,.

Proof This follows easily by applying Theorem 3.106 to the entries of the
mvf f(A). O

If f € TIP*? and if the restriction of f to C, has a holomorphic extension
to C_, then this extension coincides with the pseudocontinuation f_ of f,
as follows from the uniqueness of the holomorphic extension. In particular,
the pseudocontinuation f_ of an entire mvf f € TIP*? is the restriction of f
to C_. Thus, if f € EP*1, then

fell’*? <= f has bounded Nevanlinna characteristic
in both half planes C; and C_
— feNP*Cand f# e NP,

Theorem 3.108 (M. G. Krein) Let f € EP*1. Then f € TIP*? 4f and
only if f is an entire muf of exponential type and satisfies the Cartwright
condition

/OO %du < 0. (3.129)

oo 12
Moreover, if f € £ NTIPX4, then
1) m(f) =75, 7-(f) =717
2) 77 +1/ >0.
(3) 7(f) = max {r/, 7/ }.
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Proof All the assertions except for (2) follow from Theorem 3.91. To verify

(2), suppose to the contrary that 7‘}’ + 7, < 0andlet g = e f, where

Tf+ < < —7;. Then TS = —6+7'Jfr <0and 75 =d+7; <0, which is

impossible, since in this case g(\) = 0. Therefore, (2) is also valid. O
Let

ry = max{rank g(\) : A € h,}

for a mvf g € TIP*9.

Lemma 3.109 If g € TIP*Y, then:
(1) rank g(\) = r, for every point X\ € b, except possibly for a set of
1solated points.

(2) rank g(p) =74 a.e. on R.

Proof Let

ry = max{rank g(\) : A € b}

for g € NP*4, Then, since IT’*? Cc NP*9 Lemma 3.31 guarantees that

rank g(\) =7,

for every point A € C, except possibly for a set of isolated points and that

+

g a.e. on R.

rank g(p) =r

The lemma follows from these facts and their analogues for mvf’s g(\) such
that g7 € N4*P, O
Let u,v € §;;, and define
7% (u,v) = {f € IP*7: f € NP*U(u) and f7* € NTP(v)}.

If f € IIP*, then f € IIP*%(u,v) for some pair {u,v} of scalar inner
functions u and v. In the set of such pairs there exists a pair {u,v} that is
minimal in the sense that:

(1) f e IP*9(u,v).
(2) If f € IP*4(w, ), then u™'u € S;,, and v™'0 € Sy,

Such a minimal pair is uniquely defined by f, up to a pair of constant
multipliers with modulus one.
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If f € NP*P and f(u) > 0 a.e. on R, then f € IIP*? and f#(\) = f(\)
and, consequently, f € II(v,v), where v is a minimal scalar denominator of
I

If f € IIP*9, then all the entries in the factors in formulas (3.92), (3.93),
(3.100) and (3.101) belong to II.

A rational p x ¢ mvf f belongs to the class II’*%. Moreover, if f €
I17*9(u,v) and {u,v} is a minimal pair for f in the above sense, then u
and v are both finite Blaschke products. Indeed, the minimal scalar denom-
inators of the rational mvf’s f and f# are scalar Blaschke products with
zeros that coincide with the poles of f in C, and the poles of f# in C,,
respectively.

Theorem 3.110 Let g € IIP*P(v,v), let r = r4 and suppose that g(p) > 0
a.e. on R. Then:

(1) The factorization problem (8.108) has a solution f = o € N ¥
that is uniquely defined up to a left constant r X r unitary factor.

(2) Every solution oy € NP of the factorization problem (3.108) be-

out

longs to the class II"*P(1,v).

(3) Every solution f € NP with q > r of the factorization problem
(8.108) can be described by formula (3.100), where ¢, € NP is a
solution of the factorization problem (3.108).

(4) If the solution f € N"™*P i.e., if g =r, then
(a) fell"
(b) AN f(A) =g(\) for every point A€ 7N Hp# -
(5) The following equivalences hold:
(a) g€ LVP <= ¢ € H*P.
(b) g € LV? — ¢ € p; HY P for some (and hence every) point
w € (C+.
(c) g € LEY <= ¢ € HX?P.
(d) g € RPP <= pr, € R™*P.

(6) If g € RP*P, then the set of solutions f € RY*P of the factorization
problem (5.108) is described by formula (3.100) with d;, € RN SL*"
and by, € RN anxq.
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Proof Assertions (1) and (2) are due to Rosenblum and Rovnyak; see Sec-
tion 6.5 in [RR85]. Next, if f admits a representation of the form (3.100),
then clearly, f is a solution of the factorization problem (3.108). Conversely,
if f € N"*P is a solution of this factorization problem, then (3) follows from
the representation (3.100) of f, because the formula

g(u) = f(u)" f(1) = pr(p) pr(p) ae onR

implies that rank ¢ = r, = r and hence that the number r considered in
formula (3.100) coincides with the number r = r, that is considered in this
theorem. This completes the proof of (3).

Assertion (4a) is clear from (2) and formula (3.100); (4b) then follows
because the equality holds a.e. on R. The implications <= in (5) are self-
evident. The opposit implications = in the first three equivalences follow
from the Smirnov maximum principle.

The next step is to verify the implication = for (5d). Towards this end,
let g € RP*P be such that g(u) > 0 a.e. on R. Then g € IIP*P(v,v) where v
is a finite Blaschke product. By (2), ¢ € II"*P(1,v). Moreover, without loss
of generality, it may be assumed that g has no poles on R or at infinity. This
can always be achieved by multiplying g(A) by a scalar outer function of
the form B(\)?/(A? + 1)*, where 8()) is a polynomial with zeros at the real
poles of g()\). Thus we may assume that g € R N LAS? and hence by (5c),
@1, € HoP. Furthermore, as vgof € N7*", the Smirnov maximum principle
guarantees that vgpf € HE". Thus,

W{ € H; © vH) for every ¢ € CP.
Since Hy © vHj is a finite dimensional space with a basis of rational vvf’s,
@, € R"*P. This completes the proof of (5).

Suppose next that ¢ € RP*P and that f € R?*P is a solution of the
factorization problem (3.108). Then in (3.100), d;, € R?*? by Lemma 3.68.
Moreover, the mvf ¢ € R"*P and can be normalized by the condition

I,

or(w)K [ 0
(p—r)xr

>
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where K is a p X p permutation matrix that is chosen as in Theorem 3.71.
Then, in formula (3.100),

1
I, I,
e O [ )
(p—r)xr (p—r)xr

belongs to RI*". O
This theorem, combined with Theorem 3.108 yields the following general-
ization of a theorem of Akhiezer:

Theorem 3.111 (M. Rosenblum and J.Rovnyak) Let g be an entire
p xp muf of exponential type 74, let r = ry and suppose further that g(p) > 0
0o+
on R and/ ln!_ig(,uz)\\du < 00. Then:
1

e 1

(1) g e TIP*P,
(2) The special solution @1, € NP of the factorization problem (3.108)

out
is an entire v X p muf of exponential type that satisfies the Cartwright

condition,

dp < o0,

/°° In™ [|or, ()]

oo LA p?
i.e., o € ENITXP,

(3) The exponential type of the muf exp{—ityA}or(N) is equal to 7,/2.

3.22 Mean types for mvf’s in A'?*¢ and IIP*¢

The mean type T? of a mvf f € NP*? that is holomorphic in C, is defined
by the formula

1 .
7} = limsup I flf )l (3.130)

V—00 1%
If f # 0, then T}_ is finite and may also be evaluated by two auxiliary
formulas, just as was the case for the types 71 (f) of entire mvf’s f in Section

3.18:

7_f+ — limsup In trace{ f(iv)* f(iv)}

V—00 2v

(3.131)

and

Tf+ = max{TEJ iy 0, 1<i<p,1<j<gq} (3.132)
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If f € NP*P is holomorphic in C; and det f(\) £ 0 in C; then
1 .
55 = imup 14 1)

V—00 v

(3.133)

is also finite. Similarly, if f is holomorphic in C_ and f# € N9*?, then the
mean type 7 in C_ is defined by the formula

7, = limsup InJlf =)l (3.134)
V—00 1%
and, if ¢ = p and det f(\) £ 0,
In|det f(—:
67 = limsup Indet f(=iv)] (3.135)
V—00 v
If f is holomorphic in C\ R and f € II?*9, then
T]ik = 7';'; and, if ¢ = p and det f(\) Z0 5? = 5?#. (3.136)

Moreover, the representation formula (3.38) for scalar outer functions leads
easily to the conclusion

1 .
vloo 14

=0. (3.137)

Lemma 3.112 Let f € NP*? be holomorphic in Cy and f # 0. Then the
following implications are in force:

(1) feNP :>T]?L <0.
(2) feN? and det f(N) £ 0= (5}' <0.
(3) If f e NEIP | then
. o IS

out
77 = lim LHJC(W)H =0 and T
y vloo 14 f= vloo 14

=0.

(4) Ifg = p and f(\) is invertible at every point X € Cy and f~+ € N¥*?,
then

(a) 7'f+ and 5? are subject to the bounds

o+ + _—
T <0F <prf. (3.138)
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(b) Ifdp € V7, dg € SE*P are minimal left and right denominators

m

of f, i.e., if
fdp € NPXP and dpf e NPIP, (3.139)
then dr(X) and dr(\) are holomorphic in C\ R,
0<7f =7, =7, and 0<6; =6, =0, . (3.140)

Proof If f € N7*? then f = g/¢, where g € SP*9 and ¢ € S,,;. Therefore,
| f(iv)]| < 1/]p(iv)|, which implies that T;r < T;_l and thus, verifies (1),
since 7’;_1 = 0. Then (2) follows from (1), since f € NT"¥ = det f € M.

Suppose next that f € N2%P. Then f~! € N2 and hence f = g/ and

out out

f~t = h/1, where g,h € SP)F and ¢, 1) € S,ut. Therefore,

(@) = [|f (@)h(i)| < [l f@)]| < le(iv)]

which, in view of formula (3.137), suffices to verify the first assertion in (3).
But the second follows from the first, since f € N?3P <= f~1 € N2IP.

out out

To verify (4), let f be holomorphic and invertible at each point A € C;
and let f~! € N?*P. Then

ft= % for some g€ 8PP and ¢ € Syus-

Therefore, g(A) is invertible at each point A € C; and the formula
FA) = e(Nh(X)

Iimplies that the left and right denominators of f and h coincide

for h =g~

and that
7‘; =75 and 5}’ =4

Thus, as f can be replaced by h in the proof of (4), we can assume that

f~1 € 8P*P. Then (4a) follows immediately from (2.96). Moreover,

ft =4rd, = drir,

where dp,dg € SI*F and v, r € SV.F. Then, since f is holomorphic in

out
C,, dzl and d]_%1 are also holomorphic in C, and

ldz (i)~ [F@)pr ()|l < 1 @)z ()]
< |f@)l = e (iv) ™ r (i)~
< dz (i) e (iv) 7).
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Moreover,
. In iv)~1
o )
voo 14
since ¢, € NP, Therefore,
R R
TP ST =T and 7, = it = Tap

since the estimates are independent of the order of the factors in (3.139).
The same arguments applied to det f(iv) justify the second set of equali-
ties in (3.140). O

Remark 3.113 If f € EP*P 4s such that det f(A) # 0 in C. and
[t e NP*P then f € NP*P and, by Theorem 3.70, minimal left and
right denominators dy, and dr of f are entire muf’s, and, by (4) and (5) of
Theorem 3.94,

det dp(A) = y1eq(A) and det dr(X\) = y2eq(N)

for some scalars ~; of modulus one and o =6, = 5d_R = 5?. Moreover,

5;{ = pT;_ <= dr(\) =dr(0)eq(N) and dr(N\) = dr(0)ea(N).

3.23 Bibliographical notes

Originally N/ was defined as the class of meromorphic scalar functions f(\)
in C; with bounded Nevanlinna characteristic, i.e., for which

o Ipt ;
sup / W7 et )y, o o

and the poles wy,ws,... of f are subject to the Blaschke condition (3.26).
Moreover, the Smirnov class N, was originally defined as the class of scalar
holomorphic functions in C such that

sup /x In" | f(p +iv)|

dy < oo
v>0 —00 1+,L112 H

is absolutely continuous on R. These definitions are equivalent to the char-
acterizations

N={f: f=fi/fo where fi €S and fo €S}
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of the class N and

Ny =A{f: f=/fi/fo where fi €S and f2 € Sput}

that we started with.

A proof of the integral representation formula (3.3) for mvf’s ¢ € CP*P
and in the subclass C}) *P defined in Section 3.3 may be found in pp. 23-28 of
[Bro72]. Additional information on subclasses of CP*P for the case p = 1 may
be found in [KaKr74] Theorem S.1.4.1 on p.12; and for p > 1 and operator
valued functions in [Bro72] Theorem 4.8 pp. 25-27.

Analogues of the factorization problems (3.46) and (3.53) for holomorphic
functions in D and of the formulas (3.31) and (3.39) for the factors seem to
have been first obtained by V. E. Smirnov. He exploited these parametric
representations to obtain Theorem 3.22 and to establish a theorem that may
be reformulated as follows:

If f € Hy(D) and Ly = \/ ¢"f in Ly(T), then Ly = Hy(D) <=

n>0
1 21 0 )
f(z):’yexp{/ el.0+zln|f(e’9\d0} for zeDand a v € T;
2 Jy ev —z

see, e.g., [Smi28] and [Smi32]. Later, functions f that admitted such a rep-
resentation were termed outer functions by Beurling [Be48], who proved
that £; = bH>(D), where b € S;;, and b='f is outer. Theorem 3.38 is due
to Lax [Lab9]. The proof presented here is adapted from the discussion on
pp. 8-9 of Helson [He64]. A generalization to Hilbert space valued functions
based on wandering subspaces was obtained by Halmos [Ha61].

Theorem 3.50 is obtained in Sz.-Nagy-Foias [SzNF70] as a corollary of a
general result (Theorem 6.2 on pp. 217-218) on the inner-outer factorization
of contractive holomorphic operator valued functions and their scalar mul-
tiples. In particular, their results imply that if a scalar multiple of f € SP*P
is inner (respectively, outer), then f € SP*¥ (respectively, f € Sb»F). This
fact is applicable to the proof of the presented theorem, because det f is a
scalar multiple of a mvf f € SP*P with det f(\) # 0.

Lemma 3.54 is established by other methods in the the proof of Lemma
3.1 1in [Ar73].

The Smirnov maximum principle for matrix and operator valued functions
may be found in Rosenblum and Rovnyak [RR85].
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The discussion of denominators, left and right denominators, and the cor-
responding minimal denominators for mvf’s in the class N?*? is adapted
from [Ar 73], where these results were used to study Darlington representa-
tions. This circle of ideas also plays a role in the theory of approximation of
mvf’s in the class [IP*? by rational mvf’s; see [Ar78], [Kat93], [Kat94] and
[KK95].

Theorem 3.79 is due V. N. Zasukhin and M. G. Krein. Krein’s proof may be
found in Rozanov [Roz58]; see also [Roz60] and Wiener and Masani [WM57].
Devinatz [Dev61] established an operator theoretic generalization; see, e.g.,
the notes on pp. 126-127 of [RR85] for more on the history of this circle of
ideas and additional references.

Theorem 3.81 was obtained by Potapov [Po60]. Potapov’s proof is based
on his generalization of the well known Schwarz lemma to the setting of
mvf’s and a recursive argument based on the Schur-Nevanlinna algorithm.

Theorems 3.82 and 3.96 are due to Potapov [Po60]. A multiplicative in-
tegral representation formula for normalized entire inner m x m mvf’s f(\)
is equivalent to identifying f(\) as the monodromy matrix of a canonical
system of integral equations with mass function M (¢) on the interval [0, d].
Potapov proved this theorem by approximating a mvf f € £€N Sf;f P by a
sequence of mvf’s f, € RN Sf;fp and invoking the representation of these
mvif’s as BP products. A different proof that is based on a circle of ideas
introduced by Yu. P. Ginzburg was presented in Theorem 2.2 of [ArD00a].
Multiplicative representations of matrix and operator valued functions with
bounded Nevanlinna characteristic in C; were obtained by Yu. P. Ginzburg
in [Gi67] by consideration of the minorants of these functions and applying
the Beurling-Lax-Halmos theorem; see also [GiZe90] and [GiSh94].

Item (2) in Lemma 3.103 coincides with Lemma 30.1 on p.186 of Brodskii
[Bro72], which is proved the same way.

Theorem 3.108 may be found in [Kr51]. It was generalized to entire opera-
tor valued functions by Rosenblum and Rovnyak; see Section 6.11 of [RR85],
and, for additional discussion and references p. 126 of [RR85]. The recent
monograph [RS02] is a good source of supplementary information on the
class II and related issues.
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J-contractive and J-inner matrix valued functions

In this chapter we shall present a number of facts from the theory of J-
contractive and J-inner mvf’s that will be needed in the sequel. Most of this
information can be found in the papers [Po60], [Ar73], [Ar89], [Ar95a] and
the monographs [Dy89b] and [Zol03]. The class of J-inner mvf’s is a sub-
class of the class of J-contractive mvf’s, which was investigated by Potapov
[Po60].

4.1 The classes P(J) and U(J)

Let J be an m x m signature matrix and let P and @ be the orthogonal
projection matrices that are defined by formula (2.1) with ranks p and ¢,
respectively, as in (2.3).

An m x m mvf U(X) which is meromorphic in C is said to belong to the
Potapov class P(J) of J-contractive mvf’s if

UN*JUN) < J (4.1)

for every point A € hﬁ, the domain of holomorphy of U in C.. In his paper
[Po60], Potapov imposed the extra condition det U(X) # 0 on U € P(J),
in order to develop his multiplicative theory. This subclass will be denoted
Pe(J).

If U € P(J) and X € by}, then, since the PG (Potapov-Ginzburg) trans-
form maps U(\) into the contractive matrix S(\), it is readily seen that it
maps U into an m x m mvf S that is holomorphic and contractive on hg.
This mvf S has a unique extension to a mvf in S™*™ which will also be
designated S(A). Thus, the PG transform

S = (PUN) + QP+ QUMW) = (P-UMNQ) " (UNP-Q) (4.2)

169
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maps U € P(J) into S™*™. More precisely, it maps the class P(J) onto the
set

{8 e8m*™ : det (P+QS(N\) # 0}
={S eS8 : det (P+S(\)Q) £ 0}
={S eS8 det (P£+£QS\)Q) £ 0}.
Moreover, since the PG transform is its own inverse, the formula
U = (PSO) +Q)(P+QS(\) ™ = (P=SNQ) ™ (SNP-Q) (4.3)
is also valid and serves to justify the inclusion
P(J) Cc N,

Consequently, every mvf U € P(J) has nontangential boundary values.
A mvf U € P(J) is said to be J-inner if (in addition to (4.1))

U(p)*JU(p) = J  for almost all points p € R. (4.4)

We shall designate the class of J-inner mvf’s by U(J) and shall reserve
the symbol W (A) for J-inner mvf’s with J = j,, and A(\) for J-inner mvf’s

with J = J,. It is readily seen that
UelU(J) < PGU) eSS ™.

m

Condition (4.4) guarantees that U()\) is invertible in C, except for an iso-
lated set of points, i.e.,

UJ) c P°(J).

Thus, we can (and shall) define a pseudocontinuation of U()\) to C_ by
the symmetry principle:

v = {uFm) g
for A € C_. Consequently,
U(J) cmm=m.
Corollary 2.5 guarantees that the inequality (4.1) holds if and only if
UNJUN)* < J; (4.5)

the position of U(u) and U(u)* can of course also be interchanged in formula
(4.4).
Lemma 4.1 Let U € P(J) with J # 1, let S = PG(U) and let

Up(A\) =Q+ PUN)P and Ug(A) =P+ QU(NQ, (4.6)
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and
Sp(A) =Q+PSA\)P and Sg(A\) =P+ QS\NQ. (4.7)
Then
(1) The identity
So(NUqg(X) = I,  holds for every point X € b (4.8)

and hence the muf Ug(X) is expansive in Cy, i.e.,
Ug(N)'Ug(N) > Iy, for X € b;.
(2) IfU € U(J), the identity
Sp(MUE(A) = I, holds for every point X € b, (4.9)
and hence the muf Up(\) is expansive in C_.
(3) If U e U(J), then the formula
U = (Ln + PSNQURT (NUo(N) (I — QS(NP)  (4.10)
holds for every point A € hz; N l‘);;# .

Proof This follows from Lemma 2.6. O

In future developments it will be convenient to consider the classes
P(J1,J2), P°(J1, J2) and U(J1, J2) of m x m mvf’s that are meromorphic in
C, and are defined in terms of two unitarily equivalent signature matrices
Ji and Jy = V*J;V by the following constraints:

UeP(Ji,Jo) if UN*"JLUN) <Jy forevery point X € bf; (4.11)

UeP°(h,Js) if UeP(Ji,Jo) and det UX) #Z0inbj; (4.12)

Ue U(J1, Jy) it UeP(Ji,Jo) and U(p)" hU(u) = Jo
a.e. on R. (4.13)

It is readily seen that
U e P(Jl, JQ) — UV* e P(Jl). (4.14)

UeP(J1,)r) < Uv* e PC(J1). (4.15)

U €cU(L,Js) < UV* €U(J). (4.16)
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Moreover, (4.11) is equivalent to the condition
U(N)JoU(N)* < Jy  for every point A € b (4.17)
and
U(p)* HU(p) =Jy ae.onR<= U(p)oU(p)* =J; a.e.onR. (4.18)

In view of (4.14) and (4.16), P(Jy, J2) C N™*™ and U(Jy, Jo) C TI™>"™.
The classes P(J), P°(J), U(J) and

U(J)={U eU(J): 0€by and U(0)=I,}, (4.19)

are semigroups with respect to matrix multiplication. Moreover, if Uy, U;, €
P(J), then

(1) U1Us € P°(J) = Uy € P°(J) and Us € P°(J).
(2) UU, EU(J) = U, EU(J) and Uy GU(J)

Furthermore, if Uy,Us,... € P(J) and if C \ﬂ;’ilba is a set of isolated
points and if

U = lim Ui (N02(A) - Un (V) (4.20)
U = lim Un(N) -+ T (MU (A) (4.21)

exists for every point \ € ﬂ;’ilh;}j, then U € P(J). Moreover, if U € P°(J),
then

by = ﬁf’iﬂ)a;
see Theorem 4.60, below.
An infinite right product U;(A\)Uz(X)--- of mvf’s U; € P°(J) is said
to be convergent if the limit U()) in formula (4.20) exists for every A € b},
and U € P°(J). In this case we shall write

v =[Ju. (4.22)

v =T (4.23)
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Lemma 4.2 The following facts will be useful:
(1) UeP(J) <= U~ eP(J).
(2) UelU(J) <= U~ clU(J).
(3) P(Lm) =8"*" and U(Iy) = S ™.
(4)

4) P(=In) = {s(A) : s(A) is meromorphic in C1 and s(A)*s(A) >

I for A e h+} and Z/{( m) = {U U-le SZZX"’ .

Proof The first two depend upon facts established in Chapter 2. O

Example 4.3 Let s11 € SP*P and s99 € S9*7 and suppose that det s99 Z 0
in C4. Then the muf

0 .
W = |: 561 1 :| S P(qu)
S99

Moreover,

W e U(qu) 511 €SPP and  s9 € ST

m m
Example 4.4 Let ¢ € CP*P. Then the muf

AN = [ v ng ] € P(J).

Moreover, A € U(J,) <= MRc(u) =0 a.e. on R, i.e., c € CP

sing*

Lemma 4.5 If U € U(J), then
(1) |det U(p)| =1 a.e. on R.
(2) There exist a pair of scalar inner functions by, by € S;y, such that

b1(\)
ba(A)

det U(\) =

(3) rankU(N) = m if A €byNbys.

Proof Assertion (1) is immediate from (4.4); (2) then follows from the fact
that det U € M and the representation (3.53) for functions in N; and (3) is
immediate from (2). O
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4.2 Blaschke-Potapov products

The simplest examples of mvf’s U € U(J) are rational J-inner mvf’s with
one simple pole @. They are called elementary BP (Blaschke-Potapov)
factors. If J = I,,,, or J = —1I,,, then there is only one kind of elementary
BP factor: with w € C; or w € C_, respectively. If J # +1,,,, then there are
four kinds and an elementary BP factor is said to be of the first, second,
third or fourth kind, according as w € C, w € C_, w € R or w = c0. Let

A\ —
by(N) = %,)\_7; with |y,| =1, fwgR

and

1
() = ———— if R,
(M) mi(w — ) thwe

and let U € Ueonst(J).
An elementary BP factor of the first or second kind may be represented
in the form

U, ()‘) = U(Im =+ (bw (A) - 1)P)a (4'24)

where

PJ>0 ifweCy

_ p2
p=F and {PJgo if weC_

An elementary BP factor of the third or fourth kind may be represented
in the form

Us(A) =U(I;, —co(ME) =Uexp{—c,(\)E} ifwelR
and
Uso(N) = U1y, +i\E) = Uexp{iAE} if w = o0,
respectively, where
E*=0, and EJ>0.

An elementary BP factor U, (\) is said to be a primary BP factor if
rank P = 1 or rank £ = 1 in the preceding representations. It is easy to
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check that
P’=pP PJ > (0 and rankP=1
< P=wvv*J forsomewv e C" with v*Jv =1.
P?=P PJ < 0 and rankP =1
<= P=—w*J forsomev e C" with v*Jv = —1.
> 0 and rankFE =1
< FE=vv"J for some v e C" with v*Jv = 0.

E?=0, EJ

An elementary BP factor U, () is said to be normalized at the point
« if the constant J-unitary factor U is taken equal to I, in the preceding
representations and if, in the factors of the first and second kind, b, () > 0.

Lemma 4.6 Let U,()\) be an elementary BP factor of the first or second
kind with pole at @ that is normalized by setting U = I,,, and b,(«) > 0 in
formula (4.24). Then:

(1) Uy(a) = exp{—HJ}, where
H = —(In b,(a))PJ >0,
i.e., in view of Theorem 2.64, U,(«) is a J modulus.
(2) exp{~[[H|} < [|Us(a)™|| < exp{|| H]]}.
(3) exp{—trace H} < ||U,(a)™!| < exp{trace H}.
Proof Since P? = P, it is readily checked that

> 3 pj x i

8P _ pr 3

e = g 7l =1, + i P
=0 j=1

= I,+ (" —1)P
for every B € C. Thus,
I, + (by(a) — 1) P = exp{ln b, (a) P},
which leads easily to (1). Assertion (2) then follows from the bounds
U (@) || = [lexp{FHJI}|| < exp{|[HJ||} = exp{[|H]||}

and
1= [|Uy(a)Us(@) M| < [Uu(@) [ [|Uu() .
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Finally (3) follows from (2) and the inequality || H| < trace H, which is in
force, since H > 0. O

Clearly the finite product of elementary BP factors is a rational J-inner
mvf. The converse is also true:

Theorem 4.7 FEvery rational J-inner muyf U(X) can be represented as a
finite product of elementary BP factors. Moreover, if the McMillan degree
of U(X) is equal to r, then U(\) may be expressed as the product of r primary
BP factors that are each normalized at a point o times a constant J-unitary
matriz on either the left or the right.

Proof This is proved in Section 5.8. O

Infinite BP products Conditions for the convergence of the right infinite
product of elementary BP factors Ui (), k > 1

H Up(A) = Uy (MU () - Uy (N) - - -

H Ur(A) = - Un(N) -~ U2(M)Ur(N)

that were established by Potapov [Po60] will be presented below.

Remark 4.8 Let {U,, (\)}72, be a sequence of elementary BP factors such
that the right infinite BP product

BY(\) = ﬁ Ui (M)
k=1

1s well defined. Then, as will be shown subsequently in Theorem 4.60 from
more general considerations,

bl =) b, = Co\@k :wp € C-)
k=1
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and
b1 = ﬂ U;;Jkl =Ci\{wp rwp € Cy}.
k=1 ’

Consequently, both sets {w), : w, € C_} and {wy : wr € Ci} have no
limit points in C, under the given assumptions. The same conclusions are
valid if the left infinite BP product BO(X) of these factors is well defined.
Consequently, if B")(X\) or BO(X) is well defined, then the set

Ci\({wp:wp e CLu{wy s wp € C_})

18 open.

Theorem 4.9 Let {U,, }r>1 be an infinite sequence of elementary BP fac-
tors, that are normalized at a point

a€ceCi\ ({wr:w, e CoLU{wp rw, € C_})

I, + (bwk (A) - 1)Pk ’lf w, € C \ R
ka ()‘> = I, — Cuy, ()\>Ek if wp€eR ,

where
P? =Py, by, (a) >0, Hy = —{In b, (a)}PxJ >0 if wp€C\R,

and

E,%:()ande:EkJEO if wp€R or wp=o0.

Then the following conditions are equivalent:
~
(1) The right BP product H Uy, (A) converges.
k=1

s}

=

(2) The left BP product H Uy, (A) converges.
k=1

(3) The series y -, trace Hy, converges.

Moreover, if condition (3) is satisfied then the right and left BP products,

considered in (1) and (2) converge uniformly on every compact set

K CcC\Q where Q= the closure of {wy, W : k> 1}.
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Proof Suppose first that condition (3) is in force, let K be a compact subset
of C\ © and let

b, () — 1] if wp € C\R,
B (N) = ¢ e, (V)] if w, € R,
|\l if wy, = oo.

If wp € R, then the identity

(o —wp)(A —@)
(a—a)(A —wy)

1 — by, (o)
buy (@)

helps to guarantee the existence of a number ¢ > 0 such that

1—by, (A=

[(1 +b,, () ~1 (4.25)

B (V) < c|ll — b, (o) %fAEKandwke(C\R
= ¢ if \ € K and w; € RU {00}

since the functions (A —@)/(A — @y ) are uniformly bounded on K for k > 1
and the sequences {b,, (o) : k > 1} and {b,, (a)~! : k > 1} are bounded.
Thus, as

1 i 1
-z <|[| -dyl=|lnz|<tl—2z| if-<z<t
t s Y t

for some t > 1, it follows that

|Us, (A) = Iy, || < crtrace Hy, for k> 1.

Therefore, the bound

n+4/{

~ n+4
H Uy, (A) — I || < exp {01 Ztraeer} —1 for/t>1,
k=n k=n

is uniformly satisfied for A € K; and the same estimate holds for

n+4/{ -1

[T | . since U, (\) ! = JUZE (A)J.
k=n
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Moreover, the sequence of partial right products P, (\) of the mvf’s Uy (\)
is uniformly bounded on K:

2. < JTIv < [TUT N = Ll +1)
k=1 k=1

n
< GXP{ZIka() I, II}
k=1
< exp{ |Usy (N) —Im||} < M < 0.
k=1
Thus, as
n+4
1 PoseX) = Pa < 1P| [T U ) = I
k=n+1

the sequence P, (\) converges uniformly in K to an invertible bounded mvf
P()). Moreover, since the partial products P, (A) ™' = JPJ (\)J are subject
to similar bounds, it follows that P(\)~! is bounded on K and that

1P, () = PO < (1P () THIIPO) = PaWIP) -

The implication (3) = (2) follows from (3) = (1) applied to

~
[
k=1

The implication (1) = (3) is more difficult to verify. A proof based on
deep arguments that rested on the J modulus was given by V. P. Potapov
n [Po60], where he introduced this notion, studied its properties and, in
particular, applied them to prove the implication (1) = (3). Here the im-
plication (1) = (3) will be presented under the assumption that all the
factors in the product are elementary BP factors of the first or second kind.
Then, by Lemma 4.6,

Uy, () = exp{—H}J}, where H, = —(Inb,, (o))P,J >0,

and hence, in view of (1) in Theorem 2.65 the matrices U,, (o) are J mod-
ulii. Consequently, the implication (1) = (3) follows from assertion (4) in
Theorem 2.65. U
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A finite or infinite convergent right (resp., left) product of elementary BP
factors

B ()\) =

— o

ka ()‘) (B(l)()‘) = ﬁ ka (/\))a n < 00,
k=1

?T
Il
—

is called a right BP product (respect., left BP product).

Theorem 4.10 Let U be a right or left BP product. Then:
(1) Uel(J).
(2) If U is a right BP product and « € fﬁ N bg,] , then
U\) =B" U™,

where B(T)()\) is a right BP product of elementary factors that are
normalized at the point o and U") Ueconst(J).

(3) If U is a left BP product and o € hg N f)g_l , then
U\ =0 BOM,

where B(l)()\) is a left BP product of elementary factors that are
normalized at the point a and U e Ueconst(J).

Proof Assertion (1) coincides with Corollary 4.63, which is presented later.
Assertions (2) and (3) are due to Potapov; see [Po60]. O

Theorem 4.11 (V. P. Potapov) Let U € P°(J). Then there exist two
multiplicative representations:

UN) = BDNUT(N) and UN) = UDNBO(N), (4.26)

where B")(\) and BW(X) are right and left BP products of elementary fac-
tors of the first and second kind, and the two muf’s U (X) and U () are
holomorphic and invertible in C4. Moreover, both factorizations in (4.26)
are unique, up to constant J-unitary factors Vi and Vs:

B\ — BNV and UM — VUM,
BY(\) — W%BBYON) and UV — DNV
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The order of the elementary factors in the BP product U(\) may be chosen
arbitrarily. This choice influences the values of the matrices Py, but not the
values of the poles wy,.

Proof This theorem is due to Potapov [Po60]; see also [Zol03]. O

4.3 Entire J-inner mvf’s

A finite product of normalized elementary BP factors of the fourth kind may
be expressed as a multiplicative integral:

n

UN) = [[Un+irHT) = [] exo{irg,J}
k=1 k=1

= /exp{i)\dM(t)},
0
where H, >0, HyJH, =0, I<k<n,and

Mt Hit for0<t<1
| S H 4+ Hy(t—m 1) form—1<t<m, 2<m<n,

is a continuous nondecreasing m x m mvf on the interval [0, n].
Here trace M (n) = >, _, trace H, and U € U(J) is a polynomial of degree
< n with U(0) = L.

Remark 4.12 Every J-inner muf U(X) that is a polynomial of degree n,
normalized by the condition U(0) = I, has such a multiplicative represen-
tation.

A convergent infinite product of normalized elementary BP factors of the
fourth kind may be rewritten also in the form of a multiplicative integral.
Indeed, let

oo oo
N N

U(N) (I + iXH ) = [ [ exp{irH, T},
k=1

k=1
where

oo
H; >0, H;JH; =0, k>1, and Ztrace H; < 0.
k=1
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Let

2Hit for 0<t <3

M(t) = n—1 g7 n 1 1 1
p Hy +2"Hpy(t =1+ 5o=r) for 1 — 57r <t <1 — 5

(4.27)

and M (1) = > 77, Hy. Then M(t) is a continuous nondecreasing m x m mvf
on the interval [0, 1] such that M (0) = 0 and traceM (1) = Y 72, trace Hy, <

oo and

1
m

U\ = / expliNdM (1)}, (4.28)
0

The mvf U belongs to £ N U(J) because it is the uniform limit of mvf’s in
this class on every compact subset of C. Moreover, U(0) = I,,, and U has
exponential type 7(U) = 0. Convergent infinite products of the normalized
elementary BP factors of the fourth kind with J = J, arise as the class
of resolvent matrices A(A) that serve to describe the set of solutions of
matrix generalizations of the Hamburger moment problem in the completely
indeterminate case.

The set of finite and convergent infinite products U(\) of normalized el-
ementary BP factors of the fourth kind is a proper subset of the class of
mvf’s U € ENU(J) with U(0) = I, and 7(U) = 0. To the best of our
knowledge, the problem of characterizing this subset is still open, even for
the case m = 2. Nevertheless, in view of the following theorem, every mvf
U € EnU(J) with U(0) = I,,, admits a multiplicative integral representation
of the form (4.28) for some continuous nondecreasing m x m mvf M (¢) on
the interval [0, 1].

Theorem 4.13 (V. P. Potapov) Let U € ENU(J). Then

d
m

U\ =0y /exp{i)\dM(t)J}, (4.29)
0
where Uy € Ueonst(J), M(t) is a nondecreasing m x m muf in the interval

[0,d] that may be chosen so that it is absolutely continuous on [0,d] with
M(0) =0 and trace M(t) =t, 0 <t <d.
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Conversely, if Uy € Ueonst(J) and M(t) is a nondecreasing m x m muf on
the closed interval [0, d], then the muf U(X) is well defined by formula (4.29).
Moreover, U € ENU(J) and U(0) = Uy.

Remark 4.14 If M(t) is a continuous nondecreasing m X m muf on the
interval [0, d], then the muf

Ui()) = / expliAdM(s)J}, 0<1<d, (4.30)
0

s the unique continuous solution of the integral equation
t
y(t,\) =y(0,\) + i)\/ y(s,\)dM(s)J, 0<t<d, (4.31)
0

that meets the initial condition
y(0,N) = I,.

This particular solution Uy(\) is called the matrizant (fundamental solu-
tion) of the integral system (4.31) and its value Ug(\) at the right end point
of the interval [0,d] is called the monodromy matrix of the system. Thus,
Potapov’s theorem guarantees that every muf U € € N U(J) with U(0) = I,
can be identified as the monodromy matriz of an integral system of the form
(4.31) based on a continuous nondecreasing m xm muf M (t) with M(0) = 0.

Remark 4.15 If Uy = I,,, and
t
M(t) = / H(s)ds for0<t<d, (4.32)
0
where
H e L7 ([0,d]) and H(t) >0 a.e. on [0,d], (4.33)

then the matrizant Uy(\) of the integral equation (4.31) is absolutely contin-
uous on the interval [0,d] for every A\ € C and is also the matrizant of the
differential system

%y(t,)\) =i\y(t, \)H(t)J, a.e. on[0,d], (4.34)
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i.e., Up(\) is the unique absolutely continuous solution of this differential
system that satisfies the initial condition

y(07 >\) = Im-

Thus, in view of Potapov’s theorem, every mufU € € NU(J) with U(0) = I,
is the monodromy matriz of a differential system of the form (4.34) with a
muf H(t) that satisfies the conditions (4.33). Conversely, every monodromy
matriz U(X) of such a differential system belongs to the class € N U(J) with
U(0) = I, and then may be written as the multiplicative integral

d d
m N

def

U\ = / expliMH (t)dt.]} / exp{iAdM(£)]},

0 0

where M (t) is defined in formula (4.32). The muf H(t) in this representation
is not uniquely defined by U(N), even if it is subject to the usual normaliza-
tion condition trace H(t) =1 a.e. on [0,d].

In view of the inclusion
ENU(T) CcENTT™™™,

Theorem 3.108 guarantees that every entire J-inner mvf U(A) is of expo-
nential type and satisfies the Cartwright condition and

w(U)=1 and 7-(U)=1;.

Therefore,

7(U) = max{r, 7 }.
The multiplicative integral representation (4.29) yields the bound

7(U) < trace(M(d)) (4.35)
and the formula

det U(N\) = det U(0) exp{irtrace(M (d)J)}.
Thus,
det U(N) = veq(N)

where |y| =1 and a € R.
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Lemma 4.16 If U € U(J) with J # £1,, and Up and Ug are defined by
formula (4.6), then

+ o+ R
T = UQZOandTU—TUPZO

Proof The first assertion follows from (4), (5) and (7) of Lemma 2.6; the
second follows from (10) and (11) of the same lemma. O

4.4 Multiplicative representations in the class P°(J)

Let U € U(J) be a rational mvf with all its poles on R that is normalized by
the condition U(oo) = I,. Then U(\) can be expressed as a finite product
of normalized elementary BP factors of the third kind

n
N

U =[] — co, N HT) = Hexp{ Cup N H T}, (4.36)
k=1

where
w <+ <wy, Hy>0 and HpJH,=0fork=1,...,n

The mvf U(\) may also be expressed as a multiplicative integral

Z exp{ —2mi( (t) M7 } (4.37)

where d =1,

nHit for0<t<1
M(t = m—1
E Hk-l-Hm(nt m+1)

m—1 m
— <t< 7, 2<m<n

and
Oé(t) = Wint]+1 for 0 <t <1 and O((l) = Wwp.
In the representation (4.37) the m x m mvf M (t) is nondecreasing ab-

solutely continuous on the interval [0, 1] and «(t) is a scalar nondecreasing
continuous function on the interval [0, 1].

Theorem 4.17 (V. P. Potapov) Let U € P°(J) and assume that U
satisfies the following conditions:
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(1) The muf’s U(X) and U(N)~! are holomorphic in C, .

(2) U(MN) is holomorphic at the point A = oo.

(3) U(w)*JU(p) = J for every p € R with |p| > 7y for some v > 0.
(4) U(oo) = L.

Then the muf U(\) admits a multiplicative integral representation of the form
(4.37), where M(t) is a nondecreasing absolutely continuous m x m muf on
the interval [0,d] with M(0) = 0 and «(t) is a nondecreasing continuous
scalar function on the interval [0, d].

Conversely, a muf U(X), that is defined in C by formula (4.37), where
M(t) is a nondecreasing m x m muf on the interval [0,d] and «(t) is a
nondecreasing continuous scalar function on the interval [0,d], belongs to
the class P°(J) and satisfies the conditions (1)-(4).

Proof The converse part of the theorem is easily checked:

U\ = hTm Un(N)

where
N) = [ exp{—calte) N [M(tr) — M(tx-1)]J}
k=1
and
t, = kd for k=0,1,...,n
n

The mvf’s U, € P°(J) and satisfy the conditions (1)—(4). Moreover, U, (\)
converges uniformly to U(\) on every compact subset of C; and in a neigh-
borhood of the point A = oo.

The proof of the direct part of the theorem is much more difficult. see
Potapov [Po60] and Zolotarev [Zol03], or Brodskii [Bro72] for details. O

Remark 4.18 Let U € P°(J) and assume that U satisfies conditions (2)-
(3) of the previous theorem. Then the factors UT)(X) and U (N) in (4.26)
satisfy the conditions (1)-(8) and can be normalized to meet (4) also.

Theorem 4.19 Let U € P°(J) and assume that U(\) and U(N\)~! are
holomorphic in C,. Then

U(A) = UoUi (AU (M) Us(N),
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where Uy € L{(;O,,,st(J), U,U3 € € QU(J), Ul(O) = Ug(O) =1, and UQ()\)
admits a multiplicative integral representation

fe { L+alt)h dM(t)J} (4.38)
0

—27i(a(t) — \)

where M (t) is a nondecreasing absolutely continuous m x m muf on [0,d]
with trace M (t) =t and «(t) is a scalar nondecreasing function on the open
interval (0,d).

Proof This follows from Theorem 5.3 of Zolotarev [Zol03]. O
Theorems 4.11, 4.19 and Potapov’s theorem yield a multiplicative repre-
sentation for every mvf U € P°(J).

4.5 The classes P(j,,) and U(jpq)

Our next objective is to reexpress a number of the preceding formulas in
more explicit block form for J = j,,.

Theorem 4.20 Let

[ wnn (A wi(N) | su(A) os1i2(A)
W) = war () waz(N) and S()\)_{Sm()\) 822()\)}

be the standard four block decompositions of a muf W &€ P(j,q) and its PG
transform S = PG(W) (i.e., the 11 blocks are p X p and the 22 blocks are
q % q). Then:

(1) S e8™*™, where m =p+q.
(2) det woo ()\) £ 0.

(3) The block entries in the muf S(X\) can be calculated explicitly in terms
of the block entries of W (\):

o = [ Ll i ]

= [ ][ 0] k0
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i.e.,

U)H()\) — W12 ()\)’LUQQ()\)_lwgl ()\) w12()\)w22()\)_1
—w22(>\)71w21 ()\) w22(>\)71

(4) det s22(A\) Z 0 and s22(N\) = waa (X)L,

(5) Every muf S € S™*™ with blocks s11(\) and s22(\) of sizes p X p and
q X q, respectively, such that det s9o(\) Z 0 is the PG transform of a
muf W € P(jpq)-

(6) The muf W(A) can be recovered from its PG transform S = PG(W)
by the formula W = PG(S):

W) = [SH 812 HSH 822A]_1

- [Ig 812,(1 )} [SH(EA 322(2) 1} [—sjf(/\) 2 ] (4.40)

S(\) = (4.39)

(7) [[si2(N)]l < 1 and ||s21 (M|l < 1 at each point A € C..
(8) ;/ = b:—l'
22

o det S11(>\) . +
(9) det W(A) = detsm() at each point \ € by, .

(10) W € P°(jpq) <= det s11(N\) £ 0.
(11) If W € P°(jpq), then bj,_, =b"_, and
S11

o= 9 Sl ] e

at every point \ € f);rv,l
Proof This is an easy consequence of Lemmas 2.3 and 2.7. O

Remark 4.21 In view of formulas (4.2) and (4.3), formulas (4.39) and
(4.40) may be reexpressed as

S — [Ip _w12:| - [wn 0 ] and W — [Ip —812} - [811 0 ]

0 —WwW2 w21 —Iq 0 —S89292 S921 —Iq
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Corollary 4.22 Let w;; denote the blocks in the standard four block decom-
position of a muf W € P(jpq). Then:

(1) by = b, -
(2) JJwaa NI < W) < 3||waa(N)]| for every point A € Cy N by .
If W € P°(jpq) and S = PG(W), then
(3) s11(A) = wi(A) — w1 (A)waz(A) twar () for A € by, CL Nbhy—1 =
Cin 581_11 and
st ) THE< WOV < 3llstn(A) 7|

for every point A € C, N bhyy—1.
If W e U(jpq), then:
(4) JVr[/# = h:;ﬁ'
(5) Iy I < IW#W)]| < 3llwf, (V)| for every point A € T N by
Proof Assertions (2), (3) and (5) follow from the corresponding inequalities
in Lemma 2.7. Assertions (1) and (4) follow from (8) and (11) of Theorem

4.20, since sy; = wop and 57" = wﬁ when U € U(j,q) (as is spelled out in
Lemma 4.24). O

Corollary 4.23 Let w;; denote the blocks in the standard four block decom-
position of a muf W € P(jpq). Then:

(1) W e Ly™™ <= woy € LY.
(2) W € LmX™ <= w9y € LLY.
If W € U(jpq), then also
(3) W e Ly»™ = wy € LY? = (I, — s1287y) 7! € VY «—
(Iq — 521831)_1 € L[{ 4
(4) W € L™ = wyy € LAY <= ||s12]loc < 1 <= ||591 |00 < 1.
Proof This is immediate from the inequalities in the preceding corollary

and the fact that W=Y(\) = j, W7 (\)jp, for every point A € by N by«
when W € U(jpq)- O

Lemma 4.24 Let W € U(jpq) and let S = PG(W). Then:
(1) Seshm.

m
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(2) s11(\) = wﬁ()\)_l for every point A € b 4.
11

(3) s12 = (w]y)"wl; and sy = —wi(w}) .

Conwversely, if the lower q x q diagonal block s2o of S € 8™ satisfies the

m

condition det sa2(N) # 0, then S = PG(W) for some muf W € U(jpq)-

Proof The first assertion (1) follows from Lemma 2.3, whereas the second
follows from the identity

W(N)jpgWH(N) = Gpg,  for X bw Nhys.
which implies that
W#()\) = quW(A)_lqu

and hence, in view of formula (4.41), that (2) and (3) hold. O

Lemma 4.25 The block entries in the PG transform S of W € U(j,,) are
subject to the following two constraints:

(1) w:ﬁ (M)s11(X) = I, for every point X € C N bhy4.

(2) waa(N)s22(A) = I, for every point X € C1 N by .
They are also subject to the following four inequalities, at every point A € C,

with equality at at almost all points A € R:
(3) Iq — S21 ()\)821()\)* > 822(/\)822()\)*.

Proof Assertions (1) and (2) are obtained in Lemma 4.24 and Theorem 4.20,
respectively. The inequalities (3)—(6) are in force at every point A € C, with

equality a.e. on R, since S € §"*™

4.6 Associated pairs of the first kind

In view of Theorem 4.20, the block diagonal entries in the PG transform of
a mvf W € P°(j,,) satisfy the conditions

S11 € pr‘”, det 811()\) Z£0, s99€ S7*9  and det 522()\) Z0.
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Therefore, s11 and s9o admit both left and right inner-outer factorizations.
In particular we shall always write

811()\) = b] ()\)cpl ()\) and 822()\) = gDQ()\)bQ(/\), (4.42)

where b1 € Sé”nXp, Y] € Splﬁp, by € Siqnxq and @9 € SP*P We shall refer to the

o out
mvf’s by (A\) and by (), which are determined up to a constant unitary factor

(on the right for b;(A) and on the left for by())) as an associated pair of
W () and shall write {b1,b2} € ap(W), for short. If {b1,b2} € ap(W), then
ap(W) = {{biu,vba} : uw and v are constant unitary matrices of sizes p x

p and ¢ X ¢}.
Lemma 4.26 If W € P°(jp,) and if {b1,b2} € ap(W), then:

(1) b?/[_/ = h;;—l and h;/ﬂ = 2}1-

(2) W € NIV = w9y € NI <= by(N\) = constant.

out
(3) Wl e NV = wl € NPXP «— by (\) = constant.

out

Proof The first assertion follows from Corollary 4.22 and the definition of
ap(W). The remaining two assertions are a straightforward consequence of
the definitions and formulas (4.39), (4.41) and Lemma 4.24. O

Lemma 4.27 Let W € U(j,,) and let bj and ¢;, j = 1,2, be defined for W
as in (4.42). Then there exists a constant v € C with |y| = 1 such that:

det ¢1(A) =~ det pa(A) (4.43)

for every point A € Cy and

det W(\) = 'ym (4.44)

for every point A € C4 at which det by(A\) # 0.

Proof Lemma 4.25 implies that

det {s92(p)s22(p)*} = det{I; — so1(p)s21(p)*}
= det{I, — so1(p)"s21 (1)}
= det{s11(u)*s11()}
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for almost all points € R and hence that

| et pa(p)| = [det 1(p)]

for almost all points p € R.

This serves to complete the proof of (1), since a scalar outer function is
determined uniquely by its modulus on R, up to a multiplicative constant
factor of modulus one. The second assertion is an immediate consequence of
the first and item (9) in Theorem 4.20. O

Lemma 4.28 Let W and W, belong to P°(jpq), let {b1,b2} € ap(W) and
{b(ll), bgl)} € ap(W1) and suppose that W 'W € P°(jp,). Then

By €SP and by(bY) ! € 82X
Proof Let Wy = W1_1W and let wl(f) denote the 7j block of Wj,. Then, since

i =]+ i)

it follows readily from Lemma 4.24 that (in a self-evident notation for the
entries in the corresponding PG transforms)
1 2) (1)y—1 (2

S11 = 551){11) - 552)551)} 15%1) (4.45)
and hence, in terms of the adopted notation for the inner-outer factorization
of s11 and 5(1];), that

s =1, sy
Therefore,
(b(ll))_lbl@l € NP N LEXP = HEXP

by the Smirnov maximum principle (Theorem 3.59), since {I,, — 5(122)(9%11)} is
outer in H2” by Lemma 3.54. This implies that (bgl))_lbl €S,
A similar analysis of the formula

wn = el ol

1 1) (2 2
= wéQ){Iq - 5%1)552) }w§2)
yields the identity
2 1) (2)y-1 (1
822 = 3%2){Iq - 351)3§2)} 1352)7 (4.46)

which leads easily to the second conclusion, much as before. O
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Lemma 4.29 Let the muf’s W and Wy belong to P°(j,g) and suppose that
either W YW € P°(jpg) or WW,t € P°(jpy). Then

bl C by, and by, C by (4.47)

Proof Suppose first that W, 'W € P°(j,,) and let {b1, b2} € ap(W) and
{bgl), b;l)} € ap(W7). Then Lemma 4.26 and Corollary 4.22 guarantee that

f)% = ;;22 = b:;?l = h;r;l, (4-48)
b;g/l = h(:gl))m (4.49)
+ — pt —pt
w-1 = []8;11 = hbfl (4'50)
and
;V;l = bz;ﬁl”)*l' (4.51)
Moreover, by Lemma 4.28,
Bt =t and ()T =bytw
with u € anXp and v € anxq. Therefore,
+ + + +
Bt S0y A B S b - (4.52)

The inclusions in (4.47) for the case W, 'W € P°(j,,) now follow from the
inclusions in (4.52) and the equalities (4.48)—(4.51).

Finally, since W € P°(j,q) <= W™ € P°(jp,) the inclusions for the case
VVT/Vl_1 € P°(jpq) follow from the first case by considering transposes. O

Corollary 4.30 Let W = W1 W,, where the muf’s W1 and Wy belong to
P(dpq). Then W € P°(jpq) and

ba/ = b[TVl N b;@ and ba/fl = h;{r/fl N h;;;;l' (4.53)

Proof The inclusions in one direction follow from Lemma 4.29. The opposite
inclusions are self-evident. O

Lemma 4.31 Let W = W1 Ws, where Wy and Wy both belong to P°(jpq)
and let {89 b1 € ap(W)) for j = 1,2 and {b1,bs} € ap(W). Then

det by = v, det bV det b'*)  and  det by = o det bV det BY,  (4.54
1 1 2 2

where 1,72 € C and |y1| = |y2| = 1.
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Proof Formula (4.45) implies that
det s17 det {1, — 512 821 } det 351) det 551) (4.55)

Therefore, since the second factor on the left is an outer function in H., by
Lemma 3.54, the first equality in (4.54) follows by matching inner parts in
formula (4.55). The second equality follows from (4.46) in much the same
way. (]

In the sequel we shall adopt the notion of associated pairs for mvf’s U €
P°(J) for arbirary signature matrices J that are unitarily equivalent to jj,.
Thus, if

J =V V

for some constant unitary matrix V', we shall say that {b;1(\),b2(\)} is an
associated pair of the first kind for U()), if {b1,b2} € ap(W), where
W(A) = VU(AN)V* and shall write

{bl, bg} € Clp](U).

Lemma 4.32 The set apr(U) depends upon the choice of the unitary matriz
V' only through extra unitary constant factors, i.e., by(A) — u1bi(\) and
ba(A) — ba(N)ua, where uy and ug are unitary matrices of sizes p X p and
q X q, respectively.

Proof If J = V{j,,Vi, where V; is another unitary matrix, then, since
Vo = ViV* commutes with j,,, it must be of the form V5 = diag {ui,us},
where u; and ue are unitary matrices of sizes p X p and q X q, respectively.

o (75} 0
Vl_{o uz}v

Consequently,

O

Lemma 4.33 Let U € P°(J), J # £1,,, and let {b1,b2} € apr(U). Then
U e NI™ < by(N) is constant

and

= N = b1 (N) is constant.

Proof It suffices to consider the case J = j,,. But then the conclusions are
contained in Lemma 4.26. O
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Lemma 4.34 Let U = U Us, where Uy, € P°(J) fork=1,2 and J # +1,,,.
Then:

1) U e N"*™ if and only if Uy and Uy both belong to N7,
+ +
(2) Ut e NI 4f and only if U1_1 and Uz_1 both belong to Ni"*™.

Proof It suffices to consider the case J = j,,. But then the stated results
follow for W € P°(jpq) from formulas (4.45), (4.46) and Lemmas 4.26 and
4.28. O

4.7 The classes P(J,), P(jp,Jp), U(J,) and U(j,, J,)
Let m = 2p and let

A()\) _ a11<)\) a12<)\) :|

as ()\) as9 ()\)

be a meromorphic m x m mvf in C; with blocks a;; () of size p x p, and let

BOY = Aw = | 1) e | (4.50

and

W) = DAY = (4.57)

[ wu(A) w12()\) :|
| war(A) waz(A) |

where U is defined in formula (2.5). Then

AeP(Jy) <= B e Py Jp) <= W e P(j),

AeP°(Jy) <= BeP(jp,Jp) <= W € P°(jp),
and
AclU(J,) <= B eclU(jy,Jp) = W cU(j,).

It turns out to be more convenient to work with the mvf’s B € P(j,, J,)
than the mvf’s A € P(J,). A mvf B € P(j,,Jp) is meromorphic in C; and
meets the constraint

B(\)*J,B(\) < j, forevery XE€bj. (4.58)
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If B € U(jp,Jp), then
B € P(jp,J,) and B(u)*J,B(p) = j, for almost all points p € R.

In view of (2.76), condition (4.58) is equivalent to the condition )
B(\)jpB(\)* < J, forevery XE€bj, (4.60)
whereas condition (4.59) is equivalent to the condition
B(p)jpB(p)* = J, for almost all points p € R. (4.61)
In particular, (4.60) implies that:
ba2(N)baz (A)* — ba1(A)ba1(A\)* >0 for A € b, (4.62)
whereas (4.58) implies that
b12(N)*baa(N) + baa(A)*b12(A) > I,  for X € b3, (4.63)
and (4.59) implies that
baa (pt)baa ()™ — bay (p)bor () =0 a.e. on R. (4.64)

Lemma 4.35 Let B € P(j,,J,). Then:
(1) det baa(X) # 0 for every point X € h;.
(2) The muf ¢y = 61262_21 belongs to CP*P,
(3) The muf x = b22 ba1 belongs to SP*P.
(4) The muf p;* (bag) ™" belongs to HY*P.
(5) p (b11 — b12b22 ba1) belongs to HYP.
If B e U(]p,J ), then
6) x = bl (b1) ™" and x € 8777,

m

(
(7) b1 — b12b22 ba1 = (b%ﬁ)_ :
(8) p; (b))t € HY.

Proof Let W = UB. Then W € P(j,) and bay can be expressed in terms of
the blocks w;; and s;; of W and the PG transform S of W by the formulas

1
bog = 7([1, + 812)’LU22. (4.65)

V2

(w12 + we) =

V2
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By Theorem 4.20, s19 € Spo, 812()\)*512()\) < Ip and det wgz()\) 75 0 for
A € by}, and s22 = wy, belongs to SP*P. Thus, (1) holds. Moreover, (2) holds
because

co = 1)1252_21 = (—’LU12 + U)QQ)('LUlQ + wgz)fl = (Ip — 812)(11) + 812)71 (4.66)

and sj9 € SP*P. Furthermore, the inequality (4.62) yields (3).
In view of (4.65), the mvf

by = V2s92(I, + s12)""  belongs to  NP*P, (4.67)
since s € SP*P and, by Lemma 3.54, (I, + s12) € NP=P_ Moreover, the

inequalities
co+ ¢ = (b55) " (baboa + b3ybi2)byy > (b3y) 'bay
po

imply that p; 'by; € L5*?, since in view of condition (3.11), Rep € LF
Assertion (4) now follows by the Smirnov maximum principle, since p; 1l)22 €
LPXP A \/PXP

2 +

Next, in view of formulas

[bn()\) blg()\):| _ 1 [—wu(/\) + w1 (A)  —wi2(A) + w2z (N) (4.68)
b21(A) b2a(N)] V2 [ wit(A) Fwar(A)  wia(A) + waa(N)
and (4.66), the mvf
o = by — biabyy bar, (4.69)
may be reexpressed in terms of the blocks s;; of S as
a = }{—wu +way — (I — s12)(Ip + s12) " (w11 + w21)}
= V2{—(I, + s12) tw11 + s12(I, + s12) " war }
= V2(I, + s12) " (—wi1 + wizwiy war).
Thus,
a=—vV2(I, + s12) 'su (4.70)

belongs to ./\/'pr, since (I, + s12) € NP*P and sy; € SP*P. Moreover, as
aa* < 21, + s19) tsins (I 4 s12) "

2y + s12) 7 (Ip — s12810) (I + 512)

= 2Rc¢

IN
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and ¢y € CP*P, it follows that aa™* € Eé‘f”’. Thus, p{la € Lgxp ﬂ./\/'fr)Xp and
the Smirnov maximum principle serves to complete the proof of (5).
If B €U(jp,Jp), then (6) follows from (3) and (4.64). Next, the identity

BB\ = J, on bh0bY,
implies that
biibl, — biobgy = —I, on b bis
and hence, in view of (6), that
a = bip — biabyyboy = by — 512@;&2(572&7&1)71
= (buby — biaby)(b3) ! = =),

which justifies (7). Finally, (8) follows from (7) and (5). O

4.8 Associated pairs of the second kind
Let B € P°(jp, Jp). Then the Schur complement factorization

B [ I, Dbiabyy ] [bu — biabyybar O } [ I, O ]
0 I, 0 bas | | bygbor I,

can be reexpressed in terms of ¢y, @ and x as

e R ) | O B
Consequently, det a(\) Z 0, since
det B = det o - det bao (4.72)
and det B(\) # 0 by assumption. Thus,
a € NP and  deta(A) # 0 on b}
and
by, € NPP and  detbaa(N)"! £ 0 on Uﬁ;
Therefore, —a and 172_21 have inner-outer and outer-inner factorizations in
N,
—a =bypy and by, = p4by, (4.73)
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where b; € SI7 and p; = NDJP, j = 1,2. If B € U(jp, Jp), then a =
—(b;’ﬁ)_l and the formulas in (4.73) can be reexpressed as

()7 =bsps and by = pabs. (4.74)

The pair {b3, by} is called an associated pair of the mvf B, and the set of all
such pairs is denoted by ap(B). Thus, {b3,bs} € ap(B). Moreover, if {b3, b4}
is a fixed associated pair of B, then ap(B) = {{bsu, vbs} : v and v are
unitary p X p matrices}.

Now let A € P°(J,) and let

B(A) = A\ and W()\) = TA(N)D.

Then B € P°(jp,J,) and W € P°(jp). Let S = PG(W) and let b;;, w;; and
s;; denote the blocks of B, W and S, respectively.

The set apr(A) = ap(W) of associated pairs of the first kind for A was
defined earlier. Analogously, we define aprr(A) = ap(B) as the set of asso-
ciated pairs of the second kind for A. These definitions can be extended
to mvf’s in the class P°(J) based on a signature matrix J that is unitarily
equivalent to J,: If

J =V*J,V for some unitary matrix V € C"*"™, (4.75)

then

UeP(J) <= VUV*eP(J)

UeP(J) < VUV*eP°(Jy)

UeU(J) <= VUV*eU(Jp).
If U € P°(J), then the the pair {bs,bs} is said to be an associated pair
of the second kind for U(X) and we write {bs3,bs} € aprr(U) if {b3,bs} €

aprr(VUV™). The set aprr(U) depends upon the choice of the unitary matrix
V in (4.75).

Lemma 4.36 Let A € P°(J,) and let W = DAD. Let {b1,b2} € apr(A) and
{b3,bs} € aprr(A). Then

1
5(11, + 812)()3 =bip and b4(Ip + 812)/2 = bs (4.76)

for some ¢ € Sfjjtf" and ¢ € Sglﬁp, where s19 = w12w2_21 and w;; are the

blocks of the muf W.
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Proof Formulas (4.70), (4.73) and (4.42) imply that

s$11 = b1 = ((Ip + 812)/\/5) bsps,
and hence that

1 1 _
i(Ip + 312)63 = (\/§> 51<P1903 L

Moreover, ¢ = (1/v2)p105' € NEXP because p; € N2, Therefore, since
llelloo = I|(Ip + s12)/2]|0c < 1, the maximum principle guarantees that ¢ €

ShiL.
The second assertion in (4.76) may be verified in much the same way via
formulas (4.67), (4.73) and (4.42). O

Remark 4.37 A stronger result on the connection between apr(A) and
aprr(A) will be obtained later in Lemma 7.68.

Lemma 4.38 Let A € P°(J,) and let {b1,b2} € apr(A) and let {b3,bs} €
aprr(A). Then the following equivalences are valid:

(1) A € NI < by is a constant matric <= by is a constant
matriz.

(2) A7t € N"™ < by is a constant matriz <> by is a constant
matric.

Proof Since

I p  Co c Nmxm I P 0 c Nmxm
0 Ip out ) Ip out ’

a € NP7 and by; € NT*P, formula (4.71) implies that

B e N <= byy € NJu ™ <= by is a constant matrix (4.77)
and
Bl e NI = o € NI <=> by is a constant matrix. (4.78)

Moreover, the connections (4.76) imply that

b3 is a constant matrix <= by is a constant matrix
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and

b4 is a constant matrix <= by is a constant matrix

because (3)(I, + s12) € Shy’. Thus, (1) and (2) are valid, since

out

Ae NIV —= B e NV

and

A—l eNJwrnXm s B—l ENJTXm.

4.9 Singular and regular J-inner mvf’s

A mvf U € U(J) is said to be singular if it belongs to the class N ™. The

out
class of singular J-inner mvf’s will be denoted Ug(J).

Lemma 4.39 Let U ¢ U(J), J # £1,,,, and let {b1,b2} € apr(U). Then

(1) U € Us(J) <= b1 and by are both constant unitary matrices.

(2) If ¢ = p and {b3,bs} € aprr(U), then U € Us(J) <= b3 and by are
both constant unitary matrices.

Proof Assertion (1) follows from the definition of the class N)' ™ and

Lemma 4.26. Assertion (2) then follows from the connection (4.104) between
pairs {b1,b2} € apr(A) and {bs,bs} € aprr(A), where A(A\) = VU(N)V* and
V is a unitary matrix such that J = V*J,V. O
Lemma 4.40 Let U € P°(J), J # £1,,,, and let S = PG(U). Then:

(1) Ue N —= (P+QS)/2e S, ™"

(2) U e N = (Q+ PS)/2e€ S ™

(3) If U eU(J) and J # £1,,, then

Ues(J) & (P+Q8)/2€S™™ and (Q+ PS)/2eSmxm.

out out
Proof Without loss of generality we may assume that J = j,,. Then, in

view of Theorem 3.50, the four block decompositions

1y s12 _|s11 s12
P+QS—[O 522} and Q—i—PS—{O Iq}
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imply that

(P+QS)/2€ 85 < s99 € ngq and

out ut

(Q+ PS)/2 € SIF™ = 511 € SLP.

out out

Therefore, (1) and (2) follow immediately from Lemma 4.33; and (3) follows
from (1), (2) and Lemma 4.39. O

Lemma 4.41 The equivalence

U e US(:l:Im) = Uil c SZ;XT” N Smxm

out

exhibits the fact that if J = £1I,,,, then Us(J) = Ueonst(Im) is equal to the
class of constant m x m unitary matrices. Thus, if Us(J) contains at least
one nonconstant mvf, then J # £1,,.

Proof By definition, Ug(l,) = S5 N NX™ = SI*™ n Spx™.
Therefore, by Theorem 3.50, det U € S;, N Spur and hence as
UN)*U(XN) < I, in Cy and det U(N)*U(A) =1 in C, it follows that U(X)
is unitary at each point of C, and consequently must be equal to a unitary
constant matrix.

Since U € Us(—1I,,) <= U~! € Us(I,,), the asserted conclusions are in

force for J = —1I, too. O

Lemma 4.42 IfU € Us(J), then det U(X) = ¢, where ¢ is a constant with
le| = 1.

Proof Let p(A\) = det U()). Then, the result follows easily from the obser-
vation that ¢ € Ny, since UF! € N and, at the same time, |o(u)| = 1
a.e. on R. ]

The simplest examples of a mvf U € Ug(J) are the elementary BP factors
of the third and fourth kind that are based on a constant m x m matrix F
such that E2 =0 and EJ > 0:

E E
Uw()\)— m+7rz()\—w)_eXp{7m()\_w)} forweR

and
Uso(A) = I, +i\E = exp {i\E} .

The proof that these mvf’s belong to N» ™ follows from Remark 3.28.
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Other important examples are the 2p x 2p mvf’s

=[] - 2]

which belong to Ug(J,) when ¢, € CP*P and Res(p) = 0 for almost all points
w e R.

Theorem 4.43 Let U = U Uy, where Uy € U(J) for k = 1,2. Then U €
Us(J) if and only if Uy € Us(J) and Uy € Us(J).

Proof If J = +1,,,, then there is nothing to check, since Ug(J) =Uconst(J).
If J # £1,,,, then the statement follows from Lemma 4.34. O

Theorem 4.44 A finite or convergent infinite left or right product of sin-
gular J-inner muf’s is a singular J-inner muf.

Proof Let U; € Us(J) for j = 1,...,n and let UX) = Ui(A)--- U, (V).
Then, by Theorem 4.43, U € Ug(J). Convergent infinite products of singular
J-inner mvf’s are J-inner, by Corollary 4.62, which will be presented later.
The proof that convergent infinite products are singular is not so obvious.
It will follow from Theorem 4.60. O

An mvf U € U(J) is said to belong to the class Uyr(J) of left regular
J-inner mvf’s if the factorization U = Uy U, with Uy € U(J) and Uy € Us(J)
implies that Uy € Uppnsi(J). Similarly, an mvf U € U(J) is said to belong
to the class U, r(J) of right regular J-inner mvf’s if the factorization U =
UUy with Uy € U(J) and Uy € Us(J) implies that Us € Ueonsi(J).T Clearly,

UelUr(J) <= U~ €lUr(J).

The classes Uy r(jpq) and Uy r(J,) are closely connected to the generalized
interpolation problems in the classes SP*¢ and CP*P, respectively, that will
be considered in Chapter 7. Moreover, convergent right BP products of ele-
mentary factors of the first and second kind are connected with bitangential
interpolation problems in the classes SP*¢ if J = j,, and CP*? if J = J,,.
These connections will be used to obtain characterizations of the classes
Urr(Jpq) and Urr(jpq) in Chapter 7, and they were exploited in [Ar89] to
establish the following result:

1 The usage of left and right that is adopted here is not uniformly adhered to in the literature.
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Theorem 4.45 Let U(N) be a right BP product of elementary factors of the
first and second kind, i.e., with poles that are not on R. Then U € U,g(J).
Moreover:
(1) If J # *£1,, and {b1,b2} € apr(U), then the inner muf’s by and by
are both BP products.

(2) If J # £1,,, ¢ = p and {bs,bs} € aprr(U), then the inner muf’s bs
and by are both BP products.
Conversely, if U € U,r(J), J # 1, and either condition (1) or condition

(2) is in force, then U is a right BP product of elementary factors of the
first and second kind.

Remark 4.46 A right BP product U(\) of elementary factors of the first
kind belongs to the Smirnov class N7"*™ and, consequently, if {b1,b2} €
apr(U) and {b3,bs} € aprr(U), then bay(X) and by(X) are both constant. A
right BP product U(\) of elementary factors of the second kind belongs to
the Smirnov class with respect to C_, i.e., UT € N and, consequently,
if {b1,b2} € apr(U) and {bs,bs} € aprr(U), then bi(N) and bs(\) are both
constant.

Remark 4.47 In view of Theorem 4.45, necessary and sufficient conditions
for a myf U € U(J), J # £I,,, to be a right BP product of elementary
factors of the first and second kind may be obtained by combining any one
of the necessary and sufficient conditions for U € Urr(J) (see Section 7.3)
with Theorem 3.86, which gives necessary and sufficient conditions for an
inner function b(X) to be a BP product. If J = jp,, W is written in place of
U and {b1,b2} € ap(W), then:

(1) by is a BP product if and only if 7.}, =0 and

> In |det ; * In |det
lim/ n |de U’QQ(N"‘W”du: / In | det waz(p)| (4.79)
v10 Joo 1+ [LQ 00 1+ /12
(2) b1 is a BP product if and only if 7., =0 and
) ° In |det wyy (pu — iv)| /°° In | det wyy(p)]
1 dp = _— 4.
210 1+ 12 P= ) 1t (4.80)

Remark 4.48 In view of Lemma 4.41,
J ==L, = Ur(J)=U(]).
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Theorem 4.49 Every muf U € U(J) admits a pair of factorizations:

UN) =Ui(NUz(N) where U € Upp(J) and Us € Ug(J)
and

UN) =Ui (MU (X)) where Uy €Us(J) and U € Upr(J).
These factorizations are unique up to constant J-unitary factors.

Proof The first assertion will be proved for J = j,, in Theorem 5.89 and
then again by another method in Theorem 7.52. The proof is easily adapted
to the case of general signature matrices J # +1I,, by considering W =
V*UV with a constant m x m unitary matrix V' such that V*j,,V = J. If
J = 1, then, in view of Lemma 4.41 and Remark 4.48, the two indicated
factorizations are both trivial.

The second factorization for J # +1,,, follows from the first factorization
and the equivalences

UeU(J) < U~ elU(J)
Uels(J) <= U~ elUs(J)
Uecelpr(J) <= U~ elp(J).

O

Theorem 4.50 Let U(\) be a left or right BP product of elementary factors
Uj eU(J). Then:

(1) UeUJ).

(2) If the U; are elementary factors of the first or second kind, then a
left BP product belongs to the class Uir(J) and a right BP product
belongs to the class Uyr(J).

(3) If the U; are elementary factors of the third or fourth kind, then
Uels(J).

Proof If U is a finite BP product, then the theorem is self-evident. If U is
an infinite BP product, then the asserted results follow from Corollary 4.62,
which will be presented later, and Theorems 4.44 and 4.45. O

Necessary and sufficient conditions for a mvf W € U(j,) (recall that j, is
short for j,,) to be right regular are presented in [Ar89] and [Ar95a]. A new



206 J-contractive and J-inner matriz valued functions

characterization is presented in Section 6. A simple sufficient condition for
amvf U € U(J) to be right and left regular will be presented in assertion
(1) of Theorem 5.90.

The next theorem belongs in this section. But its proof depends upon
Theorem 4.94, which will be established later.

Theorem 4.51 Let U € U(J), where J # +1,,, and let

U=UUy whereU, € U.r(J), Uy € Ug(J) (4.81)
and

U=U3Uy whereUs € Us(J), Uy € Ur(J). (4.82)
Then Uy is a right BP product if and only if Uy is a left BP product.

Proof Without loss of generality we may be assume that J = j,, and, in
keeping with our usual conventions, write W in place of U and W; in place
of Uj. By Theorem 4.94, ap(W) = ap(W1) and ap(W7) = ap(W]). Let Wy
be a right BP product of elementary factors of the first and second kind and
let {b1,b2} € ap(W). Then, since ap(W) = ap(W;), Theorem 4.45 implies
that by and by are both BP products and thus, by Remark 4.47, 7/ =0,

w22

Twy, = 0 and conditions (4.79) and (4.80) are both in force. Therefore, as
the conditions in Remark 4.47 will also hold for the corresponding blocks
of W7, it follows that if {by,by} € ap(W™), then b; and by will be BP
products. Consequently, Theorem 4.45 implies that W is a right BP product
of elementary factors of the first and second kind. Therefore, Wy is a left
BP product of elementary factors of the first and second kind. The proof in

the other direction is the same. O

Corollary 4.52 Let U € U(J), where J # +1,,. If U is a right (resp., left)
BP product of elementary factors of the first and second kind, then the muf
Uy in the factorization (4.82) (resp., Uy in the factorization (4.81)) is a left
(resp., right) BP product of elementary factors of the first and second kind.

The next theorem is a much deeper result for the case m = 2.

Theorem 4.53 (V. E. Katsnelson) Let U(X) be a 2 x 2 singular J-
inner muf. Then there exist convergent right and left infinite products of
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elementary BP factors of the first kind such that

A A
T 4
[Tos, ) oy =T .
j=1 j=1
Proof See [Kat89] and [Kat90]. O

4.10 Domains of holomorphy of J inner mvf’s
Theorem 4.54 Let U € U(J), J # £1,,, and let {b1,b2} € apr(U). Then
b7 =biy. by =b, and by Chy Ny, (4.83)

Moreover:

(1) If U is entire, then by and by are entire.

(2) If U € Urr(J), then by = hb;‘* Ny, and hence, U is entire if and only
if b1 and by are entire.

Proof It is enough to verify the theorem for W € U(j,,) and {b1,b2} €
ap(W). But then (4.83) follows from Lemma 4.26 and the fact that W1 =
quW# Jpq- The verification of (2) is more complicated because it is necessary
to check points on R. Details may be found in [Ar90]. O

Corollary 4.55 Let U € Uyr(J), J # +1,, and suppose that {bi,ba} €
apr(U) and by and by are both entire muf’s. Then U is entire.

Theorem 4.56 Let U € U(J), J # *1,,, let ¢ = p and let {bs,by} €
aprr(U). Then

b?} = ;r#? h[} = hb: and bU g bb? N hbg'
4
If U is entire, then by and by are entire. If U € U, r(J), then by = by# M b, -
4
Proof The theorem follows from Lemma 4.36 and Theorem 4.54. O

Corollary 4.57 Let U € U.r(J), J # *1,,, let ¢ = p and suppose that
{b3,bs} € aprr(U) are both entire muf’s. Then U is entire.
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4.11 Growth constraints on J-inner mvf’s
Theorem 4.58 Let U € U(J) with J unitarily equivalent to jy, and let
{b1,b2} € ap;(U). Then:

(1) b§ =C =, = C_ and, ¥f 63 = C,, then 1} = 7,, and

(2) by = C- <=4, = C_ and, if by = C_, then 7; = 7, and
T < 5;1 <p1;.
-[fq =p and {b37b4} € ap[[(U)7 then hb1 = hb37 hbg = hb4 and:
(3) If by, = C—, then 7, =7, and 5, =, .
(4) Ifby,, =C_, then 7,/ =7, and 6, =0, .

Proof The identifications of the domains of holomorphy are established in
Theorem 4.54. Assertions (1) and (2) may be verified for W € U(j,,). Then,
in view of the inequalities in (8) and (9) of Lemma 2.7,

[s22(A)THE < WV < 3Bllsp2(A) 7| for every A € by,
and
st (N TH < W) < 3]st (A) 7| for every A€ by

Consequently, by Lemma 3.112,

+ S S - - -
hW—C+:>TW—f52_21—Tb2_1—Tb2 and Tb2§6b2§q7'b2,

whereas

by =C. =7y :TVT,,l :7’;1;11 :Tb—:,l =7, and 7 <0, <p7.
This justifies (1) and (2).

If ¢ = p, then assertions (3)—(6) may be verified for A € U(J,) by ex-
ploiting the connection (4.104) between the two sets of associated pairs
{b1,b2} € apr(A) and {b3,bs} € aprr(A) together with Lemma 3.54 and the
fact that if s € SP*P, then (I, + s)/2 € SEP. O

out
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4.12 Monotonic sequences in P°(J)
Lemma 4.59 Let Uy, € P°(J), Uz € P°(J) and let U = U Us. Then U €
Pe(J) and
b;} = h;}l N ha and bZ—l = b;l—l N 532—1- (4'84)

Proof There are three cases to consider: J = I,,,, J = —1,,, and J # *+1,,,.
Case 1 If J = I,,, then the mvf’s Uy, Us and U all belong to S™*™ and
hence h; = ha = f);}Q = C,. Moreover, as

det U(N\) = det Uy (\) det Ua(N)
it follows that U € P°(J) and
det U(N\g) # 0 <= det Uj(Ng) #0 and det Ua(\g) # 0.
Therefore, h?},l = hz;fl N hz;;l'
Case 2 If J = —I;,, then Case 1 is applicable to the mvf’s U= U,
Uy =U;t and Uy = Uyt

Case 3 If J # +1,,, then without loss of generality it may be assumed that
J = jpq- Then the assertion of the lemma coincides with Corollary 4.30. O
A sequence U, € P°(J),n > 1, is called right (resp., left) monotonic if

U7:1Un+1 € PO(J) (resp., Un+1U7?1 € PO(J))v n = 1.
If a sequence U, is right (or left) monotonic, then, by Lemma 4.59,
0., Cbi, and by Co
Moreover, if the limit

U\ = nlirgo U, (\) exists in C except for at most a set of

isolated points and U € P°(J), (4.85)
then

by € () by, and b €[ b, (4.56)
n>1

since
U U e P°(J) forn>1. (4.87)

Moreover, the following assertion is valid.
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Theorem 4.60 Let U,, € P°(J), n > 1, be a right or left monotonic sequence
that converges to a muf U € P°(J) on bf;. Then

b= ()b, and bj=()b) ..
n>1 n>1
If J is unitarily equivalent to j,q and if {bgn), bg")} € apr(U,) are normalized
by the conditions

b(ln) (OZ) > 0 and b(2”) (Oé) > 0 for n = 17 27 [N
at a fized point a € by N h;,l , then the limits
b1 (A) = liTm bgn)()\) and ba(N) = liTm bgn)()\)

exist at every point A € Cy. Moreover, {b1,ba} € apr(U).

Proof It suffices to focus on right monotonicity.
If J =1, then ba = b, = C, and the presumed monotonicity guaran-
tees that

Un+1(N)Un1(A)* S Un(NUR(N)", A€ Cy.

Consequently,
UNUA)" <U.(NUL(N)", AeCy.

Let s,(A) = det Uy(A), s(A) = det U(A) and let Ao € [),5; h;,l. Then
sp € S and s,(N\g) # 0 for n > 1; s € S and, since U € PO(T]), there
exists a number 7, 0 < r < |Ag|, such that |s(\)] > 0 on the deleted disc
0 < |A = Xg| < r. Therefore, |s,,(\)| > 0 on the closed disc 0 < |XA — A\g| <7,
since s, (A)] > |s(N)| for A € C; and s, (A\g) # 0 for n = 1,2,.... Thus, as
sn(A) tends uniformly to s(\) on the closed disc 0 < |A—\g| < r, a theorem
of Hurwitz (which follows easily from Rouche’s theorem; see e.g., p. 119 of
[Ti60]) implies that s(A) # 0 on this disc also, i.e., Ay € hﬁ_l. Thus,

Miby— S by

and hence, as the opposite inclusion is available in (4.86), these two sets
must coincide.

If J = —I,, then U, ! € ™™ and U~! € §™*™ which implies that
f);;,l = h;n,l = C,. That h$ = h;}” follows by applying the preceding
analysis to S = U~! € P°(I,,)), S, = Ut € P°(I).
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If J # +£1,,,, then without loss of generality it may be assumed that J = j,,
and then the asserted results follow from Lemmas 3.4 and 3.8 in [Ar97]. O

Theorem 4.61 Let {U,}°° | be a monotonic sequence of muf’s in P°(J),
let

UM = m U\ for Aeni, (h?;" N h[}l) (4.88)

and assume that U € P°(J). Then there exists a subsequence {Uy, }72, such
that

U(p) —]lle Un, (1) a.e. onR.

Proof See [Ar79b]. O

Corollary 4.62 Let {U, }°° ; be a monotonic sequence of muf’s inU(J) and
let U € P°(J) be the limit in (4.88). Then U € U(J).

Corollary 4.63 A convergent infinite BP product U(\) belongs to the class
Uui).

4.13 Linear fractional transformations

In this section we consider left and right linear fractional transformations
based on an m x m mvf

U\ = [u”m u”m] (4.89)

u21 ()\) u929 ()\)

that is meromorphic in C4 with blocks ui1(\) of size p x p and u22(\) of
size q X q, respectively. The right linear fractional transformation

T 2] = {urn (A)z(A) 4+ w12 (A) Huzr (V) (A) + uga (M)} (4.90)

acts in the set of p x ¢ mvf’s €(\) that are meromorphic in C; and belong
to the set

D(T{;) = {z(N) : detfuar(N)x(X) +u22(N)] £ 0 in Cy},

i.e., to the domain of definition of 77};. The left linear fractional trans-
formation

Ti [yl = {y(Nura (V) +uz2 (M)} Hy Wi (A) + uar (M)} (4.91)



212 J-contractive and J-inner matriz valued functions

acts in the set of ¢ x p mvf’s y(\) that are meromorphic in C; and belong
to the set

D(T) = {y(N) : det{y(Nuz(A) +uza(A\)} £0 in Ci},

i.e., to the domain of definition of Tf,.
The notation

TH[X] = {T}[2]: 2 € X} and TH[Y]={Tjly): y€ Y}
for subsets X of D(T};) and subsets Y of D(T};) will be useful.

Lemma 4.64 Let U(A\) be a meromorphic m x m muf in C, with block
decomposition (4.89). Then:

(1) SP*1 C D(Ty;) if and only if
det ug2(A) Z 0 in hg, X = U;21U21 e S™P and
XA)*x(X) < I, for each point A € Cy.
(2) S C D(Tf) if and only if
det uga(X) # 0 in b, s19 = uipuzy € 8P and
s12(N)*s12(X) < I, for each point A € Cy.

Proof The first assertion is immediate from Lemma 2.15. The second as-
sertion follows from the first and the observation that

Tily) = (T-ly])" (4.92)
O

In the future, we shall usually drop the superscript r and write 1Ty
instead of T7;.

Right and left transformations of SP*? into itself

Lemma 4.65 Let W € P(j,g). Then
(1) 8P*1 C D(Tw) and Ty [SP*9] C SP*1.

(2) ST CD(TY,) and Tf, [ST*P] C S9*P.

Proof Let s;; denote the blocks of the PG transform S of W. Then Theorem
4.20 guarantees that s1o € SP*Y, s91 € ST*P and that

512()\)*812()\) < Iq and s91 ()\)*821()\) < Ip (493)
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for each point A € C;. Therfore the first inclusions in (1) and (2) hold. On
the other hand, if ¢ € SP*%, then € € D(Tyy) and

(ware + wa2)* (Tw [e] " Tw [e] — 1) (wa1€ + wa2)
= [Ij (W*quW - qu) [zj <0 (4'94)

for each point A € b;j,. Thus, Tyy[e] is a holomorphic contractive mvf on
h;rV and hence admits a unique extension to C, that belongs to SP*?. This
completes the proof of the second inclusion in (1). The second inclusion in
(2) may be verified in much the same way on the basis of the inequality

(cwia + wa2) (Tiy [e) Ty [e]* — Iy)(wra + war)*
=[e I] (WipgW* —jpg) [e 1,]" <0 (4.95)

for e € S9%P, O

Lemma 4.66 Let W € U(j,y). Then the assertions of Lemma 4.65 are in
force. Moreover:

(1) If p > q, then Tyv[S} "] C SE* and Ty [SF] € SIF.

(2) If p < q, then Ty [SV 1] C SPX? and T}, [STF) € SI*P.

Proof If p > g and ¢ € 8P/, then inequality (4.94) will be an equality a.e.

wm
on R, i.e., Tyy[e] is an isometry a.e. on R. Consequently, Ty [e] € SP*?. The

other three inclusions may be obtained similarly. O

Lemma 4.67 Let W € P(jp), W1 € P°(jpy) and suppose that Wl_lW c
P(qu)- Then Ty [prq] - TW1 [Squ]‘

Proof Let Wy = W 'W. Then
Ty [S877] € Tyw, [Tow, [S"]] € T, [SP7),

since, Ty, [SP*?] C §P*? by Lemma 4.65. O
Lemma 4.68 If W,, € P°(jpq), n > 1, is a monotonic sequence such that

W) = liTrn Wa(X) for Xe )b, and W € P(jy),

n>1
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then
Tyv, . [7) C Ty, [S7°  and Ty [S”] = () Tr, [S7°7].

n>1

Proof The first assertion follows from Lemma 4.67. Moreover, since
W, ' Wik € P°(jpg) for k > 1, it follows that W, 'W € P°(jj,,) and hence
that Ty [SP*1] C ), Tw, [SP*?]. Conversely, if s € (- Tw, [SP*?], then
there exists a sequence of mvf’s £, ¢s.... € SP*? such that s = Tyy, [e,] for
every integer n > 1. Therefore, there exists a subsequence ¢, that converges
to a limit € € SP*? at each point A € C,. Consequently,

s = TWn [571] = lim TWnk [é‘nk] = TW [E]
kToo
Thus, s € Ty [SP*1]. O

Remark 4.69 If e, € SP*? forn > 1 and
s(\) = liTm Tw [en],
then there exists a subsequence {e,, }, k =1,2,... of {e,} that converges to
a muf g9 € SP*1 at each point of C,.. Therefore,
5(3) = Jim Ti s [en, (V] = (Tir ) OV

i.e., the set Ty [SP*1] is a closed subspace of SP*1 with respect to pointwise
convergence.

Transformations in C?*? and from SP*P into CP*P

If A € P(J,), then it is convenient to consider linear fractional transfor-
mations based on the standard four block decompositions (with p x p blocks)
of the mvf’s

AN = W (AN)D and B(A) = AN)D
together with that of A(X). It is readily checked that
SP*PND(Trg) = {s € 8PP : det(l, + s(\)) £ 0}
and
CPP = Ty [SP*P N D(Tyy)].
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Consequently, in view of Lemma 4.65,

S”PND(Tp) = {e € S”7 : Tyy[e] € D(Tiy)}

and
Tp[S”P N D(T)] = TiglTw [S7*7 N D(Tp))] € CP.

Let

C(A) = T[S”? ND(Tp)]. (4.96)
Then it is easy to check that

TA[CP*? N D(T4)] C C(A) C CP*P € D(Ty), (4.97)
TplC(A)] € T [S"F],  TiglS;, " ND(Tyg)] < CLivys (4.98)
CP*P c D(Ty), (4.99)

and, if 7 € CP*P and ¢ = Ty[7], then (%c)(\) > 0 for every point A € C,.
Moreover, it is readily seen that if A € U(J,), then also

TaAlCEXP ND(Ta)] C T[S Y ND(T)] C CLP C D(Try) (4.100)

sing sing
and
Ty plSE " N D(T)] C Tw[SE)7). (4.101)

Lemma 4.70 Let A € P(Jy), let B = AD and let x = b;zlbgl. Then the
following conditions are equivalent:

(1) I, = X(w)X(w)* > 0 for at least one point w € Cy.

(2) I — X(N)X(X)* > 0 for every point X € Cy.

(3) baz(w)baz(w)* — ba1 (w)ba1 (w)* > 0 for at least one point w € h.

(4) baa(A)baz2(A)* — ba1 (N)b21 (N)* > 0 for every point X € h3.

(5) SP*P C D(Tp).
Proof In view of Lemma 4.35, detbys(\) # 0 for A € h; and x € SP*P.
Consequently, (1) is equivalent to (3). The equivalence (2) <= (5) is valid by
Lemma 4.64. The implications (2) = (1) and (4) = (3) are obvious. The
converse implication (1) = (2) follows from Corollary 3.52. The implication

3) = (4) then follows from the formula x = by, by; and the implication
22
(1) = (2). O
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Lemma 4.71 Let A € P(J,), B =AY and W = VAYG. Then
TsTa [CP*P N'D(T4)]] C Tw[SP*). (4.102)

If s € Ty [SP*9], there is a sequence of muf’s s, € Ty 4 [CP*P N'D(Ty4)] such
that

s(A\) = liTm Sn(N).

Moreover, if A € U(J,) and s € Ty [S!7), then the muf’s s, may be chosen
from Tags [C222 0 DT

Proof Let ¢ € SP*P| xy = 62_21b21, ~ € C and suppose that |y| = 1. Then:

(a) ve € D(Tyy) <= det (I, + e(w)) # 0 for at least one (and hence every)
point w € Cy.

(b) ve € D(Tp) <= det (71, + x(w)e(w)) # 0 for at least one (and hence
every) point w € Cy.

Now let s = Ty [e] for some mvf ¢ € SP*P. Then there exists a sequence of
points v, € C with |7, | = 1 such that

lim~, =1, yue € D(Tyy) N D(TR), Tw [yme] € Tga[CP*P N'D(T4a))

and

s(A) = Um Ty o\ [yae(N)] = Ty oy [e(V)]-

nloo

Moreover, if A € U(J,) and € € S!*F| then
Tw [’7716] € SanXp and TQ][TW [’}/naf]] e crxp

sing*

Lemma 4.72 Let A € P(J,), Ay € P°(J,) and A{'A € P(J,). Then
C(A) C C(AY). (4.103)

Proof Let W = YUAYW, Wi, = YA1U, B = AY and B; = A1U. Then
W € P(jp), W1 € P°(jp), and, by Lemma 4.67,

Tyw [SP*P] C Ty, [SP*P].
Consequently,

D(T) = D(Tyg) N Tw "] € D(Tyg) N T, [§"7] = D(T, ),
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and, if e € D(Tg), then
Tole] = ToglTilell € T [D(Tog) N Tin [S7]] = C(Ay).

4.14 Connections between the two kinds of associated pairs

The next lemma will be used to establish a connection between the two sets
of associated pairs.

Lemma 4.73 Let A € U(J,), let B(\) = AND, x = byybar, W(\) =
BAND, {bi1,b2} € apr(A) and {b3,bs} € aprr(A). Then for every s €
Tw [SP*P) N D(Tyg), there exist a pair of muf’s o, € Shil' and s € ShyF
such that

(1/2)(I, + s)b3 = bips and by(I, + s)/2 = sby. (4.104)
If
I, — X(w)X(w)* >0 for at least one point w € C, (4.105)
then Ty [SP*P] C D(Tyy) and (4.104) holds for every s € Ty [SP*P].

Proof Let W(A) = DA(N)D, B(A) = YW (A) and recall that if ¢ € SP*P,
then
s=Twle] = (wi1e+ wi2)(wae +wa) ™
(wi, + ewly) M (wh + ewd).
Consequently,
I, + 5 = V2(ba1& + baa)(ware + wag) ™"
= V2(wf, + ewl) " (ebl, + bF). (4.106)

Then, by formulas (4.106), (3) and (6) of Lemma 4.35, (4.42), (4.74) and
Lemmas 4.25 and 4.24, we obtain

bi(Ip + 5) = V2, (I, + Xe) (I, — s218) " p2bs

and

(I, + 8)bs = V2b1p1 (I, — es21) " (I, + eX)p3 *
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By Lemma 3.54, the mvf’s I, +Xe, I, +¢X, I, — so1€ and I, —es21 all belong

to the class N7, since Xe, X, s91¢ and es91 belong to SP*P and

det(I, + Xe) =det(l, +eX) #0 if s € D(Tiy)
and
det (I, — so1¢€) = det(I, —es91) # 0,

by (7) of Theorem 4.20. Thus as goj € NPIP for j = 1,...,4, we see that
(4.104) is valid with ¢, 15 € NZ¥. The supplementary conclusmn that in
fact ¢, and 1 belong to SP*P, then follows from the Smirnov maximum
principle. The second statement then follows from Lemma 4.70. O

4.15 Redheffer transforms

Let § € &™*™ with blocks s;;. The right Redheffer transform RY is
defined on p x ¢ mvf’s z(A) that are meromorphic in C; and belong to the
domain

D(RYG) = {z : det(I, — sa1(A\)z(N\)) £ 0 in b} (4.107)

by the formula
Rrs[x] = 812 + sllx(Iq — 821.%)71822, (4.108)

and the left Redheffer transform R is defined on ¢ x p mvf’s y()) that
are meromorphic in C, and belong to the domain

D(Rg) = {y : det(; + y(N)s12(1)) # 0 in b7} (4.109)
by the formula
Rg[y] = —s21 + sa2(Iy + ys12) " ysin. (4.110)
The notation
Ry(X] = {Rla] iz € X} and R4[Y] = {R&ly]:y e Y}
for X C D(RY) and Y C D(R%) will be useful.
Theorem 4.74 If W € P(j,) and S = PG(W), then
(1) 8> C D(RYg), Rg[SP*1) C SP* and
Ty e] = Rgle]  for every e € SP*1. (4.111)
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(2) 8P C D(RY), RL[ST*P] C ST*P and
T [e] = R[e]  for every e € ST¥P, (4.112)

(3) If W € U(jpq), then RL[SP*Y) C SP*1 if p > q and RSP C 8P4
if p < q. Moreover,
RY[STP) C SIP ifq>p and RY[STP)ICSTP if g <p.

in *IM, *in

Proof The inclusions SP*¢ C D(R}) and S C D(RY) follow from the
fact that if W € P(j,,) and S = PG(W), then det s92(A) # 0 in C. and the
inequalities (4.93) are in force for every point A € C.

The remaining assertions are easy consequences of formula (2.58) and the
observation that

Rslyl = Ry, [y")), if S1 = jpgSTng.
(]
In the future, we shall drop the superscript r and write Rg instead
of RY.
We remark that right (and left) Redheffer transforms may be defined just
as in formulas (2.55) and (2.56) for mvf’s S € SP+F)X(r+9) with blocks s1;

and s99 that are not necessarily square. Then Rg is a mapping of r x k mvf’s
into the set of p x ¢ mvf’s and the analogue of Theorem 2.27 holds for mvf’s.

4.16 Strongly regular J-inner mvf’s

A mvf W € U(j,,) is said to be a right strongly regular j,,-inner mvf if
Ty [SP*9) N SP*1 £ )

it is said to be a left strongly regular j,,-inner mvf if
T [STP) N ST*P £ ),

If J # %1, and J = V*j5,,V for some constant m X m unitary matrix V,
then U € U(J) is said to be a right (left) strongly regular J-inner mvf
if W(X) = VU(XN)V* is a right (left) strongly regular j,,-inner mvf. This
definition does not depend upon the choice of V: If Vi*j,,Vi = V5 iy V2,
then the matrix V1 V5" is both unitary and jp,-unitary and therefore, it must
be of the form Vi V5" = diag {u;,us}, where u; and up are constant unitary
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matrices of sizes p X p and ¢ X ¢, respectively. Thus, the mvf’s Wi (\) =
ViU(AN) V)" and Wa(A) = VoU (A) V5 are related by the formula

Wa(A) = [ Qg{ 5; } Wi(A) [ 161 32 }
and, consequently,
Tw, [SP”] = uiTw, [SP*us.
Therefore,
Ty, [SP*1] NSPXT £ ) = Ty, [SP7 N SPX4 £ ().

The classes of left and right strongly regular J-inner mvf’s will be de-
noted Uysp(J) and U,sg(J), respectively. The convention Upsp(El,) =
Ursr(E£I,) = U(E1,,) will be convenient.

Theorem 4.75 The following inclusions hold:
(1) U(J) N Lgéxm (R) - ur.sR(J) ﬁZ/{ESR(J)'
(2) Upsr(J) Ulysr(J) C Ly,

(3) UT) N L™ C Upr(J) NUg(J).

Proof Corollary 4.23 justifies (1). To verify (2), it suffices to consider the
case J = jpq. Let W € Ursr(jpq) and let sg1 = —w2_21w21. Then there exists a
mvf ¢ € SP*7 such that s(\) = Ty [e] is strictly contractive: ||s]jco < v < 1.
Let

c(A) = {I, + sa1 (Ne(\) M, — s (VW) }

Then, since ¢ € C?7¢, it follows that Re € fffxq. The desired result now
drops out easily from Corollary 4.23 and the inequality

Re(p) = {Iy— () so(u)} {1y — e(u) sa1 (1) so1 ()e(u) }
s {1, — so1(p)e(u)} !

> {1, — () s (w)} " H{I = e e() H{I, = s (we(w)}
= waa () {I; — s(p)"s(p) fwaz (1)
> (1= waa () waz ().

If W € Usr(jpq), then W™ € Upsr(jpq) and hence W7 € E;”X’”, as proved
above. The proof of (3) is postponed to Theorem 5.90. O
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Theorem 4.76 If U € U,sp(J) U Upsp(J), then U € Uir(J) N Upr(J), i.e.,
Ursr(J) Ulsr(J) € Upr(J) NUR(T).
Moreover, if U € U,sg(J) and admits a factorization of the form
UN) = Uy (AU (\U3 ()

with Ui € U(J) for i =1,2,3, then:

(1) Ur € Upsr(J).

(2) U1 U € Upsr(J).

(3) Ui € Upr(J) NUR(T) fori=1,2,3.

Proof The first assertion is immediate from the preceding two theorems.
To complete the proof, it suffices to consider J = j,, and then, in terms
of our usual notation, we write W in place of U and W; in place of U;. Since

Tyw [SP7] € T, w, [S"] € T, [S77],

(1) and (2) are clear from the definition of right strong regularity. But these
two conclusions imply that Ws does not have a nonconstant singular j,,-
inner divisor on the left because otherwise it could be shifted to W;, which
would contradict (1). Similarly, W3 does not have a left singular jy,-inner
factor because of (2). Moreover, in view of (2) and the already established
fact that W € U, r(jpq), W2 and W3 do not have nonconstant singular j,,-
inner divisors on the right. O
Theorem 4.76 justifies the use of the terminology strongly regular.

4.17 Minus matrix valued functions

Our next objective is to develop analogues of the algebraic results that were
presented in Sections 2.7 to 2.10 for meromorphic mvf’s in C;,. We shall
show that the properties of the linear fractional transformations Ty based
onU € P(J) (resp., U e U(J)) for J = j,, and J = J), that are considered in
this section serve to essentially characterize the classes P(J) and ¢(J) in the
following sense: If a nondegenerate mvf U () that is meromorphic in C has
these properties, then there exists a scalar function p(\) such that p(A\)U ()
belongs to P(J) (resp., pU € U(J)). These results are mostly adapted from
the work of L. A. Simakova. It is first necessary to study minus mvf’s.
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An m x m mvf U is said to be a minus mvf with respect to a signature
matrix J in C, if U is meromorphic in C; and U(A) is a minus matrix
with respect to J for each point A € hﬁ. A minus mvf U is said to be
nondegenerate if det U(X) # 0 on by,.

Lemma 4.77 Let U be a nondegenerate minus muf with respect to a sig-
nature matriz J in C, and suppose that J # +1,,. Then there exists a
scalar function p(X) that is meromorphic in Cy such that p(A) # 0 and
pU € Nmxm,

Proof Without loss of generality we may assume that U is a nondegenerate
minus mvf with respect to j,, in C, and, in keeping with our usual notation,
replace U by W. Then, by Lemma 2.50 the mvf’s

a(\) = wi1 () — wia(Nwaa(AN) " wey (A) and §(A) = wea(N)™1 (4.113)

are well defined in terms of the standard four block decomposition of W (),
they are meromorphic in C; and

512 ()\) == wlg()\)wgg()\)_l and 821()\) = —’U)QQ()\)_I'UJQl ()\) (4.114)

are holomorphic contractive mvf’s on h;g,. Therefore these two mvf’s have
unique holomorphic contractive extensions on C,, which we continue to
denote s12(\) and sg21(\), respectively. Thus,

S12 € SPX4  and S91 € SI*P, (4.115)

The auxiliary formula

W(A)z[%’ 81(}?)} [Q(OA) wziA)H—sﬁ(A) m

based on Schur complements, implies that
det W(A) = det a(X) - det waa ().

Since det W () # 0 by assumption, there exists an entry o, () in a(A) such
that ag(A) Z 0 in Cy. Let

p(A) = ax (V)7 (4.116)

We will show that pW € N™*™ with this choice of p(A). Let w € by}, N
by -1 be a fixed point. Then Theorem 2.51 implies that there exists a scalar
p1(w) # 0 such that W(w) = p1(w)W(w) belongs to Peonst(Jpq)- Let S(w) be
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the PG transform of W (w). Then S(w) € S™*™ and in the standard four

const

block decomposition of W(w),
511 (w) = pr(w)a(w) € SEXP. and 3 (w) = p1(w) 1o(w) € SIX1

const*

Consequently, the entries ay(w) of a(w) and d;;(w) of d(w) are subject to
the bounds

|p1(w)ag (W) < 1 and |pr(w)~1d;;(w)| < 1,
and hence
ap(A)dij(N) € S. (4.117)
Moreover, the bounds
|p1(w)ast ()] < 1 and [|p1(w) " Ho(w)]| < 1
imply that |p1(w)| < |p(w)| and
p_l(w)(S(w) € Sfoff:,t for w € b;}, N b;,,l.
Thus, p~'6 has a unique holomorphic contractive extension to Cy, i.e.,
plo e 8P,
and hence
pwyy € NI¥4,
Then, in view of (4.114) and (4.115),
pwiz € NP9 and pwos € NP,
The inclusion (4.117) implies that
hi = agd € HLY,
and consequently that
pogily = Ry pwas € NI

for every entry ay; of a. Thus, pa € NP*P and therefore, pwy; € NP*P,
since

—1
W1l = O + W12Wyy W21 = & + S12W21

and pa € NP*P pwyy € NU*P and s19 € SP*. O
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Remark 4.78 The function p = as_tl satisfies the needed condition pW €
N™X™ and has an extra property:

(pwya) ™' € ST*1, (4.118)

Moreover, the PG transform S, of the muvf p W is a well defined holomorphic

muf on b;{/ﬂh;‘[,_l and its blocks sl(é))

of S, are such that:

in the standard four block decomposition

s(lpl) = pa e NP*P, sgg):slgeSqu,

Séli) = 591 €ST”? and Ség) = (pw22)_1 c S1x4,

Theorem 4.79 Let U be a nondegenerate minus muf with respect to a sig-
nature matriz J in Cy and suppose that J # I,,. Then there exists a scalar
function p that is meromorphic in Cy such that pU € P°(J).

Proof Without loss of generality, we may assume that U is a non-degenerate
minus-mvf with respect to j,, in C, and then, in keeping with our usual
notation, we write W in place of U. Moreover, in view of Lemma 4.77 and
Remark 4.78, we can assume that W € N"*™ and wy, € SP*P. Let W (1)
be the nontangential boundary values of W a.e. on R and let

G(1) = GpgW (1) JpgW () ac.on R. (4.119)

Then det W(u) # 0 a.e. on R, because det W € N and det W(\) # 0 on
b;rv. Therefore G(p) is invertible a.e. on R, and hence, by Lemma 2.42, the
eigenvalues of G(u) are positive a.e. on R and taking into account their
algebraic multiplicities, they may be indexed so that

0<A(p) <Aa(p) << Ap(p) ae onRR

By Theorem 2.47, c¢(u)W (1) € Peonst (jpg) for some scalar ¢(p) if and only if

A1) < le(u)| 72 < Ay (). (4.120)

All functions Aj(u), 1 < j < m, are measurable on R, because the coefficients
of the characteristic polynomials det(Al,,, — W (u)) of the matrices W (u) are
measurable functions of ;1 on R and the zeros \;(u) of these polynomials are
continuous functions of the coeflicients. Moreover, in view of the bounds

Aj() < W ()lP? - and Aj(e) ™" < [W ()7 ae.onR
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and assertion (1) in Theorem 3.79,
n\(-)eL; forl<j<m. (4.121)
In particular,
InA\,(-)€L; and In), ()€ L. (4.122)

Now let f(u) be a measurable function on R such that

M) < F(8) € dpir() ae. on R. (1.123)
Then the inclusions (4.122) imply that

In f(-) € L, (4.124)

and hence, by Theorem 3.30, there exists a scalar function p, € N,,; with
nontangential boundary values p.(u) a.e. on R such that

lpe(1)] = f(u)™2 a.e. on R. (4.125)

In view of (2) of Theorem 2.47 and formulas (4.123) and (4.125), the non-
tangential boundary values W (u) of the mvf

W(A) = pe (W (N) (4.126)
are jp,-contractive a.e. on R. Moreover, the blocks §Z-j of the Potapov-
Ginzburg transform S of W are such that
(1) s12 = w2 @521 = wlgw;;, which belongs to SP*,

(2) §21 = —7:52_21 17)21 = —wgng_ll, which belongs to qup7

(3) S99 = Wyy = p, lwyy , which belongs to SP*P.

The conclusions in (1) and (2) were discussed in the proof of Lemma 4.77; see
(4.114). The conclusion in (3) follows from the Smirnov maximum principle,
which is applicable because p; 1 € Ny and w2_21 € S and, consequently,
S22 € NP7 and ||322(p)|| < 1 a.e. on R.

The final step is to establish the existence of a scalar inner function [3;(\)
such that

Wy = ﬁ7W € 'P(qu), (4127)
To this end, let

a=wi — {17121’172721@21(: gll) and 6 = @;21 (: ggz).
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Then it follows from the proof of Lemma 4.77 that
g0 € SIX

for every entry ag of a. Consequently,
As0p; €8S

for every entry o, of @ and every entry gkj of 5. If ast(N) Z 0, then it admits
a factorization of the form
~ bst Pst

st = ———— 4.128
Gt dst ( )

in which ¢ € Ny and by and dg are coprime inner functions, i.e.,

bst st gkj

d., €Ss.

Therefore,

Ok;j

., eS.
In view of Theorem 3.43, there exists a least common inner multiple 3; for all
the dg; in the sense that ds_tlﬁi €S, forall s,t =1,...,p, and if ds_tlﬂ € Sin
for s,t,...,p, then ﬂz-_lﬁ € S;,. Thus,

/B eS, 1<kl<q

Since § € 8%, 5716 € N9, B;a € NP and [|a(p)|| < 1 ae. on R, the
Smirnov maximum principle implies that

B eS8 and fia € SPXP.

Thus, the blocks of the PG transform S; of the mvf W = ﬁi/I/I\? all belong
to the Schur class of appropriate size, and ||S;(u)|| < 1 a.e. on R. Conse-
quently, S; € S™*™ by the Smirnov maximum principle, and hence W €
P 0

In view of Theorem 4.79, it is natural to look for a description of the set

of all scalar functions p(\) such that pU € P°(J) when U € P°(J) and
J # *x1,, . Without loss of generality, we may assume that J = jp,.

Theorem 4.80 (L. A. Simakova) Let W € P°(j,q) and let \j(p)
denote the jth eigenvalue of G(p) = JpgW (1) jpgW (1) in the ordering
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A(p) < oo < Ap(p) a.e. on R. Then the set of all scalar functions p
such that pW € P°(jpq), is described by the formula

b
= e, 4.12
p=p (4.129)

where

(1) pe € Nout and is subject to the bounds
Mp(1) < lpe() 7 < Npra(n)  ace. onR. (4.130)

(2) b€ Siy is a common inner divisor of all the entries in the muf 6(\)
that is defined in (4.113).

(3) d € Sip is a common inner divisor of all the entries in the muf a(X)
that is defined in (4.113).

Proof The identity
ply = (pW)W_l

implies that p € N when W € P°(j,q) and pW € P°(j,q), since P(jpq) C
N> Thus, in view of (3.53), p admits a representation of the form (4.129),
where p. € Nyui, b € Sip, d € Sy, and b and d are coprime inner functions.
Moreover, p. satisfies the condition (4.130), since |pe(p)| = |p(p)| a.e. on R
and

M) < o) 72 < Apya(p)  ae. on R.

The next step is to verify (3). Since W € P(j,,) and pW € P(jp,), the
mvf o € SP*P and pa € SP*P. Therefore,

b
ag €S and &peast eS
for every entry ay; of the mvf a. Thus,

b
gast e N,

and, since b and d are coprime,
Qst
d

The Smirnov maximum principle implies that

eEN,.

At
d

i.e., d is an inner divisor of every entry a, in a.

S
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A similar argument based on the observation that
§ € 89 and p~t§ e S1*¢

leads to the conclusion that (2) is in force.

Conversely, if p is of the form (4.129) where p, b and d meet the conditions
(1), (2) and (3), respectively, then, since |p.(u)] = |p(x)| a.e. on R and (1)
is in force, Theorem 2.47 implies that p(u)W (u) is jp,-contractive a.e. on
R. The PG transform S(z) of p(pu)W () is a well defined contractive matrix

a.e. on R. Moreover, since pWW € N™*™, S(y1) is the nontangential boundary
value of the PG transform S(A) of W(X) = p(A\)W(A). The blocks 5;; of S
are related to the blocks s;; of the PG transform S of W by the formulas

~ ~ ~ ~ -1
511 = psi1, S12 = 812, S21 = S21 and S92 = p S99.
Therefore, 519 € SP*9 and 521 € ST*P since W € P(j,q). Moreover, since

$11 = « and s99 = J, the entries of 511 and S99 are

b d _
gpeast and gl)el@‘k,

respectively. Conditions (2) and (3) guarantee that
b d _
JPeCst e Ny and 3P Yok € N

Consequently,

P X ~ X
S11 GN_{ P and 899 E./\[_?_ a4,

Thus, S € NTX™ and the Smirnov maximum principle implies that S e
Smxm _Therefore, W € P(jpq)- O

Remark 4.81 In the setting of Theorem 4.80,
Ap(p) <1< Npgi(p)  ae. on R,

If \p(n) = Apy1(p) ace. on R, then A\p(p) = 1 a.e. on R and condition
(4.127) is satisfied only for p.(\) = exp(ivy), where v € R. In this case,
formula (4.129) reduces to

b(N\)

p(A) = T

S
~—
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Theorem 4.82 If U € U(J), J # +1,, and {b1,bs} € ap;(U), then pU €
P(J) for some scalar function p if and only if

p=-, (4.131)
where

be S, b lhheS? deSy, and d'b; €SP (4.132)

mn

Moreover, for each such choice of p, pU € U(J).

Proof We may assume that J = j,, and will write W in place of U. If
W e Z/l(qu) and {bh b2} S ap(W), then

a=si1=bipr and 0= s = by,
where ¢ € S0P and ¢ € SL. Therefore, if b € Siy,, then
b la e 8PP «— b~ 1h € SP*P,
and if d € S;,,, then

d716 € 81— d71by € 8171,

Moreover, since G(p) = jipgW (1)* jpgW (1) = I, a.e. on R, the characteriza-

tion of p claimed in (4.131) and (4.132) follows from Remark 4.81).
Finally, since pW € P(j,q) and |p(p)| = 1 a.e. on R for p of this form and

W € U(jpq), it follows that pW € U(j,,) too. O

Corollary 4.83 IfU € ENU(J), J # £1,,, and {b1,b2} € apr(U), then
pU € P(J) for some scalar function p if and only if

p(A) = €7eg(N), wherey =1, 8= — B, (4.133)

and (31 and Py are nonnegative numbers such that
egllbl eS?  and 65211)2 € Six. (4.134)

Moreover, for such a choice of p, pU € ENU(J).

Proof In view of Theorem 4.54, b; and b2 are entire mvf’s. Consequently,
the corollary follows from Theorem 4.82 and the fact that a scalar inner
divisor of an entire inner mvf is entire. O
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Theorem 4.84 If A € U(J,) and {b3,bs} € aprr(A), then pA € P(J,) for
some scalar function p if and only if
p=-, (4.135)
where
beSm, b lbaeS?, deS, and d by e SEY. (4.136)
Moreover, for each such choice of p, pA € U(J,).

Proof This is immediate from Theorem 4.82 and the connection (4.104)
between the associated pairs of the first and second kind for A € U(J,). O

Remark 4.85 In view of (4.74), condition (4.136) can be reformulated in
terms of the blocks of the muf B(A) = AN\ :

de S, drO5) T eN? beS, and b lby, € NP (4.137)

Corollary 4.86 If Ac ENU(J,) and {bs,bs} € aprr(A), then pA € P(J,)
for some scalar function p if and only if p(X) is of the form (4.133) where
81 >0, B2 >0 are such that

6[;11[)3 e 8PP and eglbél e SPXP,

in P in

Moreover, for such a choice of p,
pAeENU(J).

Proof This is immediated from Corollary 4.83 and the connection (4.104)
between the associated pairs of the first and second kind for A € U(J,). O

4.18 More on linear fractional transformations

Theorem 4.87 Let W be a nondegenerate meromorphic m x m muf in Cy
and let

SPX1  D(Ty) and Ty [SPX1] C SPX. (4.138)

const const

Then there exists a scalar meromorphic function p(\) in Cy such that pW €
P°(jpq). Moreover, if, in addition to the properties (4.138),

. . . . ])X(] . p)(q .
Tw maps every isometric matriz in C into S;, " if p > q
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or

Tw  maps every coisometric matriz in C'*7 into ;" if p < q,

then pW € U(jpq) with the same function p.

Proof Lemma 2.49 guarantees that a nondegenerate meromorphic m x m
mvf W that satisfies the conditions in (4.138) is a minus mvf with respect to
Jpg- Then, since W is assumed to be nondegenerate, Theorem 4.79 implies
that there exists a scalar meromorphic function p(A) in C; such that pW €
P°(jpg). The rest of the proof is the same as the proof of the corresponding
statements in Theorem 2.52. O

Theorem 4.88 Let W be a nondegenerate meromorphic m x m muf in Cy
and let

SP4 C D(Tyy) and Ty |SP¥] = SPX1. (4.139)

Then there exists a scalar meromorphic function p(A) in C, such that

p()\)W()\) € Uconst (qu) :

Proof By Theorem 4.87 there exists a scalar meromorphic function p; ()
in C; such that ;W € P°(j,¢), and, since Ty -1 [SP*] = SP*9, a scalar
meromorphic function p2(A) in C such that psW =1 € P°(j,,). Thus,

1N PW (A JpgW () < jpg for A€ by 0 h;

and
102 ()P dpg < W(A)jpgW(A) for A€ by Ny,
Consequently,
(12N = 11N ™*)spg <0 for A e b Ny,
Thus,
p2(N)pr(N)] =1 for Aeby N
ie.,

pa(\) = e7py(\) for some v € R.

Thus, Wy = ;W and Wy ! both belong to P(j,,) and Sy = PG(Wj) and
Syt = PG(W; ') both belong to S™*™. Therefore, Sy € STX7" and W €

const

Z/{const (qu)' O
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Theorem 4.89 Let W € U(j,q) and Wi € P°(jpq), let {b1,b2} € ap(W)
and suppose that

Ty [SP*1] C Ty, [SP™1). (4.140)
Then
(1) Wi € Ujpy) and
W = @W]_WQ, (4.141)
B2

where Wy € U(jpq) and 1 and (o are scalar inner functions such

that
Bty € XV and By by € S (4.142)

(2) If equality prevails in (4.140), then Wa € Ueonst (dpq)-

Proof Under the given assumptions the mvf Wg =W, W is a nondegen-
erate meromorphic m x m mvf in C, such that
SP* C D(TV~V2) and Ty, [SP*9] C SP*4.
Therefore, by Theorem 4.87, there exists a scalar meromorphic function p(\)
in C; such that
pW2 € P°(jipg)-

Then pW = Wi Wy with Wy = pWa, ie., W € U(jpy) and pW € P°(jipy);:
the rest follows from Theorems 4.82 and 4.88. O

Corollary 4.90 If either W and W both belong to U(jpg) N N or WH
and W# both belong to U(—jpq) NNT*™, then

Tiy [SP*1] = T [SP1] (4.143)

if and only if
W) =WV for some V € Ueonst (ipg)- (4.144)
Proof Suppose first that (4.143) holds and that W and W both belong to
U(jpg) NN™. Then, (5 is a constant in formula (4.141), since {b1, I} €
ap(W) by Lemma 4.33. However, this implies that W = ﬁl_lWV_1 for

some V' € Uuonst(J) and hence that (6,10, 671 1,) € ap(W). Therefore, since

W e NIX™ 0B must be a constant. The proof of the second assertion is
similar. O
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Corollary 4.91 Let W and Wy both belong to U(jp,). Then
Tyw [SP*] = Tw, [SP”] and ap(W) = ap(Wh)
if and only if
WiA) = WU  and U € Ueonst (Jipg)-

Corollary 4.92 Let W € €N U(jpg), Wi € P°(fpg), {b1,b2} € ap(W) and
suppose that

Ty [SP*9) C Tiy, [SP*1). (4.145)
Then:
(1) W1 € U(jpq) and
W= Zglwlwg, (4.146)

where Wo € U(jpq), 51 >0, B2 >0,
e5ibL €ENSHT and ey1by € ENSH. (4.147)
(2) If equality prevails in (4.145), then Wy € Ueconst (dpq)-

Proof This is follows from Theorem 4.89 and and Corollary 4.83. O

Corollary 4.93 If W € P°(j,q) is such that
Ty [SP¥4] = P4,
then W € Ueonst (Jpq)-

Proof This follows from Theorem 4.89, since I,,, € U(jpq), {1y, 14} € ap(Im)
and, under the given assumptions, Ty [SP*Y] = Ty, [SP*]. O

Theorem 4.94 Let W and Wy both belong to U(j,q), let {b1,b2} € ap(W)
and {bgl), bél)} € ap(Wy). Then the conditions

B oy € ST by € ST and Ty [SPX) C Ty, [SPXY)
hold if and only if W W € U(jp,). Moreover, if W 'W € U(jpy), then
W W € Us(jpg) <= ap(W1) = ap(W). (4.148)
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Proof If the first set of conditions hold, then, by Theorem 4.89, there exist
a mvf Wy € U(j,,) and a pair of scalar inner divisors ; and (2 of b; and
by, respectively (with no common divisors), such that

W = @W1W2.

fa

Therefore,

B 2) (1)y—1 (2
511 = @851){111 _552)3&)} 1551)>

just as in the verification of (4.45). But, in terms of the usual notation, this
implies that

B _ _ _
;;bﬁz) — {1, — 513 s ) T M) o (p1) 7, (4.149)

which belongs to LZ" ﬂNpr = HEP. Therefore, each entry in the matrix
By 1b§2) belongs to Hy (since (31 and 2 have no common divisors) and hence
6_117(2) c SPXP

2 91 in -

m
In much the same way, formula

S22 = gjsgé){fq - 5;1)3522)}_15&12) (4.150)

implies that ﬁflbg) € 819, Thus, by Theorem 4.82, 85 ' 31 Wa € U(jpy), as
needed.
The converse is immediate from Lemmas 4.67 and 4.28.

Finally, since Formula (4.149) implies that

g;b@ is constant <= (bgl))_lbl is constant
and formula (4.150) implies that
gjbéQ) is constant <= bg(bél))*1 is constant,
the last assertion follows from Lemma 4.39. O

Next, a number of results on linear fractional transformations in CP*P and
from SP*P into CP*P will be obtained by reduction to the linear fractional
transformations in SP*?P that were considered earlier.

Theorem 4.95 Let A(\) be a nondegenerate meromorphic m x m muf in
C4 such that
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(1) Clotiy C D(Ta) and TalCll,] C CP*P.
Then there exists a scalar meromorphic function p(\) such that muf pA €

P°(Jp). Moreover, if in addition to (1), the condition
(2) TA[(Cpxp)const] - Cp><p

sing sing
is in force, then pA € U(J).
Proof Let W(\) = WA(N)D. Then, since C2XP, = Tg[SLP], CP¥P. ¢

D(Ty;) and Ty [CP*P] C SP*P, the theorem follows from Theorem 4.87 and
Lemma 4.71. O

Theorem 4.96 Let A € U(J,), A1 € P°(J,) and {b3,bs} € apr(A) and
suppose that

C(A) CC(Ay). (4.151)
Then

(1) Ay € U(Jp) and there exist a muf Ay € U(J,) and a pair of scalar
inner functions B1 and (o such that

B2(N)
A = A
() = SR A 40
and
Bty € SEP and By tby € SEX. (4.152)

(2) If equality prevails in (4.151), then Az € Ueonst(Jp)-

Proof Let W(\) = DAN)D, Wi(A\) = VA, (N)D, B(A) = ANDY and
Bi(A) = A1(\)D. Then W € U(j,) and Wy € P°(jp). Let {b1,b2} € ap(W),
i.e., {b1,by} € apr(A). Lemma 4.36 implies that property (4.152) is satisfied
if and only if

Brloy € SEXP and By 'y € SEXY. (4.153)
In view of Theorem 4.89, it is enough to verify that
Ty [SP*P] C Ty, [SP*7),
but this follows from Lemma 4.71. O

Corollary 4.97 Let A € ENU(J,) and Ay € P°(J,), let {b3,bs} € aprr(A)
and suppose that

C(A) = C(A)).
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Then Ay € ENU(Jy) and can be expressed in the form

_€py ()‘)
A=A

where e_gz b3 € SVP, e_p,by € Sin, S1 >0, B2 >0 and V € Ueonst (J).

Theorem 4.98 Let A and A; both belong to U(J,), let {bs,bs} € aprr(A)
and {bgl), bfll)} € aprr(A1). Then the conditions

(B5) by € ST by(b) T € ST and  C(A) € C(Ay)
hold if and only if AT*A € U(J,).
Remark 4.99 Theorem 4.98 remains valid if the condition C(A) C C(A1)
1s replaced by the condition

TA[CP*P N D(T4)] C T, [CP*P N D(T4,)].

Corollary 4.100 Let A and Ay both belong to U(J,). Then

C(A)=C(A1) and aprr(A) =aprr(Ar)
if and only if

Ai(N) = ANU  and U € Uopst(Jp).

Theorem 4.101 Let A be a nondegenerate meromorphic m x m muf in C |
let B = AU and suppose that

Ty[CP*P] C D(TB) and C(A) =CP*P.
Then:

(1) There exists a scalar function p(\) that is meromorphic in C such
that pA € Uponst(J)-

(2) If it is also assumed that A € P°(J), then A € Uponst(J).
Proof Let B(A\) = A(A)D and let W(A) = BA(N)D. Then
CrP = C(A)=Tp[S"PND(Ty)]
= Ty[Tw[S"*? N D(Tiy)).
Consequently,
Tw[S"" N D(Tyyg)] = 8" N D(Tyy),
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and hence, in view of Lemma 4.71, the conditions in (4.139) are in force for
W, since SP*PND(Tg) = SP*? ND(Tyy) under the given assumptions. Thus,
Theorem 4.88 and Corollary 4.93 are applicable. O

Ty [SP*P] = SP*P | since SP*P N'D(Ty) is dense in SP*P and Ty [SP*P] is
closed with respect to pointwise convergence in SP*P and Theorem 4.88 and
Corollary 4.93 are applicable. O
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Most of the information in this chapter that does not deal with multiplicative
representations can be found in the papers [Ar89], [Ar95a] and the mono-
graph [Dy89b]. The class U(J) of J-inner mvf’s is a subclass of the class
Pe°(J) of J contractive mvf’s, which was investigated by Potapov [Po60].
The discussion in this chapter of his results on multiplicative representa-
tions of mvf’s in the class P°(J) is adapted from the paper [Po60] and
Chapter 3 of the monograph [Zol03].

The problem of establishing conditions for the convergence of infinite prod-
ucts of mvf’s from P°(J), or, equivalently, the convergence of monotone
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The monograph [DF79] is an introduction to multiplicative integrals
and applications to differential equations; for a more recent review of
multi[licative integrals and multiplicative representations, see [GiSh94].

Remark 4.12 was established by Potopov [Po60].

The problem of recovering a mvf H(t) that is subject to the constraints
(4.33), given a mvf U € £ NU(J) is known as the inverse monodromy
problem. Potapov’s theorem guarantees the existence of at least one so-
lution. However, it is not unique unless additional constraints are imposed.
If J =1, and U € Uy(I,,), then Brodskii and Kisilevskii showed that the
condition 7y = Jy is necessary and sufficient for the existence of a unique
solution in the class of solutions H (t) > 0 with trace H(t) = 1 a.e. on [0, dJ;
see Section 30 in [Bro72]. If m =2, U € U(J;) and U(A\) = U(—N), then L.
de Branges showed that there is a unique solution in the class of solutions
with trace H(t) = 1 and H(t) = H(t) > 0 a.e. on [0, d]; see [Br68al, and, for
an expository account, [DMc76]. If the reality conditions U(\) = U(—\) and
H(t) = H(t) are dropped, then the solution is not unique; see [ArD0la], and
for additional information on the inverse monodromy problem, [ArD00a],
[ArD00b] and the references cited therein.
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Necessary and sufficient conditions for a 2 x 2 mvf A € U(J;) that is
meromorphic in C to be the BP product of elementary factors of the first
and second kind that are different from those in Remark 4.47 were obtained
in [GuT03] and [GuT06], where necessary and sufficient conditions for A to
belong to the class A € Uysr(J1) are also obtained.

The identification of BP products of elementary factors of the third and
fourth kind as resolvent matrices of bitangential interpolation problems with
constraints at points on R or at oo was discussed in [Kov83|, Chapter 8 of
[Dy89b] and [BoD06]. Connections of the class Ug(J) with the Hamburger
moment problem are discussed in [Kh96].

Theorem 4.17, which characterizes the class of mvf’s U € P°(J) that
admit a multiplicative integral representation of the form (4.37) is due to
Potapov [Po60]. His proof was based on rational approximation of a given
mvf U € P°(J) with properties (1)-(4) by a sequence of rational mvf’s
U, € U(J) with properties (1)-(4). He then represented each approximant
U, (X) as a finite product of normalized elementary BP factors and showed
that this sequence of products tends to a multiplicative integral of the form
(4.37); see e.g., [Zol03].

There is another proof of Theorem 4.17, in which, following M. S. Livsic,
a mvf B € P°(J) that meets the conditions (1)-(4) is viewed as the char-
acteristic mvf of a bounded linear operator A (in a Hilbert space) with real
spectrum and rank (A— A*) = m. The proof exploits the connection between
the multiplicative representation of the characteristic mvf of such operators
and the triangular representation of such operators in the Livsic model; see
Brodskii [Bro72], Livsic [Liv73] and Zolotarev [Zol03]. Every convergent in-
finite product of elementary BP factors of the third and fourth kind can be
written as a multiplicative integral with a discrete matrix valued measure. A
much richer class of multiplicative integrals that are singular J-inner matrix
valued functions was obtained by Katsnelson for the case m = 2. A number
of other results on 2 x 2 singular J-inner mvf’s may be found in [Kat89] and
[Kat90].

Lemma 4.40 arose following a lecture by (and discussion with) S. Naboko
in which the class of singular characteristic functions U4 () of nonselfad-
joint operators A were defined by the properties of S = PG(Uy) that are
formulated in assertion (3) of the lemma.
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A connection between 2 x 2 singular ji-inner mvf’s and a certain class of
singular Nevanlinna type interpolation problems was established in [AFK95]
on the basis of the work of Katsnelson [Kat89] and [Kat90].

The results in Section 4.17 are adapted from Simakova [Si74] and [Si75].
Extensions of these results to mvf’s with extra properties (e.g., real, sym-
metric, symplectic) may be found in [Si03].
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Reproducing kernel Hilbert spaces

5.1 Preliminaries

In this chapter we shall develop the basic properties of a number of RKHS’s
(reproducing kernel Hilbert spaces) with RK’s (reproducing kernels) of a spe-
cial form that were introduced and extensively exploited to resolve assorted
problems in analysis by L. de Branges. In later chapters, RKHS methods will
be used to describe the set of solutions to each of a number of completely
indeterminate bitangential interpolation and extension problems.

Positive kernels

An mxm mvf K,()\) that is defined on a set €2 x Q is said to be a positive
kernel on €2 x Q if

n
Z ui Ko, (wi)u; >0 (5.1)
ij=1
for every positive integer n and every choice of points wi,...,w, in Q and

vectors uy,...,u, in C™.

Lemma 5.1 Let K, (\) be a positive kernel on Q2 x Q. Then for every choice
of a, B €

(1) Ka(B)" = Kp(a).

(2) Ka(a) > 0.

(3) K@ < [Ea(@I21K5(3)]]?

(4) Equality holds in (5.1) if and only if 377 Ku;(Mu; = 0 for every
point \ € Q.

240
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(5) If Ko(a)u = 0 for some point o € Q and vector u € C™, then
K,(N)u =0 for every point X € Q.

Proof Formula (5.1) implies that the matrix
WKy (a)u uw* K, (B)v
v Kg(a)u v Kg(B)v

is positive semidefinite for arbitrary points a, 3 in 2 and arbitrary vectors
u,v in C™. Thus, (1), (2) and the estimate

W Ko (Bl < {u'Ka(a)u}? {v*Ks(B)v}?
< Ko (@2 1K5(B)12 [ull o],

which implies (3) and (5), are readily seen to be valid. Finally, another
application of formula (5.1) implies that the matrix

ZZj:l ’U,,?ij (wi)uj Z?:l U;ij ()‘>*U

2?11 V¥ Ky, (A)u; v*K\(A)v

A

is positive semidefinite for arbitrary points A in €2 and arbitrary vectors v
in C™ and hence that (4) is valid too. O

Basic definitions and properties

A Hilbert space H of m x 1 vector valued functions defined on a set €2 is
said to be a RKHS (reproducing kernel Hilbert space) if there exists
an m x m mvf K,(\) defined on © x Q such that:

(1) The inclusion
K,u€H (asa function of \) (5.2)
holds for every choice of w € 2 and u € C™.
(2) The equality
(f, Kyu)y =" f(w) (5:3)
holds for every choice of w € Q, u € C™ and f € H.

Any mvf K, (\) that meets these two conditions is said to be a RK (repro-
ducing kernel) for H. It is readily checked that:
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(3) The kernel K, ()) is a positive kernel.

(4) A RKHS has exactly one RK, i.e., the RK is unique.
(5)

5) If || fn — fllx — 0 asn | oo, then f,(w)— f(w) — 0 as n T oo at every
point w € €.

Theorem 5.2 If an m x m muf K, () is a positive kernel on 2 x Q, there
is exactly one RKHS of m x 1 vector valued functions on Q with K,(\) as
its RK.

Proof Let the m x m mvf K,(\) be a positive kernel on 2 x Q and let
L= ZKWJ MNu; wj€Q, ujeC” n>1 (5.4)

be the linear manifold of finite sums of the indicated form endowed with the
scalar product

n
=) Ky, (wiuy, (5.5)
i,j=1

when
n n

FO) = Koy(Wuy and g(A) =D Ku; (Ao (5.6)

j=1 j=1

for some n > 1, w; € 2 and uj, v; € C", 1 < j < n. The same sequence of
points, w . ..w,, may always be assumed in the representations (5.6) of the
vvf’s f(A) and g(A) by taking some of the u; = 0 or v; = 0, if needed.

The next step is to check that the inner product is well defined, or equiv-
alently, that if either f(A) =0 or g(\) =0, then (f, g) = 0. But if f(\) =
in €, then the following sequence of implications holds:

n
Zij( Jui =0 = ZK‘“ (wi)uj =0

= Zv;‘ij (wi)uj =0
=1

n
= Z v; Ky, (wi)u; = 0.

ij=1
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The linear manifold £ with scalar product defined by formula (5.5) is a pre-
Hilbert space. Moreover, if || f||*> = (f, f) = 0 for some vvf f € £, then, in
view of item (4) in Lemma 5.1, f(A) =0 on Q.

Next, let {f,} be a fundamental sequence in £. Then the formula

u* fn(w) = (fn, Kou)

implies that f, (w) is a fundamental sequence of vectors in C" for every fixed
w € Q. Let

flw)=lim f,(v), we. (5.7)

Thus, formula (5.7) defines exactly one m x 1 vvf f(\) on € corresponding
to each fundamental sequence {f,} in the pre-Hilbert space L.
Let

F0) = lim f,(0) and g(N) = lm g,(\). A€

n—oo

where {f,} and {g,,} are two fundamental sequences in L. Define the scalar
product for these two vvf’s by formula

<f7 >_ hm <fn’gn>-

This limit exists since {(f,, gn)}, n > 1, is a fundamental sequence of points
in C. After such a completion a Hilbert space H of m x 1 vvf’s g(\) on §2
is obtained in which £ is a dense manifold and, consequently, the first char-
acteristic property (5.2) of a RKHS with RK K, () holds. Moreover, since
there exists a fundamental sequence { f,} € £ such that f(\) = lim, o0 fn ()
for every f € 'H, the evaluation

u f(w) = I fo(w) = lim (o, Kou) = (. Kou).

n—oo n—oo

for every choice of w € Q and w € C™ implies that the second characteristic
property (5.3) holds too.

The uniqueness of the RHKS H of m x 1 vvf’s with given RK K, ()
follows from properties (5.2) and (5.3) of a RKHS. O
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Lemma 5.3 Let H be a RKHS of p x 1 vwf’s that are defined on a set )
and let K, (\) denote the RK of H and let

N, = {ueC’: K,(w)u=0}

Ry = {Ko(w)u:ueCl} and

fw = {f(CU)fEH}
Then
Ry =F, and N,=F=+

w

for every point w € Q. In particular,
at each point w € Q, F,=C" <= K,(w) > 0. (5.8)

Proof It suffices to show that N, = FL, since R, = N+
Suppose first that « € A[,. Then

u* f(W)| = [{f; Kowpn| < || fllnl Koulln =0

for every f € H, since ||K,ul|?, = u* K, (w)u. Therefore, N, C F.
Conversely, if u € FL, then v*K,(w)v = 0 for every v € CP. But this
implies that ©* K, (w) = 0 and hence, since K, (w) = K, (w)* that K, (w)u =
0,ie.,ueN,. O
In the sequel we shall only be interested in RKHS’s of vvf’s that are
holomorphic in some open subset €2 of the complex plane C and are invariant
under the generalized backwards shift operator R, which is defined for vvf’s
and mvf’s in Chapter 3 by formula (3.69). In order to keep the typography
simple, we shall not indicate the space in which R, acts in the notation.

Lemma 5.4 Let H be a RKHS of m x 1 vwuf’s that are defined in an open
nonempty subset Q of C and suppose that H is R, invariant for every point
a € Q. Then the following two assertions are equivalent:

(1) Ky,(w) > 0 for at least one point w € §1.
(2) Ky(w) >0 for every point w € Q.

Moreover, the sets N, R, and F, defined in Lemma 5.3 are independent
of the choice of the point w € ().

Proof Let u € Nj for some point § € Q2. Then, since N3 = ]:[,l by Lemma
5.3,

uw* f(B) =0 forevery fe€H.
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Consequently,
0 = u(Raf)(B)

u f(B) —u f(a)
a—f

for every f € H and every a € Q\ {5}

Therefore,
u*f(a) =0 forevery feH andevery «c€q.
Thus, u € F+, and as F = N, this proves that
N3 CN, forevery ac€.
Therefore, by symmetry,
N =N, for every point «a € Q.
Moreover, as
K,(w) > 0<= N, ={0},
it follows that
K,(w) >0 at one point w € N
<= K,(w) >0 at every point w € .
Since R, = ./\/'j and F, = R, the proof is complete. a
Theorem 5.5 Let H be a RKHS of m x 1 wvector valued functions that are
defined on a set 2 and let K, (\) be its RK. Then an m x 1 vuf f(\) that is

defined on € belongs to H if and only if there exists a constant v € R such
that

VK, (\) — fON) f(w)*  is a positive kernel. (5.9)
Moreover,
| £113, = inf{y*: (5.9) holds}.
Proof See e.g., pp. 16-17 of [Sai97]. O

Lemma 5.6 Let H be a RKHS of mx 1 vuf’s on some nonempty open subset
Q of C with RK K, (\) on Q x Q. Then the two conditions

(1) K,(A) is a holomorphic function of X in Q for every point w € Q;
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(2) the function || K, (w)| is bounded in every compact subset of €);

are in force if and only if

(3) every vof f € H is holomorphic in €.

Proof If (1) and (2) are in force and f € H, then (3) may be verified by
choosing a sequence {f,} of finite linear combinations of the form f, =
Y.K,;uj which approximate f in ‘H and then invoking the inequality

W {f (@) = ful@)} = 1 = fo Kou)s]
< N = Fallrel Ko (@)1 lul)-

This does the trick since the f,, are holomorphic in 2 and tend to f uniformly
on compact subsets of €.

Conversely, if (3) is in force, then (1) is selfevident and (2) follows from
the uniform boundedness principle of Banach and Steinhaus; see, e.g., pp.
98-99 in [Ru74] for the latter. O

Corollary 5.7 If, in the setting of the previous lemma, condition (1) is in
force and the muf K, (w) is continuous on ), then (3) is also in force.

Theorem 5.8 Let H be a RKHS of p x 1 vuf’s that are defined on a set
Q and suppose that H is invariant under the action of R, for some point
a € Q. Then R, is a bounded linear operator in H.

Proof Under the assumptions of the theorem, R, is a closed operator in
H: If K, (\) is the RK of the RKHS H and if h,, — h and Ryh, — g in H

when n — oo, then

Ehn(N) = (hn, Kn§)n — (b, KnEn = E7h(N)
and

& (Rahn)(A) = (Rahn, Kx§)n — (9, KnE)n = §7g(A)

for every A € Q and £ € CP. Therefore, g = Ryh, since £*(Ryhyn)(A) —
E*(Rah)(A) for every A € Q and £ € CP. This completes the proof by a
theorem of Banach (see e.g., Theorem 5.10 in [Ru74]), since R, is a closed
linear operator that is defined on the full space H. O
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5.2 Examples
Recall the notation

pu(A) = —2mi(\ — @), (5.10)

which will be used frequently.

Example 5.9 The Hardy space HY of p x 1 holomorphic vuf’s in Q = Cy
equipped with the standard inner product in L :

(oot = | gl (5.11)

is perhaps the most familiar example of a RKHS. The RK for this space is
I

K,(\) = —2_, 5.12

) Pu(A) (5.12)

defined on C, x C,..

Formula (5.3) is nothing more than Cauchy’s formula for HY. The repro-
ducing kernel formulas lead easily to the evaluation described in the next
lemma.

Lemma 5.10 If f € HX', ¢ € CP and w € C, then

H+f*£ = f(w)*i-
Pw Pw

Proof Let n € C? and o € C,.. Then
* * W* *
<H+ é,n> :<f,fn> _ S >€:<f(w) €,n> _
Po Pal g Po " Pa/ g pu () Po Pa/ g

The space HY is R, invariant for every point a € C, since
Rof e NYnLj

for every a € C; and every f € HY, and N? N L) = HY, by the Smirnov
maximum principle. The same argument implies that R,f € H} if a €
RNby, ie., if the vvf f is holomorphic at the point a. Moreover, it is easy
to check that

(5.13)

(Ra Ko, €)(\) = 2mi, (\) Ko ()€ (5.14)

for every point o € C; and every vector £ € CP.
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Example 5.11 The Hardy space K of p x 1 holomorphic vuf’s in Q = C_
equipped with the standard inner product in L is an RKHS with RK

defined on C_ x C_.

The space K} is R, invariant for every point o € C_. This follows from
the R, invariance of HY and the fact that

feK) = f* cHl.

Example 5.12 If s € SP*Y, then the kernel
I, — s(A\)s(w)”
pu(N)

is positive on Cy x Cy and hence, in view of Theorem 5.2, is the RK of
exactly one RKHS which we shall refer to as H(s). Moreover, every vuf
f € H(s) is holomorphic in C; .

Au(\) = (5.15)

__The asserted positivity of the kernel follows from the fact that the operator
M of multiplication by the mvf s restricted to Hi is a contraction from Hy
into HY and formula (5.13) written as

2

Zg“’l e (A
i = Puw;

2

st

Z 55]

zgl

< Z@

1 Pwj

for every choice of points wi,...,w, in C; and vectors &i,...,&, in C" and
every integer n > 1. The vvf’s in H(s) are holomorphic in C, by Corollary
5.7.

Remark 5.13 The space H(s) has two useful characterizations. The first,
which originates with de Branges and Rovnyak (for the disc) [BrR66],
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characterizes H(s) as the set of g € HY for which
k= sup{llg + sh|3 — |b]% - h e H3} (5.16)

18 finite. In this case

k= lgllFye = lgllz for every g € H(s).

The second characterizes H(s) as the range of the square root of the operator
(I — MSM;"ﬂHg A good discussion of the connection between these two de-
scriptions is giwen by Ando [An90]; see also Sarason [Sar94] and, for more
on the second description, Fillmore and Williams [FW71]. These character-
izations imply that H(s) is a subspace (not necessarily closed) of HY and
hence that every vuf f € H(s) has nontangential boundary values f(u) a.e.
on R. There is a natural analogue H.(s) of H(s) in Ki; see, eqg., [Dy03b].

Theorem 5.14 If s € SP*Y, then:
(1) (Ras)n € H(s) for every a € C4 and n € CY.

(2) If an,...,ar € Cx and my,...,np € CY, then
2

- 2 xe g = (i) s(ay)
> (Ra,s)n; <4r® > ) (o) (5.17)
j=1 H(s) ij=1 iy

with equality if s € anxq.
(3) The space H(s) is Ry invariant for every o € C..
(4) The inequality
1
Ra S S ~ S
1Bty < ol i
is in force for every a € C4 and every f € H(s).

(5) H(s) C HY as linear spaces and hence every f € H(s) has nontan-
gential boundary values f(u) a.e. on R.

(6) If s € SL*? for some p > q, then
H(s) = HY © sHY

and the inner product in H(s) is just the standard inner product
(5.11).
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Proof See Theorem 2.3 in [Dy89b]. O
Lemma 5.15 If s € SP*4, then each of the vector spaces
range {I, — s(w)s(w)*} and range{l; — s(w)"s(w)}
is independent of the choice of the point w € C,.

Proof The asserted conclusions follow by applying Lemma 5.4 to the
RKHS’s with RK’s A, (\) defined by s and s™, respectively. O

Example 5.16 Let b € Sfiflq for some p < q and let . = C_. Then
H.(b) = K§ © " K}

is a RKHS of ¢ x 1 holomorphic vuf’s in C_ with respect to the standard

inner product in LY with RK

(5.18)

defined in C_ x C_. Moreover, H.(b) is R, invariant for every a € C_.
In view of the fact that
f€H(b) <= fe K] and bf € HY

it is readily seen that the space H.(b) is R, invariant for every o € C_,
since R, f € KJ and

DB = 3BT () — 0 f()

belongs to HY for every choice of a € C_ and f € H.(b).

Example 5.17 If ¢ € CP*P | then the kernel

c(A) + c(w)*
pu(X)

s positive on Cy x Cy and hence, in view of Theorem 5.2, is the RK of
exactly one RKHS which we shall refer to as L(c). Moreover, since the con-
ditions of Corollary 5.7 are satisfied, every vuf f € L(c) is holomorphic in
Cy.

kS (\) = 2 (5.19)
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The asserted positivity of the kernel is an easy consequence of the Riesz-
Herglotz integral representation of a mvf ¢ € CP*P: If

g—zk & =2 -9 and £=3¢, (520
) ij('u) =1

then

90 = 72 [ dolng ) + ¢

and

SR W - Y5 3/ f*jf Ly e

1,j=1 i,j= 1 zj 1

=/ 0 (1) do()g° (1) + € ¢

= (9:9) ()

The main properties of £(c) are due to L. de Branges and may be found

on pp. 9-13 of [Br68a]. In the sequel we shall only use the estimate in the
next lemma, which is adapted from [Br63].

Lemma 5.18 If ¢ € CP*P and the spectral function o(u) of ¢ is such that
ola+e¢e)=oc(a—e¢) for some a € R and e > 0 and g is as in (5.20), then
the kernel k&, (X\) is positive on Cy U {a} x Cy U {a},

Rog € L£(¢) and [Ragllee) < e N9l (5.21)
Proof If g is of the specified form, then
1 />~ 1 1
Rog)(N) = — d °(u),
(Fa)V) = = [ ol ——g"(

which belongs to L(c), since

1 11 {1 1 }
p—ap—w; a-wj lp—a p—wj)’

Moreover,

o 1 o * 1 o
IRagllZ) = / 9°(n)*do () 9°(k)

IN
(L)
&
8
<

o
=

*

U
X
=
)

[e)
=
_
=
S
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Example 5.19 Let U € P(J). Then

J—=UN)JU(w)*
K,(A) = 5.22
(A) o) (5.22)
is a positive kernel on hg X h;} and hence, in view of Theorem 5.2, is the
RK of exactly one RKHS of m x 1 vuf’s on h;}, which we shall refer to as

H(U). In view of Corollary 5.7, these vuf’s are holomorphic in b;.

Theorem 5.20 If U € P(J), then:
(1) (RaU)v € H(U) for every choice of a € bf; and v € C™.
(2) The inequality

l l
V*JU (v
> (Ra,U)v; <dr® ) o (0“7)@]4 (5.23)
=1 ij=1 (aj)
H(U) =
holds for every choice of ay --- ,ay € hJUr and vy, ...,vp € C™.

(3) The space H(U) is R, invariant for every point o € by;.
(4) The inequality

1
1Ra fllnw) < 541+ 27H|1QU(@)QI}MIfll+w) (5.24)

holds for every f € H(U) and every a € b;.

(5) H(U) € N™ and hence every f € H(U) has nontangential boundary
values.

(6) If J # I, S = PG(U) and L(\) = (P—S(\)Q)™!, then the formula
F) = LNg(N), g€ H(S), (5.25)
defines a unitary operator from H(S) onto H(U).

Proof If J = I, then P(J) = 8™*™ b}, = C; and (1)-(5) follow from
Theorem 5.14.

If J # I,,,, then Theorem 5.14 is applicable to S = PG(U), since it belongs
to S™*™, and the kernels K, () and A, (\) that are defined by formulas
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(5.22) and (5.15), respectively, are connected:
Ko\ = LOVALL(@) on b x by

Therefore, K,,()) is a positive kernel on by x h7;. Moreover, (6) holds and the
identities based on the two recipes for the PG transform (see (2.6)) imply
that

(RoUY(\) = BOEANP = ; f+ S(a)L(e)
SNQ)(Q + PS(a)) ~

(S P = Q)(P +QS5(«

= LX)

— L(a)

@), where L(A) = (P +QS(\) ™!

’—\y\_/

L(A)(BaS)(A)L

which serves to justify (1), thanks to (5.25).
The second assertion rests on the chain of inequalities

2 2

¢ ¢
Z Ro, U)v; = || D_ (o, S)ys
j=1 H(U) J=1 H(S)
S(aj)
S 47T2 ) J Yi,
z]zl po” aj) !

where y; = z(aj))vj for j = 1,...,¢, which coincides with the right hand
side of (5.23).
Next, if f € H(U) and « € b7, the formula

(Raf)(A) = LA (Rag)(A) + (RaS)(N)QL()g(a) } (5.26)

displays the fact that H(U) is R, invariant. Moreover, in view of (5.25) and
(5.26)

| Ra flleny < N1Ragllmsy + 1(RaS)QL(a)g(a) )

Therefore, since

QL(a) = Q(P - U(a)Q) = —QU()Q

slarsta) = (o g;a)> < llgl {9@9(“)}/

ey Pa (a)

and
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it follows that

[(RaS)QL(@)g(@)lhys) < 27’”@’;(;‘25)(“)” < 2””69%‘&@)?””9”%

Thus, as

lgllst < llgllnesy and  |lgllrcs) = I1fllnw)s

the preceding estimates combine to yield the bound in (4).
Assertion (5) follows from formula (5.25) and the fact that L € N™*™
and g € H}" if g € H(S). O

5.3 A characterization of the spaces H(U)

In this section we present a characterization of RKHS’s of holomorphic vvf’s
with RK’s of the form (5.34) in terms of R, invariance and a constraint
on the inner product that is formulated in terms of the structural identity
(5.27), that is due to L. de Branges [Br63]. In de Branges original formulation
it was assumed that the underlying domain {2 was subject to the constraint
QNR # (). The relaxation of this condition to 2N Q # @ is due to Rovnyak
[Rov68].

Theorem 5.21 Let H be a RKHS of holomorphic m x 1 wector valued
functions that are defined on an open subset Q of C such that Q N Q # 0,
let J € C™*™ be a signature matriz and suppose further that:

(1) H is invariant under R, for every point a € §).

(2) The de Branges identity

<Rafa g>'H - <f7 R,39>H - (Oé - ﬁ) <Raf7 Rﬁg>H - 27T2g(/8)*¢]f(06)
(5.27)
is in force for every pair of points a,, B € Q and every pair of functions
f,9€H.

Then the RK K, (\) of H meets the following conditions:
(1) J—pu(p) K, (1) is congruent to the matriz J for each point u € N Q.

(2) If u € QN Q is fized and
J = pu(p) Ky (p) =T7JT (5.28)
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for some invertible matriz T € C™*™, then
J=UWN)JU(w)*

K,(\) oV (5.29)
on Q2 x Q, where the muf U(X) is uniquely specified by the formula
UA) = {J = pr(N KN} T (5.30)
up to a constant J-unitary factor on the right.
Proof The proof is broken into steps.
Step 1is to show that the muf
P,(AN) =J — pu(N)K,(N) (5.31)
satisfies the relation
Po(N) = Ba(N TP (1) Pa(w)’ (5.32)

for every pair of points A,w € (.
The identity

Ku(A) — Ku(p) _ Ku(A) — Kz(A)
A— U w—pu
is easily deduced from (5.27) by choosing o = pu, 8 =1n, f = K,u, g = K)v
with A € Q\ {u}, w € Q\ {f} and u,v € C™. Then, upon cross multiplying
by (A — u)(w — u) and reexpressing in terms of P, (\), it follows that

P,(N) = Pr(N) TPy (u) (5.33)

= 2miK7(\)J K, (1)

for every pair of points A, w € . Thus
P, (1) = Pa(f) TP, (1),

and, since p, (1) = 0,

J =P, (p) = Pr(p)J Py(p) = Pu(p)J Pr(f).-

Consequently,
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Thus, upon substituting the last formula into (5.33), we obtain (5.32).

Step 2 is to verify (5.28).

It is convenient to let M = P,(u). Then M = M*, M is invertible and
M = JPg(@)J. If p € R, then M = J and we may choose T' = I,,. If
1 ¢ R, then without loss of generality we may assume that p € C_. Suppose
further that J # +1,,,, let x # 0 belong to the range of the orthogonal projec-
tion P = (I, +J)/2 and let y # 0 belong to the range of the complementary
projection @ = (I, —J)/2. Then

(Mz,z) = {J = pu(w)Ku(p)}z, )
= (2, 2) — pu()(Kp(p)z, z)
> 0,
since p, (1) < 0 and K, (p) > 0; and
(My,y) = T - pel) Ka()} Ty, y)
=~y - e(E)(Ka()y, y)
< 0,

since pp() > 0 and Ky () > 0.
Now let

N=[X M'YIM[X M'Y],

where X € C™*P Y € C™*4 range X = range P, range Y =
range @, p = dim(range X) and ¢ = dim(rangeY’). Then, since

Nii=X*MX >0, Nop=Y*M MMy <0,

[X M~'Y]is invertible and N = N*, it follows that M is congruent to the
matrix
N1y 0
0 Nag — NiyNj ' Nio

which has p positive eigenvalues, and ¢ negative eigenvalues. Consequently,
M is congruent to j,q, which is congruent to .J. Therefore, (5.28) holds
when J # +1,,. The proof is easily modified to cover the cases J = +1,,.
The details are left to the reader.
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Step 3 is to complete the proof.
Formulas (5.28), (5.31) and (5.32) imply that

P,(A\) = Pe(N)JT*JTJPr(w)* = UN)JU(w)*
with
U(X) = Pg(N)JT™.

This serves to establish formulas (5.29) and (5.30).
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It remains only to check uniqueness. But, if there exists a second m x m

mvf V() that is holomorphic in €2 such that

T VIV (W)
B Puw(N) ’

Ko(A)
then
V() IV ()" = J = V(@) IV ()
and
VANJV(w)* =UN)JU(w)*
for every pair of points \,w € Q. Therefore,
V) = VNIV (@) IV (p) = UNJU @) IV (p) = UNL,
where
L= JU(m)*JV(p)
is independent of X\. Moreover, the development
J=V@)"JIV(p) = L*U@)*JU(u)L = L*JL,

proves that L is J-unitary.

O

Theorem 5.22 Let 'H be a RKHS of m x 1 wvector valued functions that
are holomorphic on a nonempty open subset Q) of C that is symmetric with
respect to R and suppose that there exists an m X m signature matriz J and
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an m x m muf U(X) that is holomorphic in Q such that the RK K, ()\) can
be expressed on ) x Q by the formula

J — U\ JU(w)*

if NA£w
KN=1 (f’)w}y( . hAr (5.34)
% if A\=w

Then
(1) H is R, invariant for every point o € Q.

(2) The de Branges identity (5.27) is valid for every choice of f,g € H
and o, B € Q.

Proof The proof is broken into steps.

Step 1 is to check that if \,w,a, € Q, and o # W, then
K,(A\) — Ka(\)JU(a)JU (w)*

w—«

(RaKy)(N) = (5.35)

Let N,(A\) =J —U(X)JU(w)*. Then, since

o)~ Kole) = { 5y ~ o o0 +

1
Pu ()

{Nu(A) = No(@) },

and
J=U(a)JU(@)" =U(a)"JU(«a),

the result follows from the evaluations

(8 )= (L) sy e

and
No(N) = No(@) _ U(@JUw)* =UQN)JU(w)"
A—« A—a
_ { V(@U@ VN0 (E) } JU()JU(w)"
= —2miKz(\)JU(a)JU (w)*.

Step 2 is to verify the formula
(I+(a=B)Ra)f,(I+(B—a)Rs)g)n = (f,9)n — ps(@)g(B8)" T f(a) (5.36)
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for a, B € Q and sums of the form
k l
f= Z K, uj and g= Z K., v, (5.37)
j=1 i=1

where the points wj, v; € £ and the vectors uj, v; € C™.

The identity is verified first for kK = £ = 1 by a straightforward, though
lengthy, calculation that makes use of (5.34) and (5.35). The extension to
finite sums is then immediate since inner products are sesquilinear.

Step 3 If f € H is as in Step 2 and o € Q\ R, then

1+ {1+ 27|a —al|| Ky (@)
o -7l

1/2
|Roflln < e 39)

The inequalities

@) fl@) = {(fKaf@h < I Il Ka (@)l
1124 £ (@) Ko () f(c) }1/?

imply that
LF (@I < [ £l Ka(a) ]2,
Therefore, by formula (5.36) with a = § and f = g,
(T + (@ = @) Ra) fllre < {1 + 2l — @l Ko ()|} £ 15¢-

The bound (5.38) then follows from the triangle inequality.

Step 4 If f € H is as in (5.37) and [a —e,a+¢] C QNR for some e >0
and U(p) + U(«) is invertible in this interval, then

1R fllzery < {7+l &G (@) f - (5.39)

Let S = PG(U) and assume that U(a) = I,,. (This involves no loss of
generality because U(X)JU («)*J meets this condition.) The mvf’s

C = JTylS)J = (I, —U)(Im +U) 1T (5.40)

and
M) =2(L, +UN) ' =L, +C(\)J (5.41)
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are holomorphic in an open set € that contains [« — €, a« + €] and
C(A) 4+ C(w)*

—mi(\ — @)
Thus, in view of Corollary 5.27 that will be presented in the next section,

there exists a unique extension of C'(A) into C that belongs to C"*™ that
will also be denoted by C(\). Formula (5.42) implies that

2R(C(p+iv) =M(p+iv){J —U(p+iv)JU(p+iv) M (n + iv)*

= MWKV (\)M(w)*. (5.42)

w

and hence if the interval [a — e, + €] C by N by, that the values of the
spectral function o(u) of C(\) are equal at the endpoints of this interval.
Thus,

1
[Ragllcic) < gHgHL(C)

for finite sums of the form g = > ng uj, by Lemma 5.18. Moreover, if f is
as in (5.37), it is readily checked that

IMFI1Z0) = 1D KS M(wi) ™ ujllzey = 1 o)
j=1

Therefore, since

(RaMf)(A) = M(N)(Rof)(N) + (Ra M)(N) f(e)
and
(RaM)(N) = —miM (A K[ (N)J,
it follows that
IRaf i) = IMRafleie) = 1RaMf +miME T f(@)]cioy

< *HMfllz: )+ 7K T (@)l
which yields (5.39).

Step 5 is to complete the proof.

Finite sums of the form considered in (5.37) are dense in H and the bounds
in (5.36) and (5.39) insure that if a sequence f,,, n = 1,2, ... of finite sums
of the form considered in (5.37) tend to a limit f in H, then R, fn tends
to a limit f in ‘H when a € Q). Moreover, f can be identified as R, f, since
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norm convergence implies pointwise convergence in a RKHS. Thus, H is R,
invariant for every point o € 2 and the bounds on R, are valid for arbitrary
f € H and formula (5.36), which is equivalent to the de Branges identity,
holds for arbirary f,g € ‘H and «, 3 € (. O

Lemma 5.23 If U € P(J), then
range {J — U(w)JU(w)*} and range{J — U(w)*JU(w)}
are independent of the choice of the point w € bJUr

Proof The first assertion follows from Lemma 5.4; the second follows by
applying the same lemma to the mvf Uj(\) = U(—))*. O

5.4 A finite dimensional example and extensions thereof

The conditions (1) R, invariance and (2) the de Branges identity (5.27) in
Theorem 5.21 are particularly transparent in the finite dimensional case.
Thus, for example, if F'(A) is an m x n meromorphic mvf in C with columns
that are independent in the sense that F'(A)u = 0 for an infinite set of points
that includes a limit point if and only if u = 0, then the space

H={FMNu:ueC"} (5.43)
endowed with the inner product
(Fu, Fv)y = v*Pu (5.44)
based on any positive definite n x n matrix P is a RKHS with RK
K,(\) = FNP ' F(w)*. (5.45)

If H is R, invariant for some point a € h, then there exists an n x n matrix
V such that

Thus,
F(\) = F(a){(I, +aV) = AV} L

i.e., R, invariance forces F'(\) to be a rational mvf. If it is also assumed
that F'(A\) — 0 as |A\| — oo, then it is readily checked that V' is invertible



262 Reproducing kernel Hilbert spaces

and hence that F'(\) can be reexpressed as

C
F(\) = — (A, — A)* 5.46
()= (M - 4 (5.40
where, ﬁ?;&kernel CAJ = {0} (i.e., (C, A) is observable). Thus, hr = {\ €
C : det(\,, — A) # 0} and, with the aid of the evaluation

(RaF)Y\) = —F(N)(al, — A)™' for a € bp, (5.47)

it is also easily verified that H is R, invariant for every o € h and that the
de Branges identity (5.27) holds if and only if the positive matrix P that
defines the inner product is a solution of the Lyapunov equation

A*P — PA =iC*JC. (5.48)

Moreover, upon invoking formula (5.30) and letting u € R tend to oo, it is
readily checked that

U\ = I, —iC(\, — A)~'P7tc*J (5.49)

up to a constant J-unitary multiplier on the right.
de Branges spaces are a convenient tool for solving tangential Nevanlinna-
Pick problems. In particular:

Theorem 5.24 Let &,...,&, € CP, ny,...,n, € C? and ayq,...,a, € Cy.
Then there exists a muf s € SP*4 such that {s(a;) =07 for j=1,...,n if
and only if the n X n matriz P with components

_&& —nimy

ii=1,....,n,
Pa; (al)

Dij
s positive semidefinite.

Proof Suppose first that there exists a mvf s € SP*? such that 5;8(%) =
for j = 1,...,n. Then the necessity of the condition P > 0 is an immediate
consequence of the inequalities

2 2 2
n n n
—1 _ R N | R —1g
Y ciamill = Do cea)s() Gl = (T Me Y eipalé
i=1 st i=1 st =1 st
2
n
< E cipalé;
= 7Paj S
i=1 st
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Suppose next that P > 0, let J = j,q, v; = col[§,n;] for j =1,...,n,

o [& ¢ ]:_' for -+ ]
W2r | m oo My 2T
A = diag{ay,...,a,},
C

F(\) = (M, — A~ and W(A) = L, — iF(\)P1C%j.

V2r
Then, since P is a positive definite solution of the Lyapunov equation (5.48)
with J = jj, the space H = span {F(A\)u : u € C"} endowed with the inner
product (5.44) is a de Branges space with RK
— W(A)jpgW (w)*

pu(A)

Moreover, if f; = p;jlvj denotes the jth column of F', then since

K (1) = 2

V] JpqVk

pee = (frs fo)n = po, ()

= <qufk7 f£>st

for k,1 =1,...,n, it follows that

. , ing — WipgW (w)*
U fk(w) - <]quka Ipg 5pq ( ) u>
w st

) Jpqth ) W jpg W (w)*
<]quk7 pq> - <]quk7 pq()u>
P st P st

w w

U*W(w)jz)qw(ak)*quvk
Py, (W)

= U fr(w) —
for every w € C; \ {ag}. Thus,
. « | win(on) wiz(ag) } .-
— =V W — 0
[Sk nk] [ w21(ak) w22(ak) kJpq (ak)
and hence
fzwlz(ak)wn(ak)_l =,

which exhibits s19 = w12w2_21 as a solution of the Nevanlinna-Pick inter-
polation problem if P > 0. A more detailed analysis exhibits Tyy [SP*?] as
the full set of solutions. The case P > 0 may be handled by a limiting
argument. |
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Corollary 5.25 Let wi,...,w; € Cy and let sy, ... Sy, € Stal,. Then there

const
exists a muf s € SP*4 such that s(wj) = sy, for j=1,....k if and only if
k
I, — s, s
o wr ey, >0 (5.50)
ij=1 Puy, (w7)
for every choice of vectors uy,...,u € CP.

Proof This is a special case of Theorem 5.24 with n = kp,

1
C=—- [I*p {f’} and A = diag{wil,,...,wplp}.
27T Sw1 o e ka
(]
Let Q be a subset of C; and s, € CP*? for each point w € € and let
S(Q2;8,) = {s € "1 : s(w) = s, for every point w € Q}.
Lemma 5.26 S(Q);s,) # 0 if and only if
— Sw,; S,
Z 5] L e >0 (5.51)
j,k=1 pwk )
for every choice of points wi,...,w, € Q and vectors &, ...,&, € CP.

Proof The necessity of condition (5.51) follows from the positivity of the
kernel
I, — s(A\)s(w)*

Puw(N)

when s € SP*4. The sufficiency of this condition when € is a finite or count-
able set is a consequence of Corollary 5.25 and the sequential compactness
of SP*4,

If Q is uncountable, then there exists a limit point wy € C of the set 2.
Let wi,wo, ... be asequence of distict points in €2 that tend to this limit point
wg. Then, in view of the preceding discussion, there exists a mvf s € SP*¢
such that s(w;) = s, for j = 1,2,..., and, since wy is a limit point, there

Au(A) =

is only one such mvf s € SP*9. The same argument shows that if o is any
other point of the set 2, and if s is the unique mvf that was considered just
above, then s(a) = s,, since the sequence «, wy,ws, ... still tends to wy. O
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Corollary 5.27 If Q) is a subset of C1. and c,, € C0\P, for each point w € €,
then the set C(2;¢,) of muf’s ¢ € CP*P such that c¢(w) = ¢, for every point
w € Q is nonempty if and only if

g - b g (5.52)
7,k=1 pw;\ )
for every choice of points wy,...,w, € ) and vectors &,...,&, € CP.

Proof The necessity of condition (5.52) is clear from Example 5.17. Con-
versely, if this condition is satisfied and s, = PG(c,), then the set
{sw 1 w € Q} satisfies the condition (5.51). Therefore, Lemma 5.26 guar-
antees that S(w;s,) # 0. Thus, as Ty[s,] = ¢, it is readily seen that
C(Q cn) = Ty[S(£2; 54,)] and hence that C(2;¢,) # 0. O

Corollary 5.28 If Q is a subset of C and U, € Peonst(J) for each point
w € Q, then the set Pj(Q;U,) of muf’'s U € P(J) such that U(w) = U, for
every w € § is nonempty if and only if

n T U, JU,

U5 v >0 (5.53)
j;l T Py (w))
for every choice of points w1, ...,w, € Q) and vectors vy, ...,v, € C™.

Proof The necessity is easily checked directly from the identity

? T UL, JUE,

a Z U Puy, WJ)

HU)  Jk=1

—

which is valid for U € P(J).

Conversely, if the condition (5.53) is met, then the set S(€; S,,) with S, =
PG(U,) is nonempty by the preceding lemma, i.e., there exists a mvf S €
S"*™ such that S(w) = PG(U,) for every point w € Q. Thus,

det(P +QS(A)Q) # 0,

and hence U = PG(S) is well defined and U(w) = PG(S,,) = U,, for every
w € ), as claimed. O

Lemma 5.29 Let J be an m xm signature matriz, let U(X) be an m xm muf
that is holomorphic in an open set Q C C such that the kernel KU (\) that
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is defined by formula (5. %} is positive on {2 X Q. Then there exists a unique
meromorphic extension U € P(J) of U(N) to a domain Q = by C C,.

Morever, every vof h € H(U) has a unique extension h € H(U) to the
domain 2 and

(hy @)1y = (n, Dy

Proof There are three cases to consider:

1. J=1I,: f wj € Qfor j =1,2,...is an infinite sequence of points in 2
with a limit point wy € €, then, since P(I,,) = S™*™, there exists a unique
mvf U € 8™ such that U(w;) = U(w;) for j = 1,2,.... Moreover, the

kernel Kg (M) meets the conditions of the lemma.

2. J = —I: In this case, UN)U(N)* > I, for A € Q. Therefore, U(\) is
invertible and the preceding argument is applicable to S(\) = U(\)™}, since
it belongs to S™*™,

3. J # *1,,: The argument in the first paragraph is now applied to S =
PG(U). O

5.5 Extension of H(U) into C for U € P°(J)
If U € P°(J) and

Qp ={Aen):detUN) #0} and Q- ={X: A€},
then U will be defined in 2_ by the symmetry principle
U\ =JUP(N)LT for AeQ_.

Let hy denote the largest open set in C to which U can be extended as a
holomorphic mvf and let

by =by NC- and by = by NR. (5.54)

Then h;} =bpNCy 2Q,,b; 20 and

webh) = (w-56w+d) Chy and U(p)*JU(u)=J
for p € (w—9,w+9) for some d > 0.
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Moreover, U is holomorphic on the set
Qr=0Q,UQ_uUby (5.55)
and
U#(N\)JU(N) = J for every point A € Q. (5.56)
Since U is J-contractive in f)?} and —J-contractive in f;, the restrictions U,

of U to C; and U_ of U to C_ are meromorphic with bounded Nevanlinna
characteristic in C, and C_, respectively. Therefore, the limits

Uy(p) = lig)l U(p+iv) and U_(u) = liﬂr)l U(p —iv)

exist a.e. on R and, in view of (5.56), U_(u)*JU+(p) = J a.e. on R. Thus a
mvf U € P°(J) that is extended to C_ by the symmetry principle belongs
to the class II"*™ if and only it belongs to the class U(J).

Example 5.30 Let b(A) = (A —1i)/(A+1i) for X # i and let U(\) =
diag{b(X\)/2,1} in Cy. Then U € P°(J), Q4 = C4 \ {i}, Q_ = C_\ {—i},
Uy = U, U_(N) = diag{2b(X\),1}. Thus, the muf U_(X), which is obtained
by the symmetry principle is not the holomorphic extension of Uy ().

Theorem 5.31 If U € P°(J), then:
(1) The formula (5.34) defines a positive kernel on by X hy. Every vuf
in the RKHS H with RK K, (\) is holomorphic on by .

(2) The RKHS H with RK K, ()\) is R, invariant for every point o € Q.

(3) The de Branges identity (5.27) is in force for every choice of o, 3 €
Qu and f,g € H.

Proof To verify (1), it is necessary to show that

n

Z xi Ky, (wi)xs >0 (5.57)

s,t=1
for every choice of points wy,...,w, € Qp and vectors x1,...,x, € C". We
shall treat the main case in which the sum (5.57) is considered with points
in both ©Q; and €2_ and leave the other two cases to the reader. Without
loss of generality, we may assume that ws € Q4 fors=1,...,k and ws € Q_
fors=k+1,...,k+ /. Then n = k + ¢ and it is convenient to set oz = w;
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fors=1,...,k; and B = wro¢ and y; = x4 for t =1,...,£. Then the sum
(5.57) can be split into four pieces:

k ok
@Z Z JKa aj T, @ ZZ?J:K@Z /Bt 1‘2)
ij=1 t=1 i=1
k l
@=> > =ik (ay)y; and @= > yi Ky (Br)y;.
j=1 s=1 tj=1
Moreover, since
 J=U(@)JU(B)*
ol = )
= ——=JU
—2772'(04 - f) )
- )
for o # B,
¢k
@:ZZx (Rﬁ )(as Jv; and @ = Zth (Rﬂ ) i),
j=1s=1 t=1 i=1

with 2miv; = JU(B;)*y; for j =1,...,£. On the other hand, since

o [T -UB)ITUB)
©= Zy{ 05, (1) }y]
‘ U(B,)*JU(B;) — J}
- :U(@)J{ A TU(B) s
t; Y “oni(f — B;) Y
‘ J —U(B)*JU(B;) }
= 4x2 vy — J v
> { 5.3)
, 2
> Z(RB]'U)UJ )
j=1
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thanks to (5.23), it is readily seen that

2

k 14
O+ @+ @+@> | Y Ko+ (Ry U)vy| =0,
i=1 j=1

Thus, the kernel K, (\) is positive on Qp x Qp and hence also on by x hr. The
rest of asserion (1) follows from Theorem 5.2 and Corollary 5.7, since K, (w)
is continuous on hy. Assertions (2) and (3) are immediate from Theorem
5.22, since §2 is symmetric with respect to R. O

Remark 5.32 If U € P°(J) has a holomorphic extension through some
interval (a,b) C R and if U(p)*JU(u) = J for all points n € (a,b), then
the assertions of Theorem 5.31 remain valid if ) is replaced by the larger
domain by .

Theorem 5.33 Let 'H be a RKHS of m x 1 vuf’s on a subset Q of C with
RK K, (\) on Q x Q and let Q0 be a nonempty subset of Q. Then the set

of restrictions f = fla off € H to Q is a RKHS 'H with RK that is the
restriction of K, () to Q x £ and the operator

TQ:fEﬁ—>]?|Q,

is a partial isometry from H onto H with ker Ty = {f EH: f|Q =0}. If
Q and Q are open and H is a RKHS of holomorphic vuf’s on Q and Q has
a nonempty intersection with each connected component of Q, then Tq 1is
unitary.

Proof In view of Theorem 5.2 and Corollary 5.7, the restriction of K, ()
to Q x ) defines a unique RKHS H of holomorphic m x 1 vvf’s on  with
the restricted K, (\) as its RK. Moreover, with the help of Theorem 5.5, it
is readily checked that

ITaflB < IFI%, for every [ € H,

i.e., Ty is a contraction. On the other hand, if w; € Q2 and u; € C™ for
j=1,...,nand X\ € Q, then

= ZK‘“J (A)u; belongs to H, floeH
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and

A% = > ur Ko, (wius = ||l

ij=1

Then T, maps a dense subspace of H isometrically onto the closure in H of
sums of the indicated form and is equal to zero on the orthogonal comple-
ment of this closure, as claimed. O

Theorem 5.34 If U € P°(J) and H = H(U) is the RKHS of holomorphic
vuf’s on by that is considered in Theorem 5.31, then:
(1) The restrictions fy = f‘h?} belong to the Nevanlinna class of m x 1
vuf’s in Cy, respectively, for every f € H.

(2) The limits f+(p) =lim, o f(p+ iv) exist a.e. on R if f € H.
B) UelU(J) <= H(U) cIIm.

Proof (1) follows from Theorems 5.33 and 5.20 and (2) is immediate from
(1). The condition H(U) C II'" implies that that fi (u) = f—(u) a.e. on R
and hence, upon applying this to the vvf f(\) = KU (A\)v for w € hy Nhy -
and v € C", that Uy (p) = U_(p) a.e. on R. Thus, U € U(J), since J —
U_(p)JU-_(p)* < 0 and J — Uy (p)JUL(pw)* > 0 a.e. on R. The converse
implication will be established later in Theorem 5.49. O

5.6 The space H(b) for p x p inner mvf’s b(\)

In this section the RKHS H(b) for b € 8PP that was introduced earlier in
Example 5.12 will be studied in more detail. Earlier, H(b) was defined as
the RKHS of p x 1 vvf’s that are holomorphic in C; with RK A, (\) on
C4 x C4 defined by formula (5.15) with s(A) = b(A). In view of assertion
(5) of Theorem 5.14,

H(b) = HY © bHY
and the inner product in H(b) is just the standard inner product (5.11) in
Lh.
Lemma 5.35 Ifb € anXp, then:
(1) beIrxr,
(2) H(b) CTI”.
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Proof To verify the first assertion, recall that b € S/”7 admits a pseudo-
continuation to the lower half plane C_ by means of the recipe
b(N) = {v" (N}
for every point A € C_ for which b()\) is invertible. Thus, as b(y) is unitary
for almost all points p € R,

lim b(p — i) = lsilrg{b(;wie)*}’1 = {b(p)* 3!
= MMZEﬁMu+w%

for almost all points i € R.

Next, (2) follows from the fact that H(b) = HY N bKY and Corollary
3.107. O

Since every vvf f € H(b) admits a pseudocontinuation to C_ that is
holomorphic on the set b, the space H(b) may be viewed as a space of p x 1
holomorphic vvf’s on the set h; and not just on C, .

Lemma 5.36 Let b € SU7 and let the kernel k% ()\) be defined on by, x by
by the formula

Iy = b(A)b(w)"

if ANA£w
B =9 f;w(Al foaze (5.58)
POy a=w

Then:
(1) k2(X) is a positive kernel on by x by,
(2) ||k (w)]| is continuous in by.

Proof The first goal is to check that the kernel k”()\) that is defined for

be 8PP on by x by, by formula (5.58) is positive. It is enough to check that

this kernel is positive on the set Q x €, where Q =Q, U Q_, Q. ={\ €

Cy :detb(N) # 0} and Q_{X\: X € .}, since this kernel is continuous on

by % by. But this follows from (1) of Theorem 5.31 with J = I,,. The second

assertion is self-evident. O
Our next objective is to show that if b € an%p, then
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(1) Nrernwbsr = bo-

(2) The space of vvf’s in H(b) extended by pseudocontinuation into all of
by coincides with the RKHS H of vvf’s on b, with RK k”(\) defined on
by X by.

Lemma 5.37 Let b € S!7. Then R,b¢ € H(b) for every choice of a € by
and £ € CP.

Proof The stated assertion is readily verified by direct calculation when
a € C;4. On the other hand, if @ € C_ Nk, then @ € by, b(a)b(a@)* = I, and
the desired conclusion follows from the identity

(Rab) (M) = 2mikl (\)b(a), (5.59)

which expresses the left hand side in terms of the RK of H(b).
If a € RNy and & € CP, then another argument can be based on the
observation that

Robé = b(AA) = Z(O‘)g € HY

and

b7 () — b (o)

I, —b(\) '
b 1R, bE =L A(_)a <a)5:— S b(a)¢ € K3.

Thus, R,b¢ € H(b). O

Lemma 5.38 Let b € 8!V and let d(\) = det b(\). Then
by=by and H(b) C H(dL). (5.60)

Proof Clearly b, C hy. Moreover, since b(\) and d(\) are both holomorphic
in C,, it remains only to check the opposite inclusion in RUC_.

Suppose first that @ € h; N C_. Then, since d(w)d(w)* = 1, d(w) # 0.
Therefore, b(w) is invertible and @ € b, also.

Next, if w € hg N R, then d(\) is holomorphic in a neighborhood of w
and hence (since |d(p)| = 1 for almost all points p € R), |[d(A)| > € > 0 in
a possibly smaller neighborhood of w. Thus b(\) is holomorphic, invertible
and bounded in the intersection of a small rectangle R centered at w with
C, UC_. The integral

L v - e

21 T
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around the boundary I' of R defines a holomorphic mvf in the interior of R
which coincides with b(A) in RN(C; UC_). Therefore, b(A) may be presumed
to be holomorphic in IO?; see the proof of Lemma 5.39 below for more details
and references.

Finally, the second assertion in (5.60) drops out easily from the observation

that db~! € S!”7 and hence that dHS C bHY. O

m

Lemma 5.39 Let b € SU*F. Then w € by if and only if every f € H(b) is
holomorphic at w, i.e.,

bo = Nrenm)by-
Proof Let f € H(b). Then clearly

by = C. = by,

Moreover, since f = bf_ for some mvf f_ € K} and f_ is holomorphic in
C_,

h, Cb;

for every f € H(b). On the other hand, the inclusion is reversed for f = R,b¢,
which belongs to H(b) for every « € b, and £ € CP by Lemma 5.37.

Finally, if w € R N b, then b(N) is analytic in a small rectangle (with
nonempty interior) centered at w which intersects R in the interval [a;, as].
Let f € H(b). Then on the one hand, since f € HY, it follows that f is
analytic in C; and

[+ ) = Fldn < {<a2 —an) [+ in) - f<u>u2du}2 ,

L1 —
which tends to zero as v | 0. On the other hand the representation f = bf_
with f_ € K. insures that f is analytic in the intersection of the rectangle
with C_. Moreover, it is not hard to show that

100 = 1= i) = o) £l — 0

a1

as v | 0. Therefore, by a well known argument based on Cauchy’s formula,
it follows that every f € H(b) can be continued analytically across the
interval (ap,az); see e.g., Carleman [Car67] and pp. 223-224 of Sz.-Nagy-
Foias [SzNF70]. This proves that RN h, € RN by for every f € H(b). The
proof is now easily completed by resorting to functions of the form R,b&
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with o € b, and & € C? in order to exhibit functions in H(b) for which the
inclusion is reversed, just as before. O
Lemmas 5.35-5.39 are covered by the next theorem.

Theorem 5.40 Let b € SP*? and H(b) = HY © bHY. Then:

m

(1) Every vuof f € H(b) admits a pseudocontinuation to C_, i.e.,
H(b) C II7.

(2) by = Ngenmbs-
Moreover,

(3) The space H(b) is a RKHS of holomorphic p x 1 vuf’s on by with
respect to the standard inner product in LY(R) and the RK k'()\)
that is defined on by, X by by formula (5.58).

(4) The space H(b) is R, invariant for every point a € by,.
(5) Ry is a bounded linear operator on H(b) for every o € by,.
(6) R,bE € H(D) for every point o € by, and every vector £ € CP.

Proof Assertions (1), (2) and (5) are covered by the preceding lemmas. The
verification of (4) for a € C; is quick and easy. It rests on the observation
that if ,(A\) = A — «, then

I
da
for f € HY and o € C;. Thus, if g € H(b) and «a € C4, then R,g € H(b),
since Rog € H) and

Rof = II, (5.61)

b = (g, b =0,

<Rag, bf>ef = <i 66[

50&

for every f € HY.

Next, if @ € C_ N, and g € H(b), then b(a)b(@)* = I, and, by Lemma
5.39, a € h,. Therefore, upon writing g = bf with f € K%, it follows that
a € by and hence, from Lemma 5.37 and the formula

(Rag)(A) = bA)(Raf)(A) + (Rab)(A) f (@), (5.62)

that R,g € bKE. The proof is now easily completed by checking that R,g €
H.
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Finally, the argument for « € C_ Nk, works for o € RN b, also in view
of the fact that if g € HY and @ € RN b, then R,g € H) and, similarly, if
f €KY and a e RNy, then R, f € KJ.

It remains only to verify that the RKHS H with RK k% (\) on b, x by
coincides with the space of vvf’s f € H(b) considered on b, instead of just
C.. But this follows from Theorem 5.31. O

Lemma 5.41 Let b € S'" and let H(b) denote the RKHS of px 1 wf’s on
by with RK kY (\) that is defined on by, x by by formula (5.58). Then the sets
N, Ro, and F,, defined in Lemma 5.3 with K,(\) = k()\) are independent
of the choice of the point w € by. Moreover, the following conditions are
equivalent:

(1) K (w

) > 0 for at least one point w € by,.
(2) K2 (w) > 0 for every point w € by,

) :

) :

(3) {f(w): feH()}=CP for at least one point w € by.

(4) {f(w): feH(D)}=CP for every point w € by.

Proof The stated results follow from (4) of Theorem 5.40 and Lemma
5.4. O

5.7 The space H.(b) for p x p inner mvf’s b(\)
If b € S, then the space H.(b) of px 1 vvf’s on C_ considered in Example

5.16 may be extended to a space of vvf’s on b4 :

Theorem 5.42 Let b € 8PP, let H.(b) = K§ ©b" K} and let the RK £5,())

m

be defined on bz X bhyx by the formula
b (AT (W)* — I, . _
) = po(N) frso (5.63)
2mb’( w)*b(w) ifA=w

Then:

(1) Every wof g € H«(b) admits a pseudocontinuation into Ci with
bounded Nevanlinna characteristic, i.e., Hy(b) C IIP.

(2) by = Nger. )by
Moreover:
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(3) The space H«(b) of p x 1 holomorphic vuf’s on by is a RKHS with
respect to the standard inner product in LY, and the RK EZ(A) 18
defined by formula (5.63).

(4) The space H.(b) is Ry invariant for every point o € by .
(5) Ry is a bounded linear operator on H.(b) for every a € by .
(6) R b7E € Ho(b) for every point o € bz and vector € € CP.

Proof Let f.(\) = W Then b, = b and:

(a) f € Hy(b) = fo € H(bT).

(b) a € hpr = a € byr.

(©) (Raf)~(A) = (Raf~)(A).

(d) (Rad™E)~(N) = (RabT)(NE.

(e) If w € hyy, then @ € by, and

I =" (Wb (@)

(E)~(N) = — KT (\) if A £ w.

—27i(\ — w)
Thus, all the stated assertions follow from the corresponding assertions in
Theorem 5.40 applied to the mvf b in place of b. O

Lemma 5.43 Let b € Sﬁfp. Then the operator My of multiplication by the
muf b(w) is unitary in LY and maps the subspace H.(b) onto the subspace

H(b).
Proof The proof is easy and is left to the reader. O

5.8 The space H(U) for m x m J-inner mvf’s U(\)

Lemma 5.44 Let U € U(J), where J is an m x m signature matriz. Then

the kernel KU () that is defined on by x by by formula (5.34) is positive

on by x hy.

Proof This follows from Theorem 5.31. O
In view of Theorem 5.2 and Corollary 5.7, there is a unique RKHS H of

holomorphic vvf’s on by with RK KU ()\) on by x by. Consequently,

(fLKVE) =& f(w) forevery feH, E€C andw € bhy.  (5.64)
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At the same time, since U(J) C P(J), to each mvf U € U(J) there corre-
sponds a RKHS H(U) of vvf’s that are holomorphic in h; with RK KY ()\)
on hf; x bf; that is defined by formula (5.34).

Let

L) =(P—-S\NQ)™' for e Q, (5.65)
where J # +1,,, S = PG(U) and
Q_{ b Nhs if U eU(J) |
b ifU e P(I)\UT)
Then
KY(\) = LIWKS(A)L(w)* on Qx Q. (5.66)

Theorem 5.45 Let J be an mxm signature matriz, U € U(J), S = PG(U),
Gi(p) =P+ U(p)QU(pn)* a.e. on R

and let L(\) be defined by (5.65). Then:

(1) Every vuf f € H(U) belongs to II" and, consequently, has nontan-
gential limit values a.e. on R.

(2) The formula
F) =LANg(N), g€ H(S) (5.67)

defines a unitary operator, acting from H(S) onto H(U), i.e.,
f € H(U) if and only if (P — SQ)f € HY" and (Q — S*P)f € Ky
and, if f € H(U), then

I f o=l (P —SQ)f %= llG; > £

Proof If J = I,;,, then S = U and there is nothing to prove. If J # I,,,, then
the identities

D KD (NE =LY KL (VL(w)*¢ (5.68)
Jj=1 j=1
and
SOGKL (wi)g = & Lw)KS (wi)L(w;)*E, (5.69)

irj=1 ivj=1
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which are in force for every choice of points w;, ..., w, in hyNhg and vectors
&1y, & in CPimply that formula (5.67) defines an isometric operator from
the linear manifold £, of vvf’s g € H(S) of the form

90 = 3 K2 VL) (5.70)

that is dense in H(S) into the linear manifold Lo of vvi’s f € H(U) of the

form
f) =" KT\, (5.71)
ij=1

which is dense in H(U), since

(f; Drwy = (9 9nes) = (9, 9)st-

Next to check that the unitary extension of the isometric operator is given
by (5.67), let g € H(S) and g, € L1 be such that lim, . g, = g in the
space H(9), i.e., in the Ly metric, and let f,,(A) = L(A)gn(N). Then f, € Lo
and lim,_,~ f, = f in the space H(U) for some f € H(U). Thus,

Efw) = (f, KIOnw) = nlLH;O<f7L7 KV
= lim (Lgn, K/ €)p) = lim (g, KZL(w)"E)2s)
= (9, K5 L(w)*E)pys) = £ L(w)g(w)

for every w € 9y (\hs and & € C™. Consequently, f(\) = L(\)g(A). for
A € hs(by. Thus, formula (5.67) defines a unitary operator acting from
H(S) onto H(U). It is easily checked that

(P = S(W)Q)"(P = S(1)Q) = Gy(w)™" ae. on R,

Assertion (1) follows from (5.67), since L € II"™*™ and (as shown in Theorem
5.40) H(S) c II™. O

Corollary 5.46 If U € U(J) is rational and S = PG(U), then
dim H(U) = dim H(S) < oo.

Proof This is immediate from Theorem 5.45 and Lemma 3.47. O
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Remark 5.47 If U € P(J) and S = PG(U), then formula (5.66) is valid
mn f)JUr X hJUr and multiplication by L is a unitary operator from H(S) onto
HU):

(P = SQ) " gllrwy = llgllrs) for every g € H(s).

Since H(S) C HY', this implies that H(U) C N™ and hence that every
f € H(U) has nontangential boundary values f(u) a.e. on R. If (P —SQ) €
N ™, then H(U) € N

out
Lemma 5.48 Let U € U(J), J # £1,,,, let S = PG(U) and let
L.(\) = (S*(\)P - Q)L (5.72)
Then the formula
F(A) = L.(ANh(X)  with h € H.(S) (5.73)
defines a unitary map Ly from H.(S) onto H(U).
Proof Since S € §*™
L.(\) = L(M\)S(N), (5.74)

and, by Lemma 5.43, the operator Mg of multiplication by S maps H.(S)
isometrically onto H(.S), whereas M}, defines a unitary operator from H(S)
onto H(U), by Theorem 5.45. O

Theorem 5.49 Let U € U(J). Then:
(1) Every vof f € H(U) admits a pseudocontinuation to C_, i.e.,

HU) c II™.
(2) bo = Nyenw)bs-
Moreover, in view of (1) and (2):

(3) The space H(U) is a RKHS of holomorphic m x 1 vuf’s on by with
RK KU () that is defined on by x by by formula (5.84).

(4) The space H(U) is R, invariant for every point o € by.
(5) The operator R, is bounded in H(U) for every a € by .
(6) (R U)E € H(U) for every point o« € by and vector € € C™.
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Proof The cases J = +1,,, are covered by Theorems 5.40 and 5.42. Suppose,
therefore, that J # +1,,,, let S = PG(U) and let L(\) be defined by formula
(5.65). Then (1) is established in Theorem 5.45.

Next, fix a point w € hy at which U is invertible. Then, since K ,u € H(U)
for every vector u € C™, the formula

pa(NEL(N) = J = UN)JU(w)"

clearly implies that
() by Cbo.

feH(U)

The proof of the opposite inclusion is more complicated. Formulas (4.2),
(4.3) and (5.65) imply that

by NCy =hsNbh,NCy (5.75)
and hence, in view of formula (5.67) and Theorem 5.40, that
by NCL ChyNCy  for every f € H(U).
In much the same way, Lemma 5.48 implies that
by NC_ =hgs Nh, NC_=h,, NC_ (5.76)
and hence that
hy NC- ChyNC_ for every f € H(U),

which serves to complete the proof of (2).

Assertion (4) now follows from formulas (5.75), (5.67), (5.26) and Theorem
5.40 if a € hyNC,, and from formulas (5.76), (5.73), Theorem 5.42, Lemma
5.48 and the identity

(Raf)(N) = LW{(Rah)(A) — (RaST)(A) Ph(a)},

if o € hy NC_. Assertion (5) follows from (4) and Theorem 5.8.
To verify (6), suppose first that o € hy N C. Then the formula

(RaU)(N) = LIN(RaS) N (P + QS (a)) 7,

which is established in the proof of Theorem 5.20 for o and A in hg, is still
valid for a € hs Nhr N Cy (the same proof works even if a € hg Nhy NR).
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Therefore, by Theorems 5.45 and 5.40, (R,U)u € H(U) for every vector
u € C™. Now suppose that o € hy N C_. Then « € by, N C_, and, since

U = (S¥FNP - Q) (P - S*(N)Q) = (QS*(N) + P)(PS*(N) + Q)
the formula

(RaU)(A) = =Ls(A)(RaST)(A)(PST () + Q)"
and Lemmas 5.48 and 5.43 imply that (R,U)u € H(U) for every vector

ue Cm. O

Theorem 5.50 Let U € U(J) and let L be a closed subspace of H(U) that
is Ry invariant for every point « € by . Then there exists a muf Uy € U(J)
such that by, 2 by, L = H(U1) and Ul_lU € U(J). Moreover, the space
H(U1) is isometrically included in H(U), and

H(U) = H(Uy) @ UyH(Us), where Uy = U 'U. (5.77)

Proof Let u; denote the jth column of I, for j = 1,...,m and let w € by .
Then, since the formula u} f (w) defines a bounded linear functional on L,
the Riesz representation theorem guarantees the existence of a set of vectors
{9jw} €L, 7=1,...,m, such that

ui f(w) = (f,gjw)nw) for j=1,...,m and forevery feL.
Thus, the m x m mvf
GoN) =01 gmw(V)]
defines a RK on L, i.e.,
Gou € L and u"f(w) = (f,Gou)y ) forevery u e C™.

Consequently, Theorem 5.21 is applicable to the RKHS £ with RK G, (})
on hy x by, and hence £ = H(Uy) for some m x m mvf U; € P(J) that is
holomorphic in hyr; and H(Uq) is isometrically included in H(U). Moreover,
the evaluations

(G, Kou)|? < (Gou, Gou) (Kqu, Kou)

imply that
{u*Go(a)u}? < u*Go(a)uu Ky (a)u
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for every a € hy and every u € C™, and hence that
u{J —Ui()JU ()" }u < u™{J = U(a)JU(a)* }u
for every o € hf; and every u € C™. Therefore, U € U(J) and
wU(a)JU () u < u*Up (o) JUp () u

for every a € hg and every u € C". Thus, U U € U(J). Moreover, since
L = H(Uy) is isometrically included in H(U), (5.77) follows from the obser-
vation that

0 = (f,K]v— K] v,
= <f, Ui {J‘UQJUQ(“’) }Ul(w>*v>
Puw H(U)
for every choice of f € H(U1), w € by, Nhy, and v € C™. O

Proof of Theorem 4.7 If U € U(J) is rational, then, in view of Corollary
5.46 and Theorem 5.49, dimH(U) = r < oo and H(U) is R, invariant for
a € hy. Therefore, there exists a nonzero vvf f € H(U) such that R, f = uf
for some p € C. It is readily checked that

Puw (/\)

O 4~ for some w € Cand u e C™if u#0
| w for some u € C™ if p = 0.

Therefore, since X; = {cf : ¢ € C} is a one dimensional R, invariant
subspace of H(U), Theorem 5.50 guarantees that X; = H(U;), where U; is
a primary BP factor that is uniquely determined by X; up to a constant J
unitary factor on the right. Moreover,

H(U) = H(U,) ® UyH(U;), where Uy = Ut

belongs to U(J) and dimH(Us) = r — 1. If » > 1, then this algorithm
can be repeated r — 1 more times to yield the factorization U N =

Ur(A) -+ Up(A\)Up41, where the first r factors are primary BP factors and
Ur+1 € uconst(J)- Thus, as

UN) ={I+i(A—a)Ca(I = (A —a)Ra)'C2T}U(a) for a € by NR,

where C f = V27 f(a), Civ = V21 Kyv, f € H(U) and v € C™, and this
realization of U(A) is mininimal, a theorem of Kalman [Kal65] guarantees
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that the McMillan degree of U(\) is equal to r. (Variants of the proof of this
theorem may be found, e.g., in [AID86] and on pp. 418-424 in [Dy07].) O
Lemma 5.51 IfU € P°(J) and w € by N by-1, then the formula

U = {J = poNESN}U ()T (5.78)

defines U(N) in terms of KU(X\) up to a J-unitary constant factor on the
right.

Proof Formula (5.78) follows directly from the definition of the RK. If

Uy € P°(J) is such that w € by, N thl and KU'(\) = KU()), then

Ui(N)JU (w)* = UNJU(w)*. Thus, U(w)~ Uy (w)JU (W) U(w)™* = J,

and the proof is complete. O
If U € Uy(J), then (5.78) evaluated at w = 0 simplifies to

U\ = J + 2mi K (V) J. (5.79)

Theorem 5.52 (L. de Branges) If U, U, Us € U(J) and U = U,Us, then
H(Uy) sits contractively in H(U), i.e., H(U1) C H(U) (as linear spaces) and

1wy < 1 fllwwy  for every f e H(UL).

The inclusion is isometric if and only if
H(U1) NULH(Uz) = {0}. (5.80)
If the condition (5.80) is in force, then

HU) = H(Uy) ® UyH(Uy). (5.81)
Proof Let
L = {f+Ug:fe™MU) and g € H(:)},
Ly = {heM): UheH )}
and let

If + Urgl2 = e {1 — Uihldo, + g+ blEyuy, = b € Lo}
The strategy of the proof is to identify £ with H(U) with the help of the
identity
KJ(\) = KV + UMK (AU (w)* (5.82)

w
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The stated claim then drops out easily:
H(Uy) € L="H(U)

and

I£1E = {1 f = Urhl3y) + B3y © b € Lo}
11y (5.83)

for every f € H(Uy). Thus, the inclusion H(U;) C H(U) is isometric if Ly =
{0}. Conversely, if this inclusion is isometric, then by Theorem 5.50 applied
to £ = H(Up), there exists a mvf U; € U(J) such that H(U;) = H(Uh),

U, U € U(J) and H(U) = H(Uy) ® UyH(U,  U). However, Theorem 5.21

implies that Uy = U1V for some V' € Ueppse(J). Thus,

1 3w

IN

HU) = H(U,V) @ U VH(VIUTIU) = H(Uy) @ UL VH(U).

The identification of £ with H(U) is broken into a number of steps.
Step 1. L is an inner product space.

Clearly L is a vector space. Suppose next that
If +Uiglle =0

for some choice of f € H(U;) and g € H(Usz). Then there exists a sequence
of vvi’s h; € Ly such that

1 = Ui Gy + 9+ il ey < 1/5
Thus, Uih; — fin H(U;) and h; — —g in H(Us), and so, as the convergence
is pointwise in by, N by,
f+Uig=0

in by, Nhy,, ie, ||f+ Uigllz > 0 if f+ Uig # 0. Moreover, it is readily
checked from the definition that

la(f + Uig)lle = lal [If + Urgllc (5.84)

for every a € C.
The next objective is to check that the parallelogram law holds. To this
end let p1 = f1 + U1g1 and pa = fo + Uigo be any two elements in £. Then
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there exists a pair of sequences {h;} and {k;} in Ly such that
lp1 112 = Jim {2 — Uhjll ) + g1 + hillfi )
and
Ip2lz = jlijgo{ﬂb — Uikl + 192 + K 30,y -

Moreover, by the parallelogram law in H(U;) and H(Usz), the sum of the
terms in the curly brackets on the right hand side of the last two formulas
is equal to

1
§{||f1 + fo = Ur(hy + k) 3wy + lor + g2 + by + Kjl30,)
L= fo = ULlhy = k)G + lgr — 92 + by = Ejllg,) )
which in turn is clearly bounded from below by
1 2 2
S Ulpr + P2l + llpy = p2l2}-
Therefore,
2|p1lz + 2p2l2 = o1 + p2llZ + o1 — P22 (5.85)

However, upon reexpressing (5.85) in terms of pj = p; +ps and p) = p1 — p2,
it is readily seen that the opposite inequality to (5.85) is also valid, and
hence that in fact equality prevails in (5.85). Thus the parallelogram law is
established, and therefore, as is well known, £ admits an inner product and
| ||z satisfies the triangle inequality.

Step 2. For every finite set of points wy,...,wr € by, N by, and vectors
&,...,&, € C™, EKijﬁj belongs to L and

IS5 K &1 = 26 KE (i) = I25K0, &30 -

Let n; = Ui (w;j)*¢;. Then, by (5.82),
5K (Vg = 5K (NE + U (VK2 (Vny
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belongs to £. The rest is plain from the evaluation
125 K0! &5 = Unhllagn + 125K 05 + by,
= NSES & ) + 10 R0,y — 2855m7 h(w))
HIZ K203y, + 10l + 2R85m7 h(w))
= ||Eng]fj||31(U) + ||U1h||31(U1) + ||h”?1(U2)>

which is valid for every h € L.

Step 3. If u € L, then
(u, KJ€)r = Euw) (5-86)

for every point w € by, Nhy, and every £ € C™.

Suppose u = f+U;g with f € H(Uy) and g € H(Us), and let n = U; (w)*€.
Then
Jut K€N% = inf{)f + KU &~ Uikl +lg + K2 n+ by : b € Lo}
But the term in curly brackets is readily seen to be equal to

1f = Unhllyw) + IS €y + 286 {F (@) — Ur(w)h(w)}

+lg + 2l + 1K 0l + 280 {9(w) + h(w)}.

Thus the terms involving h(w) cancel out and the indicated infimum is thus
seen to be equal to

[ullZ + &K (W)€ + " K52 (w)n + 2R u(w)

which, in view of (5.82) and Step 2, serves to establish the identity
lu+ KJ€NZ = llulz + I KJEIIZ + 2R u(w).

The rest is plain.

Step 4. H(U) = L.

Let u € H(U). Then there exist finite linear combinations of reproducing
kernels

n n n
D OKDG =Y K& +UY K= fu+Uign
Jj=1 j=1 j=1
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such that

|luw— fn — UlgnHH(U) — 0 asn — oo.

But now, by the calculations in Step 2 with A = 0, it follows that

Ifn + Ulgn”%—((U) = ”ang—{(Ul) + Hgn||3-[(U2)v

and hence that f,, tends to a limit f in H(U;) and g, tends to a limit g in
H(Us). Therefore,

u=f+Ug

belongs to £ and

HUH%{(U) = Hng{(Ul) + ||9||31(U2)

= infheﬁo hmnﬂoo{anH%{(Ul) =+ ||U1hH?1(U1) + ||gn”$1(U2) + HhH%{(UQ)}

= infyeg, limy, oo {[[ fr — Ulh”%—[(Ul) + [lgn + hH?{(@)}

—infhec, (1 — UihlByer, + g + hliZg, )

= [lulZ-
Thus H(U) sits isometrically inside £ and is therefore a closed subspace of
L. On the other hand, it follows readily from (5.86) that v = 0 is the only
element of £ which is orthogonal to H(U). Thus £ = H(U) as asserted, and
so the proof of both the step and the theorem is complete. O

Formula (5.83) implies that the inclusion H(U;) C H(U) is isometric if

Ly = {0}. Conversely, if this inclusion Is isometric, then by Theorem 5.50 ap-
plied to £ = H(U;), there exists a mvf Uy € U(J) such that H(U;) = H(U;),

U, 'U cU(J) and H(U) = H(U,) ® UyH(U,  U). However, Theorem 5.21

implies that U; = U1V for some V' € Ueppse(J). Thus,
HU) = H(U,V) @ U VH(VIUTIU) = H(Uy) © UL VH(U).
We remark that the space £y endowed with the norm
11112, = 1hl3gwn) + 10 RN,

is referred to by de Branges as the overlapping space [dB4], [dBS].
A simple example which illustrates the last theorem is obtained by setting

Ua(N) = I, — ac(N)vv*J
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where a > 0, ¢()\) is a scalar Carathéodory function and v*Jv = 0. Then it
is readily checked that

Ua+ﬁ = UaUﬁ’
and that
Ve (a) = VNIV o ey,
Pu(N)
in which k£ ()) is given by (5.19). If ¢ € 5", then U, € U(J) and
KV =2k (\) for 0<a<n.
¥
Therefore,

152 KE (05 e
2

_ ( ) HZK% N e (j) S ek (e
i

_ ()Z@Kga ) —( )nZKUa i 2

But this in turn implies that H(U, ) sits contractively in H(U,) for 0 < o <
v, with isometry if and only if oo = 7.

Theorem 5.53 If U € U(J), then {{ € C" : U& € H(U)} is a J-neutral
subspace of C™.

Proof If U¢ and Un belong to H(U) and if o and @ belong to b7, then the
identity

(RLU)(N) =2miKg(A\)JU ()
implies that
(RaU&, Un)yuy = 2min"JE  and  (UE, ReUn)y ) = —2min*JE.
Therefore, formula (5.27) with f = U¢, g = Un and 8 = @ implies that
n'JE=0,

as desired. O
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Lemma 5.54 Let U € U(J) and let H(U) denote the RKHS of m x 1
vuf’s on by with RK KUY (\) that is defined on by x by by formula (5.34).
Then the sets N,, R, and F,, defined in Lemma 5.3 with K,(\) = KU(\)
are independent of the choice of the point w € b,. Moreover, the following
conditions are equivalent:

(1) KY(w) > 0 for at least one point w € hy .
(2) KY(w) > 0 for every point w € by .

(3) {f(w): feH(U)} =C™ for at least one point w € by .
(4) {f(w): feH(U)} =C™ for every point w € by .

Proof This follows from Theorem 5.49 and Lemma 5.4. O

5.9 The space H(W) for W € U(jpq)

Description of H(W)

If W e U(jpg) and S = PG(W), then formula (5.65) may be written in
terms of the standard four block decompositions of S and W as

I s12 1 I w
L _ p T o112 _ p W12 )
(M) [ 0 5o 0 ey (5.87)
and the description of the space H(U) given in Theorem 5.45 yields the
following description of H(W):

Theorem 5.55 Let W € U(jyy) and let s;j, i,j = 1,2 be the blocks of
S = PG(W) in the four block decomposition that is conformal with jp,.
Then

[TA] . fi—si2fo € HY st f1 € KV }
H(W)_{[fa]' smheny " poshperyy O

and

_|h B I, —si
f= [ﬁ] = {f; Hlrw) = <[ _8]3{2 I, } f’f>s{ (5.89)

Proof This is immediate from (2) of Theorem 5.45 and formula (5.87). O
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Corollary 5.56 If W € U(j,q) and f € H(W) with components fi and fo
as in (5.88), then

feLYy < f1 e ) < f, € L.

Proof This is immediate from the description of H(W) given in (5.88). O
Recovering W from the RK KV ())

Let

(5.90)

KZH(N) K2 (V)

KV () = Ko () = [K&}(A) K3,2<A>]

be the four block decomposition of the RK K¥ ()\) with blocks K1'(\) of
size p x p and K2?(\) of size ¢ x g for the mvf W € U(j,,). The mvf W () is
defined by the RK K, (\) up to a j,,- unitary constant factor on the right
by Lemma 5.51. In view of Lemma 2.17, this constant factor can be chosen
so that

wu(w) > 0, ’wQQ(u}) >0 and wgl(w) =0 (591)

at a fixed point w € by N by NC, .

Theorem 5.57 Let Wy € U(j,q) and let w € by Nbhy—1 NCy. Then there
exists exactly one muf W € U(jpq) such that H(W) = H(W1) and W meets
the normalization condition (5.91). Moreover:

(1) Ifw € by Nhy -1 NR, then
W) =Ly — po( VKX (N)jpg  for X € by . (5.92)
(2) If w € by Nhy -1 NC,, then
W) = {dpg = po VL N YW (@) g for A€ bw, (5.93)

where
. wn(w) wlg(w)
W(w) = [ ) wm(w)], (5.94)
wii (w) = {1, + po (W) K (@)} 712, (5.95)

waa(w) = {1, + pu(w) K (w)} /2 (5.96)
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and
wiz(w) = pu(w) KL (w)waa(w) . (5.97)

Proof Formulas (5.96) and (5.97) follow easily upon substituting the nor-
malization (5.91) into the formula

W (N)dpgW ()" = Jpg = pu(A)Eu(N), (5.98)

setting A = w and matching blocks. This also leads to formula (5.92) (upon
taking taking note of the fact that W (w) is jp,-unitary if w € R, which
forces W(w) = I,,) as well as a lengthy formula for wi(w). Formula (5.95)
is obtained from the 11 block of the formula

W(@)jpgW (@)" = Jpg + pu(w) Kz (@)

and the observation that wis (@) = 0 and w11 (@) = w11 (w) L. The last two
evaluations come from the formulas

W(@)jpgW (w)* = jpy and woi(w)=0.
O

Remark 5.58 The blocks wa;(w) and wes(w) are uniquely defined by for-
mulas (5.96) and (5.97) for points w € by}, even if W(w) is not invertible.
The invertibility of W (w) is only needed to justify formula (5.95).

Matrix balls By (w)

In this subsection we shall show that if W € U(jj,) and w € bji, Nh
then the set

+
w-1»

By (w) = {s(w) : s € Ty [SP*]} (5.99)

is a matrix ball with positive semiradii and we shall present formulas for

its center and its left and right semiradii in terms of the reproducing kernel

Theorem 5.59 If W € U(j,q) and w € by}, then the set By (w) defined by
formula (5.99) is a matriz ball with left and right semiradii Ry(w) > 0 and
R, (w) > 0 and center s.(w) € SL4.:

const "

By (w) = {s¢(w) + Ry(w)eR,(w) : ¢ € SL1 (5.100)

onstJSo



292 Reproducing kernel Hilbert spaces
where
se(w) = pu (W) K (@){Ig + po(w) K2 (@)} (5.101)
and
Ry () = {1, + pu(w) K2(w)} 2. (5.102)
If {b1,b2} € ap(W), then
det Ry(w) |det by(w)|

= = 1
Wt (@)~ [detba(e)] | detW )] (5.103)
and
Ri(w) >0 <= web,Nbj_,. (5.104)
Moreover, if w € f)% N b;;/,l, then
Ry(w) = {I, 4 p, (W) K (w)} /2. (5.105)

Proof Since Tyy [SP*] = Tyyw, [SP*] for W € U(jpq) and Wy € Ueconst (Jpq)
we can, without loss of generality, consider Ty [SP*?] under the assumption
that W (w) meets the normalization conditions (5.91). Then By (w) is clearly
a matrix ball with center

Se(w) = wia(w)wga(w)™? (5.106)
and semiradii
Ri(w) =wii(w) and R, (w) = wa(w) . (5.107)

The stated formulas for the center and the semiradii are now easily obtained
from Theorem 5.57. Finally, to obtain formula (5.103), it suffices to consider
the case that W () is subject to the normalization conditions (5.91) at the
point w. Then the semiradii can be reexpressed in terms of the blocks in the
PG transform S = PG(W) by the formulas

Ry(w) = wi(w) = wjj (w) ™" = s11(w) = by (w)e1 (w)
and
Ry (w) = waz(w) ™! = s02(w) = pa(w)ba(w).

The next step is to invoke the identities

si(u)si(p)” = I — s12(p)s12(p)”  ae.on R
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and
spa(p)s22(1) = Iy — s12(p)"s12(p) a.e. on R
to verify that

[det @1() = det (I, — s12(n)s12(1)")
= det (I, — s12(p)*s12(p)) = | det @a(u)[* a.e.on R

and hence that | det ¢1(w)| = |det p2(w)|. Formula (5.103) now drops out
upon combining formulas. O

Remark 5.60 The center of the matriz ball By (w) is uniquely defined.
However, the semiradii are only unique up to a multiplicative positive scalar
constant: i.e., By (w) does not change if Ry(w) is replaced by 6R;(w) and
R, (w) is replaced by 6 'R, (w) for any choice of § > 0. If Ry(w) > 0, then
there exist only one pair of semiradii Ry(w) and R.(w) of the ball By (w)
that satisfy the relation (5.103). Consequently, in view of formulas (5.103)-
(5.107), the matriz ball By (w) and the number det W(w) serve to uniquely
determine the matrix W (w) normalized by the condition (5.91) for a muf
W € U(jpq)-

5.10 The de Branges space B(¢)
A p x 2p mvf
€N = [B-() E.(V)], (5.108)
with p x p blocks F1 that are meromorphic in C; and meet the conditions
det EL(\)£0 and x Y ET'E_ €SP (5.109)

will be called a de Branges matrix. If ¢ is a de Branges matrix, then the
kernel
j * FE E *— E_(NME_(w)*
K&y - ENREE) _ ELWBL@) ~ BB
Pu(A) pu(A)

. .. . X
is positive on bJé X b, since x € S}, " and

ES(\) = Ex(MEX(VEL () on bl x b (5.111)

Therefore, by Theorem 5.2, there is exactly one RKHS B(¢) with RK K&())
associated with each de Branges matrix; it will be called a de Branges
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space. Moreover, since the kernel K& ()) is a holomorphic function of A on
f)Jé for every fixed w € hé and Kff(w) is continuous on h%, Corollary 5.7
guarantees that every vvf f € B(€) is holomorphic in bJé. A vt f € B(¢€)
may have a holomorphic extension onto a larger set in C, than h*é. Thus,
for example, if w; and w9 are two distinct points in C; and if

(A —w1) (A —w3) 1
O ) (A —wy) 0 =

E_(\) =1, and E{(\) =

i

A — w1
then

B(ez):{ o, P :a,ﬁe(C}

A—wi  A— w9
with respect to the standard inner product and

h; =Ci\{w1} whereas by =Cy \{wi,wa}.

Lemma 5.61 Let & be a de Branges matriz, let x = E;lE_ and suppose
that

KX(w) >0 for at least one (and hence every) point w € C4. (5.112)

w

Then

() b} =bg (5.113)
feB(€)

Proof In view of Lemma 5.41, det [I, — x(\)x(w)*] # 0 for every choice of
A,w € Cy and consequently, b}r = h& for vvf’s of the form

with w € f)jlg+ N b(+E+)_1, u € CP and u # 0. Thus, the condition (5.112)
implies (5.113). O

Lemma 5.62 Let € be a de Branges matriz and let x = E;lE_. Then the
formula

(THN) = BN (5.114)
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defines a unitary operator T' from B(€&) onto H(x). Moreover,
feBe) < E'feHX)
— E~'feH.(x)
< E.'fecH)and EZ'f € K. (5.115)
Proof The proof follows easily from the definitions. O

Lemma 5.63 Let ¢ = [E. E_] be a de Branges matriz. Then the following
three conditions are equivalent:

(1) Ex(A\) has a limit E4(u) as A tends nontangentially to p € R at
almost all points p € R and det E4 () # 0 a.e. on R.

(2) E_(\) has a limit E_(p) as X tends nontangentially to p € R at
almost all points p € R and det E_(u) # 0 a.e. on R.

(3) €(N) has a limit () as X tends nontangentially to ;1 € R at almost
all points € R and rank €(pu) = p a.e. on R.
Proof The implications (3) => (1), (3) = (2) and the equivalence (1) <=
(2) follow from the formula E_()\) = E4(\)x(A), since x € SP*F. Next, if
(1) and (2) are in force, then the nontangential convergence asserted in (3)
clearly takes place. The rank condition is then immediate from the inequality

EL(WE (p)" < €(p)e(u)”,
which is valid a.e. on R. O
The conditions (1), (2) and (3) in Lemma 5.63 are met if any one (and
hence every one) of the three equivalent conditions
(i) By e IP*P (i) E_ € TIP*P, (i) € € TIP*?P (5.116)

is in force. The conditions (1)—(3) are also met if the de Branges matrix
¢(A) is holomorphic on R except for a set of Lebesgue measure zero and
rank ¢ = p (in the sense defined in Chapter 3) and hence in particular if
¢(A) is meromorphic on the full complex plane C and rank & = p.

Theorem 5.64 If any one (and hence every one) of the equivalent conditions
(1)-(3) in Lemma 5.63 is in force, then:

(1) The identity
Ey (B (1) = E_(p)E-(p)* (5.117)

is in force for almost all points p € R.
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(2) The muf

Ag(p) = Ex () By ()" = E_(n) " E_(n)~! (5.118)

is well defined a.e. on R.

(3) Every vuf f(X\) in B(€) has a nontangential limit f(u) as X\ tends
nontangentially to ;€ R at almost all points p € R.

(4) If f € B(€), then

91 = NE I = | 70" BefGdn. (5.119)

Proof The theorem follows from the equivalences (5.115) and the fact that
the operator T' defined in (5.114) is a unitary map of B(&) onto H(x). O

Theorem 5.65 If a de Branges matriz ¢ = [E_  E.] belongs to TIP*?
then:

(1) fell” for every f € B(€), i.e.,
B(e) C IIP. (5.120)
(2) The inclusion
by 2 be (5.121)
is in force for every f € B(€).
(3) The space B(€) of vuf’s is a RKHS of holomorphic p x 1 vuf’s on bg
with RK Kg(/\), defined on hg X hg by the formula

E (/\)E (w)* — E—()\)E_(w)* ‘ B

(A) = S P (V) fA#
LB @F, @) - B @E ()} A=

(5.122)

Proof Assertion (1) follows from the relation (5.114) between the vvf’s of
the spaces B(€¢) and H(x). Assertion (2) follows from (3). In view of formula
(5.111), the kernel K%()\) defined by formula (5.122)is clearly positive on
Q x Q, where Q = hg () b,. However, since Q is dense in hg and KE(\) is
continuous on hg X b, the kernel Kg(/\) is in fact positive on the larger
set hg X he. Thus, by Theorem 5.2, there exists a unique RKHS H of p x 1
vvf’s on he with RK K&()\) that is defined on hg x he by formula (5.122).
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Moreover, since the mvf K&()) is holomorphic on hg for every w € hg and

the mvf K&(w) is continuous on e, the vvf’s in H are holomorphic on hg
by Corollary 5.7.
Next, to verify (3), let £ denote the linear manifold of vvf’s f of the form

n
f= ZKE},()\)W, where w; € b@ﬂbx andu; € CP, 1 <j<n,,
j=1
and note that for every such vvf f,
n
9=FE;'f =) KX (NE (W)
j=1

belongs to H(x) by Theorem 5.40 and

1£13 = N9l = gl
Consequently, f € B(¢) and HfHQB(Qf) = || f113,- Therefore, H = B(&), since £
is dense in H. O
Lemma 5.66 Let ¢ = [E_ E.] be a de Branges matriz and let x =

E;lE_. Then the following conditions are equivalent:

(1) The inequality KE(w) > 0 holds for at least one point w € hé.

(2) The inequality K&(w) > 0 holds for every point w € ‘)E

(3) The equality {f(w) : f € B(€)} = CP holds for at least one point

we f)Jé.
(4) The equality {f(w) : f € B(€)} = CP holds for every point w € hJé.
(5) The inequality k5 (w) > 0 holds for at least one point w € b,,.
(6) The inequality kS(w) > 0 holds for every point w € b, .
(7)

7) The equality {f(w) : f € H(x)} = CP holds for at least one point
w€Eby.
(8) The equality {f(w) : f € H(x)} = CP holds for every point w € b,.

Moreover, if & € IIP*?P | then the preceding eight equivalences hold with he
in place of hé in (1)-(4).
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Proof The last four equivalences follow from Lemma 5.41, since x € anXp .
The implication (1) = (2) follows from (5) = (6) and formula (5.111),
which expresses the kernel K&()\) in terms of the kernel k}()). The con-
verse implication (2) = (1) is self-evident. The rest follows from Lemma
5.41. O

5.11 Regular de Branges matrices ¢ and spaces B(¢)

Let € be a de Branges matrix. Then the space B(€) will be called a regular

de Branges space if it is R, invariant for every point a € hé; ¢ will be

called a regular de Branges matrix if
eem? p Bt e HYP and p 'EC € KDY, (5.123)
for at least one (and hence every) point a € C,..

Lemma 5.67 If ¢ = [E_ FE.] is a de Branges matriz, then the following
implications are in force:

(a) € is a regular de Branges matrix ~——>
(b) B(€) is a reqular de Branges space ==

(c) B(€) is R, invariant for at least one point o € b&;
ie., (a) = (b) = (¢). If

Kw@(w) >0 for at least one (and hence every) point w € bk,  (5.124)

then (¢) = (a) and hence (a) <= (b) <= (c).

Proof If ¢ = [E_ FE,] is a de Branges matrix and f = E,g, then f €
B(€¢) <= g € H(x), and

(Raf)(A) = EL (M) (Rag)(A) + (R E4 ) (Mg(a) (5.125)
for every a € bé. Therefore, since R,g € H(x) for every a € C,
R.f € B(¢) <= (R,E;+)(N)g(a) € B(€), (5.126)
i.e., in view of Lemma 5.62, R, f € B(¢) if and only if

E;Y(R,Ey)ue HY and E_'(R,E-)ue Kj foru=g(a). (5.127)
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However, if (a) is in force, then Lemma 3.60 and the second condition in
(5.123) imply that

(RoE " e HY for every v € CP.

The choice v = E (a)g(«) justifies the first condition in (5.127); the second
is immediate from the third condition in (5.123). Thus, (a) = (b) = (c).

Suppose next that the extra constraint (5.124) is in force. Then the other
seven conditions in Lemma 5.66 are also in force. In particular,

{9(a) : g€ H(x)} =CP for every a € Cy. (5.128)

Moreover, since (5.124) implies that E, (w)*E; (w) > 0 at every point w €

Jé, it follows that the mvf £, (\)~! is holomorphic in h:,g Thus, if (c) is
in force for some point o € hg, then the two conditions in (5.127) hold for
every u € CP and hence (5.123) holds for the given point « € b:‘,z. However,
this suffices to insure that (5.123) holds for every point o« € C, and hence

that (¢) = (a). O

Remark 5.68 If ¢ = [E_ E.] is a reqular de Branges matriz. then B(€)
is a RKHS of p x 1 holomorphic vuf’s on hg and its RK, Kg()\), is defined
on hg x e by formula (5.122). Moreover, the proof of Lemma 5.67 is easily
adapted to show that B(€) is R, invariant for every point o € hg N by.

A simple example

A simple example of a regular de Branges matrix is obtained by setting
) = [F-0) B() T= b0 b ()],
for any choice of bg € anXp and by € anXp. Then,
X =E ' E_ = bybs
and the RK

b 0B (@) — bs(\)bs (w)*

¢
Ko Pw(N)

= (N + KB ().

Thus,
B(€) = H.(bs) & H(b3),
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which reduces to H(b) with b = bs if by(\) is constant and to H.(b) with
b = by if b3(\) is constant. If b3 = e, I, and by = egl), with @ > 0 and 5 > 0,
then

B(¢) = {/ eMh(t)dt - he LE([-8, a])}
—p
is the Paley-Wiener space of entire functions ﬁ()\) of exponential type that

belong to LE(R) and are subject to the growth constraints 77 (h) < 3 and
7= (h) < a.

Theorem 5.69 Let ¢ = [E_  E.] be a de Branges matriz, let x = E;'E_
and suppose that

0ebhg and EL(0)=FE_(0) =1, (5.129)
Then:

(1) € is a regular de Branges matriz if and only if € € TIP*?" and
RyE. ¢ € B(€) and RyE_§ € B(€) for every & € CP.

(2) If € is a regular de Branges matriz, then B(€) is Ry invariant.
(3) If B(¢) is Ry invariant and —ix'(0) > 0, then € is a regular de
Branges matriz,

Proof In view of Theorem 5.40, 0 € b, for every g € H(x), since 0 € b,.
Consequently, 0 € by for every f € B(€). Assertion (1) now follows from
Lemmas 3.60 and 5.62 and Theorem 5.40. The proof of (2) is similar to the
proof of Lemma 5.67.

Finally, suppose that the assumptions in (3) hold. Then, in view of Lemma
5.41,{g(0) : g € H(x)} = CP, and, by Theorem 5.40, Rox§ € H(x) for every
¢ € CP. Thus, formula (5.125) with o = 0 implies that ET'RyE & € H(x)
for every £ € CP. Therefore, £, and E_ = E,x both belong to IT"*P and
RyEL € € B(€) for every £ € CP. Thus, (3) follows from (1). O

5.12 Connections between 4 and ¢

This section focuses on the connections between the mvf A € (J,) and the
de Branges matrix ¢ that is defined by the formula

¢\ =[E-(\) E;(\)]=V2[0 L]JAND (5.130)
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or, equivalently, in terms of the blocks a;; of A and b;; of B = A%,
E_=a9 —ag = \/5[)21 and FE, = a9 +as = \/5522. (5.131)

Lemma 5.70 The components EL(\) of the muf €(\) defined by formula
(5.130) enjoy the following properties:

(1) By € TIPXP.
(2) E-(NE+(A)* = E_(NE-(N)* = —€(A\)j,€(\)* >0 in bg.

(3) By () By (1) — B-()B-(1)" = —€(1)jy€(u)* = 0 for almost all
points p € R.

(4)

(5) The muf x(\) = E4(A\)"LE_(X) belongs to the class PP .
6) p;'ELY € HY? and p [ E-' € KDV,
(7)
(8)

Ap) = Ev(n) "B (u)~' = E_(0) "E-(n)~" a.e. on R.

Proof (1) is immediate from the fact that A € II"*™ while (2) and (3) are
easy consequences of the fact that A € U(J,) and VJ, T = j,.

Next, if assertion (4) is false, then det E,(\) = 0 on b, which in turn
leads to the following sequence of implications:

det ¢(N\)E(AN)* =0 on f)g = det A(A)=0on hy
— det A(u) =0 a.e on R.

But on the other hand, |[A(u)| = 1 a.e on R, since A € U(J,). Consequently,
(4) holds and the mvf’s £, (A)~! and x()\) are meromorphic in C,. Thus
(5) follows from (2) and (3).

Assertion (6) is equivalent to the pair of assertions (4) and (8) in Lemma
4.35, since E, = \/2byy and E_ = \/2by;.

Assertions (7) and (8) follow from (5) and (6). O

Theorem 5.71 If A € U(J,), then the muf € = [E_  E.] that is defined by
formula (5.130) is a regular de Branges matriz. Conversely, if ¢ = [E_  FE4]
is a reqular de Branges matriz, then a family of muf’s A € U(J,) exists such

that formula (5.130) holds.
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Proof The first part of the theorem follows from Lemma 5.70. The converse
statement will be established in Theorem 9.18. O

In Section 9.4 it will be shown that every regular de Branges matrix &
may be obtained from the bottom block row of some mvf A € U(J,) by
formula (5.130). Moreover, the set of mvf’s A € U(J,) that correspond to a
given regular de Branges matrix in this way will be described.

Corollary 5.72 Let A € U(J,) and let the muf € = [E_  E.] be defined
by the bottom p x 2p block row [ag1 a22] of the muf A by formula (5.130).
Then € is a regular de Branges matriz and B(€) is a reqular de Branges
space.

Proof This follows from Theorem 5.71 and (1) of Lemma 5.67. O

5.13 A factorization and parametrization of mvf’s A € U(J,).

In this section we shall present some results that are adapted from [ArD01b]
on the factorization and parametrization of mvf’s A € U(J,) with prescribed
blocks ag1(\) and aga(A). These blocks will be specified via formula (5.130)
in terms of a de Branges matrix ¢ = [E, E_] that satisfies the auxiliary
conditions (5.123), and the mvf ¢ = Ty[I,].

Theorem 5.73 If A € U(J,), € is given by (5.130) and ¢ = Ty[1))], then:

(1) € is a reqular de Branges matrixz and ¢ € I N CP*P.

(2) The muf A can be recovered from & and c by the formula

1 —c*E_ cEy
A=— [ o8 B, ] 7. (5.132)

(3) The muf ¢ admits an essentially unique decomposition of the form
c=cs+c, (5.133)
with components c; € Cf;zg and cq € CY*P. Moreover, both of the

components cs and ¢, belong to the class IIP*P, ¢y + CZJ# =0 and

W=iat— [ - b E
Ca =1 i A Y 1+M2 +\H +\H H

for A e Cy (5.134)

and some Hermitian matriz o € CP*P,



5.13 A factorization and parametrization of muf’s A € U(J,). 303
(4) The given muf A € U(J,) admits a factorization of the form

AN) = As(VN)AL(N), (5.135)
where
A= | eW 5.136
W=l (5130
and
L[~ WVE-() @B
Aa(N) E E(\) B\ 2. (5.137)

Moreover, Ay € Us(Jy), Ay € U(J,) and the muf’s ¢, and A, are
uniquely determined by € up to an additive constant icw in (5.134)
and a corresponding left constant multiplicative factor in (5.137) that
is of the form

I iXe"
[p with o = a* € CP*P, (5.138)

0 I

Conversely, if € is a regular de Branges matriz and if ¢ = cs + ¢o, where ¢
is any muf from the class Cf;f; and ¢, 1is defined by formula (5.134), then

cq € IPXP; the muf A that is defined by formulas (5.132)—(5.134) belongs to
the class U(J,); and (5.130) holds.

Proof The first assertion in (1) follows from Lemma 5.70; the second from
the formula ¢ = Ty[I,], since A € U(J,) and U(J,) C II"*™. Formula
(5.132) and the converse implications of the theorem follow from Theorem
9.18, which will be established in Chapter 9. Assertion (3) follows from the
equality

Re(p) = Rea(p) = B () *Ey(p)™ ae. on R.

Finally assertion (4) follows from formulas (5.132) and (5.133). O
An mvf A € U(J,) is called perfect if T4[I,] € Ci™”. Recall that ¢ € C;™?
if and only if (a) lim, e v te(iv) = 0 and (b) the spectral function o(u) is
locally absolutely continuous. Moreover (a) and (b) hold if and only if (3.13)
holds.
If Ae £ENU(J), then (b) is automatically in force and hence A is perfect
if and only if ¢ = T4 [I,] meets condition (a).
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Theorem 5.74 If A € U(J,) is perfect and € is given by (5.130), then
ha = bg. Moreover, € is rational (resp., meromorphic, entire) if and only if
A is rational (resp., meromorphic, entire).

Proof The inclusion h4 C b is obvious. The proof of the opposite inclusion
rests on the fact that if A € U(J,) is perfect, then ¢ = Ty4[I,] belongs to
I NCY*P and A can be recovered from ¢ and ¢ by formula (5.132) up to a
Jp-unitary constant factor on the left that does not effect 4. Moreover, as

c=—ct +2(EN) BT = ¢ 4 2(ET) BT (5.139)
the entries in the top block row of A are given by the formulas
By = —c¢"Ey +2(E")™" and —¢"E_=cE_ —2(E")"'.  (5.140)

Suppose now that A € hé. Then ¢, E_ and E, are all holomorphic in a
neighborhood of A as is ¢cE; thanks to the first formula in (5.140) and (6)
of Lemma 5.70.

Similarly if A € hé, then \ € h;{ thanks to to the second formula in (5.140).
Finally, if A € he N R, then ¢ and ¢ are holomorphic in a neighborhood of
A by Remark 3.7, whereas (6) of Lemma 5.70 guarantees that E;l and E=*
have no poles on R. Therefore, h4 = hg and hence A is entire if and only if
¢ is entire.

If A is rational (resp., meromorphic) then formula (5.132) clearly implies
that € is rational (resp., meromorphic). Conversely, if € is rational, then
formula (5.134) implies that ¢ is rational in C.. Therefore, its boundary
values and its extension to C_ via (5.139) are also rational, as is ¢#. Thus A
is rational. Similarly, if € is meromorphic in C, then (6) of Lemma 5.70 and
formula (5.140) imply that A is meromorphic on C\ R and R C . Thus,
in view of Remark 3.7, ¢ and ¢/ are also holomorphic on R. Therefore. A is
meromorphic on C. O

Theorem 5.75 Let ¢ = [E_ E.] be a regular de Branges matriz and let
Ag(p) = Ey () *Ey(u)~! a.e. on R. Then:

(1) There exists a perfect muf A € U(J,) such that (5.130) holds. More-
over, A is uniquely defined by € up to a left constant J,-unitary factor
of the form (5.138) by formulas (5.134) and (5.137). There is only
one such perfect muf A, for which cq(i) > 0: if « =0 in (5.1534).
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(2) If € satisfies the conditions (5.129), then there is exactly one per-
fect muf A € Uy(J,) for which (5.130) holds. It is given by formula
(5.132), where

W=+ [ A -1} (5.141)
cN=L+= | —={Ae¢lp)—1L}dp. :
P oo n(p =N !
Proof The first assertion follows from Theorem 5.73 with ¢ = ¢, and A = A,
given by formulas (5.134) and (5.137), respectively.
Assertion (2) follows from Theorem 5.74 and the identity

Ao
p—=2A)  p(l+p?)

o)

N = I, = i+ — {N(

T ) _ oo

b8et - 1)
by choosing
o= [ Bl ~ L
7)o n(+p2) ¢ !
(]

In view of Theorem 5.73, formula (5.130) defines a one to one correspon-
dence between perfect mvf’s A € Uy(J,) and regular de Branges matrices
¢ = [E_ E,] with the properties (5.129).

The next theorem describes the connection between the corresponding
RKHS’s H(A) and B(¢).

Theorem 5.76 Let A € U(J,) and let €, ¢4, cs, Ay and Ag be defined by A
as in Theorem 5.73. Let Uy denote the operator that is defined on H(A) by
the formula

(U2f)(A) = V20 LIf(N) for feH(A). (5.142)
Then:
(1) H(As) = {f € H(A) : (Uaf)(\) =0}, ie.,
H(As) = ker Us. (5.143)

(2) The orthogonal complement of H(As) in H(A) is equal to AsH(Aq),

H(A) = H(Ay) ® A;H(Ay). (5.144)

(3) The operator Us is a partial isometry from H(A) onto B(&) with
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kernel H(As), i.e., Us maps H(A) © H(Ay) isometrically onto B(€&).
Moreover,

H(A,) = @ (5.145)

and L(cs) is the RKHS with RK
cs(A\) + es(w)”
pu(X)

(4) The operator Uy is unitary from H(A) onto B(€) if and only if the
muf A is perfect.

ke () = (5.146)

Proof Let Ny = [0 1I,], H2(A) = ker U, and observe that

INSKANNy = po,(N)"12{N;J,Ny — Ny B(\)DJ,T*B(w)* Na}
= po(N)THO—e(N)jpe(w)*} (5.147)
= KEO).
Moreover, since
1
U2 K2 (\) Nam = EKS(AM, (5.148)

the operator Us maps the linear manifold
L4 = {Z:Kfz (MNam; © w; € by, n; €CP and n > 1} (5.149)

onto the linear manifold

1 n
Le = 7ZKS()‘)U% wi €ha, i €C’ and n>1,.
V215

Furthermore, the formula

n 2
2(1> " K2 Nom; = 2 Z 1y N3 K2} (wj) Nom;
i=1 H(A) i,j=1
- anK@ (wj)n Enll  (5.150)
i,j=1 (@)
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exhibits Us as an isometry from L4 into B(€):
1 1Fyay = 102/l for f€La (5.151)

Therefore, since £ = Hy(A) and the set Us L 4 is dense in B(€), the operator
Us is a partial isometry from H(A) = L4 @ L onto B(€) with kernel Ha(A).
Next, it follows readily from formula (5.136) that

1 [cs(/\) + co(w)* o]

0 0

and hence that
N;K2(\) =[0 0]
Thus, H(As) € H2(A) (as linear spaces).
Finally, to obtain the opposite inclusion, observe that since Ha(A) is a
closed subset of H(A) that is R, invariant for every point « € b4, Theorem

5.50 guarantees that there exists a pair of mvf’s A; € U(J,), j = 1,2, such
that

Ha(A) = H(A1), A(X) = Ai1(N)A2(N)
and
H(A) = H(A1) ® AiH(Az).
Moreover, upon writing

AN = ADWAD ) and  Ay(N\) = AP N AZ ()

in terms of the formulas given in Theorem 5.73 and observing that
N;K; () =0 <= N;{A@) - AW} pAw) =0
for \,w,w € by,
— Ny{A1(@) — Ai1(\)} =0 for \,@ € by,
= NH{AV ) - AP (W)} =0 for \w € by,

we see that the bottom block row of Ag,l)()\) is constant. Therefore, by for-

mulas (5.137) and (5.134), A((ll)(/\) is a J,—unitary constant matrix, which
may be taken equal to I,,. Thus

AN = ADNAD N AP (N)

S S
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from which it follows that

and hence that
H(Al) g H(Ae)a

as needed to complete the proof of (3). Finally, (4) is immediate from
(1)-(3). O

Remark 5.77 It is readily seen that the muf Ag(\) in the factorization
(5.135) belongs to the class Us(J,), since cs € NP, Thus,

A e Ug(Jy) = As(N) is constant. (5.152)

The converse is not true. In order to have A € Uyr(J,), a second condition
is also needed; see Section 7.4. The inclusion

Upsr YU s S Uir NUR

guarantees that if A € Usg or A € Uysr, then the operator Us is a unitary
operator from H(A) onto B(€).

5.14 A description of H(W) N LY

The classes Us(J), Urr(J) and Uy, g (J) of singular, right regular and strongly
right regular J-inner mvf’s will be characterized in terms of the linear man-
ifold Ly = H(U) N LY (R). Since H(U) C Ly(R) if J = +1,,, only the
case J # £, is of interest and thus, it suffices to focus on J = j,, and
HW) N LY (R) for W € U(jpq)-

To every W € U(j,q) we associate a pair of operators I'11, I'y2 and a pair
of linear manifolds £;};, £y, which are defined in terms of {b1, b2} € ap(W)
and s12 = Ty [0]:

I'n = HH(b1)MS12 ‘H%a Loy = II_Mj,, ’H*(bg) (5'153)
T'9oh
Ly = I 1 geMb)y and Ly = 200 he Ha(ba) .
Iy h

(5.154)
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Lemma 5.78 If W € U(j,,), then:
(1) L, = H(W) N H.

"
Mg
= ((I =Tul'1)g, g)st
holds for every g € H(b1). In this formula, T'T; = Iy M [35,)-
(3) The formulas I'yy = 114 M| g and

<[I—1s ;qs} [ri‘glg]’ [F;gbst - H[Fig}

hold for every muf s € Ty [SP*1] and every g € H(by).

2

H(W)

Proof. If f = col(f,g) belongs to H(W) N Hy", then (5.88) implies that
h = I, s},9 and s};g € Kb. Thus, as s;1 = by and ¢ € ShP, it is

out

readily checked that g is orthogonal to by HY with respect to the standard
inner product and hence that g € H(b1). Therefore H(W)NH}* C L. The
opposite inclusion is even easier.

Since the verification of the formulas in (2) follows easily from (5.89), we
turn next to (3). Let £ € SP*%. Then

Twle]l = Tw[0] = (wiie + wiz)(ware 4+ weo) ™t — w12w2_21
= {wpe 4+ wy —w12w2_21(w215+w22)}(w215+w22)*1
= (w11 — wigway war)e(ly — s218) 522
= wﬁe(lq — 5215)_1522
= sne(ly — 3215)_1322
= bipye(ly — 3216)_1<p2b2
= bitbe,

where ¢ = p1e(I; — s21€) o2 belongs to N¥™, since (I, — s21) ™! belongs
to N7, by Lemma 3.54. Thus,

SN — s12(0) = b \)B(A)ba() (5.155)
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for some choice of ¥ € H5? and hence T'y; = Iyy(py) Ms| o and
IL; (5% = s1p)g = I 650 "bTg = T1 b3ep 1L bTg = 0 (5.156)

for g € H(b1) and s € Ty [SP*1]. The asserted formula is now easily checked
by direct computation. O

Lemma 5.79 If W € U(j,,), then:
(1) Ly, = HW) N K.

(2) The formula
= < I —T'9 Fzgh T'9oh >
H(W) 22 h ’ h st

I
= ((I —T5,T92)h, h)g

is valid for every h € H.(bs).
(3) The formulas T'ag = I1_ M|y, (1,) and

(5 2N, ranom

are valid for for every muf s € Ty [SP*1] and every h € H.(b2).

Proof The proof is much the same as the proof of Lemma 5.78. The verifi-
cation of the third assertion rests on formula (5.155) and the evaluation

L {(s — s12)h} = IL_bybboh = TL_byypIL_boh = 0 (5.157)
for h € H.(b2). Thus
I'ooh — sh = -1l sh
and
—5*T'99h +h = —s*II_sh + h.

The rest is straightforward. O
We turn next to the sum

Lw =Ly + L3 (5.158)

and its closure Ly, in H(W). The sum is direct because Ly, C (K3") and
Ly, C H'. However, it is not an orthogonal sum in H(W). The inner
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product between elements in the two spaces can best be expressed in terms
of the operator

Tio = Tgn,) My [0, (62) - (5.159)
Since
vy b190b2 |2, (by) = 0 (5.160)

for ¢ € HY'Y, it follows readily from (5.155), (5.156) and (5.157), respec-
tively, that the operators I'19, I'1; and I'9s do not change if s is replaced
by any s € Ty [SP*4].

Lemma 5.80 If W € U(jpg), 9 € H(b1) and h € Hy(b2), then:
(1) Lw =H(W)N LY.

o ([ 7, =i

0 ([ et [737]), = trw

and T2 = My, ) Mgy, 1,) for every choice of s € Ty [SP*1].

Proof It is readily checked with the aid of Theorem 5.55 that if f € H(W)N
Ly is decomposed as f = fi + fo with fi € HY" and fo € K3, then
fi e HW)NHY and fo € H(W) N K}*. Therefore, in view of Lemmas 5.78
and 5.79, we see that H(W) N Ly C Ly. This serves to establish (1), since
the opposite inclusion is self-evident. The rest is straightforward. O

The next theorem summarizes the main conclusions from the preceding
three lemmas.

Theorem 5.81 Let W € U(j,q). Then

Fll = H'H(bl)M5|Hg7 FQQ = H—MS|'H*(b2) and
T2 = My, ) Mslp, 5,y for every choice of s € Ty [SP], (5.161)

and:
(1) Lw =HW)N LY.

(2) Every f € Lw has a unique decomposition of the form

Tooh
f:{ g }+[ > } withg € H(b1) and h € Hy(bs). (5.162)
I'Mg h
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(3) If f is as in (2), then

o _ /| I-Tulfy -T2 91 9
b, = ([ T R D) - s

(4) If f is as in (2) and s € Ty [SP*Y], then

HfH%W):q_IP* }j] f,f> : (5.164)
st

S

Corollary 5.82 If W € U(j,q), then Lw is R, invariant for every point
a € by .

Proof This is immediate from the identification of Ly in (1) of the theorem,
since H(W) is R, invariant for every point o € by and f € H(W) is
holomorphic at all such points «, by Theorem 5.49. Moreover, if f € H(W)N
Ly and « € by, then R, f € Ly'. Thus, R, f € Ly . O

Lemma 5.83 Let U € U(J). Then:
(1) U e N"™ if and only if H(U) C N,

(2) U € N™™ if and only if H(U) C N, where f € N™*F «— f# ¢
o,

Proof Clearly it suffices to prove both statements for the special case that
J = jpq. Suppose first that W € N"*™ and let f = col(f,g) belong to
H(W). Then f € NI, since sgoh € HJ and g — s12h € HY, by Theorem
5.55, and s20 € Siy? when W € N*™. The other direction follows from
the formula for the reproducing kernel. This completes the proof of (1). The
proof of (2) is similar. O

Corollary 5.84 If W € U(jpq) NNT™, then

L =HW)NLy =H(W)nH;".
If W € U(jpq) NN, then

Ly, =HW)NLy =H(W)NKy".
Proof By the Smirnov maximum principle,

NN LY = HY  and (by symmetry) N_NLY = KJ'.
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5.15 Characterizations of the classes Us(J), U.r(J) and U5z (J)

Let
H(br)
H(bl, bg) = D .
Theorem 5.81 guarantees that the operator
Ly = . : H(by,bo) — H(W) (5.165)

is well defined, injective and bounded. The operator

I-T1I, —To

A= [ I I —T%,Tg } : H(by,b2) — H(bi,b2)  (5.166)

that appears in formula (5.163) is also bounded and (since Ay = L}, Ly )
nonnegative. We turn next to characterizations of the indicated subclasses
of U(J) in terms of the properties of the set

Ly =HU)NLy.
Extensive use will be made of the next lemma and Theorem 5.50.
Lemma 5.85 Let W € U(j,y) and let Ly, denote the closure of H(W)N Ly
in H(W). Then there exists an essentially unique muf Wi € U(jpq) such that
Lw = H(W). (5.167)

Moreover:

(1) W' W € Us (pg)-

(2) H(Wy) is included isometrically in H(W), i.e.,

11wy = 1 F 3wy for every f e H(WL).
(3) Lw = Lw, and ap(W) = ap(W1).

Proof By Corollary 5.82, Ly is R, invariant for every point a € by .
Therefore, since R, is a bounded operator in H(W) for each such point
«, Ly is also invariant under R,. Thus, by Theorem 5.50, there exists an
essentially unique mvf Wi € U(jp,) such that (5.167) holds, (2) holds and
W, W € U(J,,). Consequently,

Ly, = H(Wl) N L72n - H(W) NLY =Ly C Ly, .
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Therefore,

Ly, = Ly .

Let {bgl), bgl)} € ap(Wy) and let s € Ty [SP*9]. Then, since W W € U(jp,),
s € Ty, [SP*1]. Therefore, Ly, admits a description as in (2) of Theorem
5.81 in terms of the operators FZ(-jl.) that are defined just as in formulas (5.153)
and (5.159), with the same s, but with {bgl), bgl)} in place of {b;, b2}. Thus,
as Ly, = Ly, it follows that H(b\")) = H(b1) and H,(b")) = H.(by) and
hence that bgl) = byv; and bgl) = w9by for some pair of unitary matrices
vy € CP*P and vy € C?*4. This completes the proof of (3) and justifies the
formulas

ri—r

ij ij

for i,j=1,2. (5.168)
In particular, {b;,b2} € ap(W7), and hence, in view of Theorem 4.94, (1)
holds. O

Theorem 5.86 Let U € U(J). Then:

(1) U elUs(J) < H(U) N Ly = {0}.

(2) U elUr(J) <= H(U)NLY is dense in H(U).

(3) U € Upsp(J) <= H(U) C LY.
Proof Suppose first that J # +£1,,. Then, there is no loss of generality
in assuming that J = j,,. Consequently, Lemma 4.39 and the description

of Ly that is furnished in Theorem 5.81 supply the key ingredients in the
following sequence of equivalences if W € U(J,,) and {b1,b2} € ap(W):

Ly ={0} <= H(h)={0} and H.(b)={0}
<= bi(\) = constant and by(A\) = constant
— W eUs(jpg)-

Moreover, since Ly = H(W;) for some mvf Wi € U(j,,) and W, 'W €
Us(jpq) by Lemma 5.85, the formula W = Wi (W, 'W) implies that

m 75 H(W) <~ W1_1W ¢ uconst(qu) — W g urR(qu)‘

This completes the proof of (1) and (2) if J # +1,,. However, if J = £1,,,,
then (1) and (2) are self-evident, because U(J) = U,r(J) C LY.
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Assertion (3) is listed here to ease the comparison with (1) and (2). It will
be justified in Theorem 5.92. O

Corollary 5.87 Let W € U(jpq) and let Wy be the muf that is considered
in Lemma 5.85. Then Wi € Urr(Jpq)-

Proof This follows from the equality Ly, = H(W;) and Theorem 5.86. O

Theorem 5.88 Let W € U(jq), let {b1,ba} € ap(W) and let s12 = Ty [0].
Then W () is not right regular if and only if there exists a nonzero element
f € H(W) such that
b HY
[ Iy —s1 } fe ©.. (5.169)
=Sty 14 by K,

Proof If W()) is not right regular, then by Theorems 5.81 and 5.86, there
exists a nonzero f € H(W) such that

I, —si2 g F22h}> _
(5 el 5,0 om

for every choice of g € H(b1) and h € H.(b2). Therefore, since

HY
Iy —s12 } @2
€ , Toohe K and T7,g9 € HY,
[ R f K! 22 2 119 2

the condition (5.170) is readily seen to be equivalent to the condition

Ut i, =

for all such g and h. But this is equivalent to the asserted condition
(5.169). O

Theorem 5.89 Let U € U(J). Then:

(1) U admits a right regular-singular factorization
U=U,U, with U; € U,-R(J) and Uy € Us(J) (5.171)

that is unique up to multiplication by a constant J-unitary factor V
on the right of Uy and V' on the left of Us.
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(2) Ly = Ly, = H(Th).
(3) H(Uy) is isometrically included in H(U).

Proof If U € U(J) and J = £1,,, then the theorem is self-evident, because
UT) =Ur(T), Us(J) = Ueonst(J) and Ly (J) = H(U).

If J # +£1,,, then it suffices to verify the theorem for J = jj,. In this
setting, Lemma 5.85 and Corollary 5.87 guarantee the existence of a right
regular-singular factorization W = W W, as in (1) and that (2) and (3)
hold. Therefore, it remains only to check the essential uniqueness of the
factorization considered in (1). But if W = W3W, with W3 € U, r(j,q) and
Wy € Us(jpg), then, by the same arguments that were used to prove (2) of
Theorem 5.86, Ly = Ly, = H(W3). Thus, as Ly = H(W;), by Lemma
5.85, it follows that H(W3) = H(W;) and hence that W5 = WV for some
Ve Z/{const (qu)- O

Theorem 5.90 Let U € U(J). Then:
(1) Ue E@ = U € Up NUyg.
(2) U € Upsp Ulhypsp = U € L.
(3) U eUpsp UUysp = U € Upr NUypg.

Proof If U € Ijgl, then KUv € LY for every choice of v € C™ and w € by .
Therefore, L7 is dense in H(U) and hence U € U,r(J), by Theorem 5.86.
The same argument applied to U™ implies that U™ € U, r(J) and hence that
U € Uyr(J). Thus, (1) holds, and the proof is complete, since (2) coincides

with Theorem 4.75 and (3) is immediate from (1) and (2). O
Let
i The Hy Hiby)
Ty = [ . Fzg] e — e, (5.172)
He(b2) K3

where {b1,b2} € ap(W) for W € U(jp,) and the operators I';; are defined by
formulas (5.153) and (5.159).

Lemma 5.91 If W € U(j,q), then the following are equivalent:
(1) W € Ursr (pq)-
(2) W e Urr(jpq) and ||Tw || < 1.
(3) Aw > el on H(b1,b2) for some e > 0.
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Proof The implication (1) = (2) will be proved in Theorem 5.92. The con-
verse implication will follow from Theorem 7.54. Moreover, the equivalence
of (2) and (3) is well known. O
Lemma 5.91 exhibits a useful characterization of the class Usr(jpq). The
implication (2) = (1) will be used in the proof of Theorem 5.92.

Theorem 5.92 Let U € U(J). Then the following are equivalent:
(1) U € Ursr(J).

(2) There exist a pair of constants v > 1 > 0 such that

Yl llst < N fllnwy < vellfllss for every  f e HU).  (5.173)
(3) H(U) is a closed subspace of L.
(4) H(U) C L.

Proof If J = +I,,, then H(U) is included isometrically in Ly' and the
theorem is self evident. If J # +1,,,, then it is enough to verify the theorem
for J = jpg. But if W € Upsr(Jpq), then, since Ursr(pg) S Urr(jpg) by
Theorem 5.90, Lemma 5.85 guarantees that Ly = H(W). Moreover, by
Theorem 5.81, || f[|#(w) can be evaluated by formula (5.164) when f € Ly,
which, upon choosing s € Ty [SP*9] with ||s]|ec < 0 and § < 1 leads easily
to the bounds

L= DIAIE < 13wy < QA+ DISfIE for feLw.

Moreover, since Ly is dense in H(W), the inequalities extend to H(W).
Thus, (1) = (2), and clearly (2) = (3) and (3) = (4).

It remains only to check that (4) = (1). Towards this end, let H(W) C
Ly. Then Ly = H(W), W € Urr(jpq) by Theorem 5.86, and the operator
Ly defined in (5.165) is a bounded invertible operator from H (b, be) onto
H(W). Therefore, by a theorem of Banach, Ly has a bounded inverse. Thus,

in view of Theorem 5.81,
2
~(aw 1. 1])
H(W) < h h st

v )

Ay is positive and has a bounded inverse. But this is equivalent to the

fact that the operator I'yy defined by (5.172) is strictly contractive, i.e.,
HFWH < 1. Thus,

HW) C Ly = W €lUrr(jpg) and [[Tw]| <1,
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and hence W € U,.sr(jp,) by Lemma 5.91. O

5.16 Regular J-inner mvf’s

A J-inner mvf U is said to belong to the class Ur(J) of regular J-inner
mvf’s if it is both right and left regular, i.e.,

Ur(J) = Urr(J) NUr(J).
Theorem 5.93 The following inclusions hold:
(1) U(T) N LIX™ C UR(J).
(2) Ursr(J) Uldpsp(J) C UR(T) N LY.
(3) Uprsr(J) Ulpsp(J) CUR(T).

Proof This is just a reformulation of Theorem 5.90. O

Theorem 5.94 Let U = U Us, where U; € U(J) for j =1,2. Then:
(1) If U € Uysr(J), then Uy € Upsp(J) and Us € Ug(J).
(2) If U € Uysp(J), then Uy € Ur(J) and Uy € Upsg(J).
Proof Suppose first that U € U,sz(J). Then, by Theorems 5.52 and 5.86,
H(U1) CHU) € Ly
and Uy € U,sr. Moreover,
Uelsp(J)=UeclUpr(J)= U €Ur(J),

where the first implication follows from Theorem 5.93 and the second impli-
cation follows from the definition of the class U,z (J). Next, to verify that
U, € UgR(J), let Us = UsUy, where Us € US(J) and Uy € U(J) Then
U = U,U3Uy and, by the preceding argument, U1Us € U,sz(J). Therefore,
U Us € U, g(J) and hence, Us is a constant matrix. Thus, Uy € Ugr(J).
Since (2) follows from (1) by considering U~ = Uy U7, the proof is
complete. O

5.17 Formulas for W()\) when W € U, sz (j,q)

Let W € Ursr(jpq)- Let {b1,b2} € ap(W), s12 = Tw[0] and let the oper-
ators I'11, I'12 and I'yy be defined by formulas (5.153) and (5.159). Then,
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by Theorem 5.92, H(W) C L3 and, consequently, Theorem 5.81 provides a
description of H(W'). Moreover, if d;j(\) = detb;()), j = 1,2, then

H(bl) g H(dl—[p)y H*(l)?) g H*(dQIq)y

Ui H(b1) € H(dily), TaoHu(ba) € Huldaly)

and it is easy to check that both subspaces I'7;H(b1) and I'aoH.(b2) are R,
invariant for every a € hy. Thus, in view of Theorem 3.38 and Corollary
3.42,

— o~ — o~

T, H(b1) = H(by) and TaaH,(b2) = Ha(bs) (5.174)

for some 31 € anXp and /52 € anxq. O

Theorem 5.95 Let W € U,sr(jpqg), let {b1,b2} € ap(W), and s12 = Ty [0].
Let the operators T'11,T99 and T'19 be defined by the formulas (5.158) and
(5.159) and let the operators Ly and Aw be defined by formulas (5.165) and
(5.166). Then Ay and Ly are bounded and boundedly invertible operators,
the adjoint Ly, of Ly acts from H(W') onto H(bi,bs),

Aw = LiyLy >0 (5.175)

and the RK of the RKHS H(W) is given by the formula

khg 4+ Ty kb
N:LWA;VI Srluksn] for € € CP and n e Cl, (5.176)

D006 + %)

where. kb and €% are the RK s of the RKHS’s H(b1) and H.(bs), and k?}

o~ o~

and (%2 are the RK’s of the RKHS’s H(by) and H.(by), respectively.

Proof In the proof of Theorem 5.92 it is shown that the operator Ay
is positive, bounded and boundedly invertible in the space H(b1,b2) and
that Ly is a bounded, invertible and boundedly invertible operator from
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H(b1,be) onto H(W). It is readily checked that for every point w € by

bl (), = Ml Eh e

= <97 kabul@st + <F22h7£2;2§>8t + <FT197 kf;1>st
+<h7€g)2 77>8t

_ [9} kﬁ?ﬁjfuk%
W res |,

At the same time, by assertion (3) of Theorem 5.81,

(o [ (o)), = (B wrien )

which also serves to justify (5.175). Thus,

g kb1€+F11k3177 < g W [§]>
| Wb ik - Aw LK
<[h] [FE‘%Z%MZQ?? y m o 11/ s

for every g € H(b1) and h € H(b2), which yields (5.176). O

Formula (5.176) may be rewritten in the following form. Consider the
set H"(b1,be) of m x m mvf’s F = [fl fo - fm] with columns f; €
H(b1,by) for 1 < j < m, as the orthogonal sum of m copies of the space
H(b1,b2) and the set H" (W) of m x m mvf’s K = [kl ko .- k:m] with
columns k; € H(W), for 1 < j < m, as the orthogonal sum of m copies of
the space H(W). Let the operators

Ay H™ (b1, b2) — H™(b1,b2) and Ly : H™ (b1,b1) — H™ (W)
act on these spaces of m x m mvf’s columns by column:

Aw [fi fo - [l =[Awfi Awfe -+ Awfn]
and

Ly [fl f2 fm]:[LWfl LWfQ Lme]-

Analogously, let the operators I'y; and I', act on p x p and ¢ x ¢ mvf’s
respectively, column by column. Then the mvf

CEJCYRNC NIYIRI0N

EV(\) =
N ST R

€ H™ (by, by) (5.177)
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and formula (5.176) may be rewritten in the form
K (N = (Lw Ay F)(A) (5.178)

for every w € by .
The mvf W (A) is defined by the RK K, (\) of the RKHS H(W) up to a
constant jy,-unitary right factor and

W (AN)ipgW (W)™ = Jpg = pu(A) Ku(A). (5.179)

If w e by N f);/,l, then there is only one mvf W(\) that meets the nor-
malization condition (5.91) at the point w, and W(w) for this W may be
expressed in terms of K, (w) and Kz (@) by formulas (5.94)—(5.97).

If 0 € by, then W(A) may be normalized at the point w = 0 by the
condition W(0) = I,,. This normalized W () is defined uniquely by the
formula

WA) = Ly, + 2w K (\)jpg, (5.180)
where
K () = (Lw AR RN (5.181)
and

b1 by
(Ta2l?)(A) £ ()
Since b, C by and b; C by, the mvi’s b; and Bj may also be normalized
J

by the conditions by (0) = b1(0) = I, and by(0) = by(0) = I,. Then

b I, — bi(\) 7 I, — bi(\)
Fo N =Tmx s ko N =" (5.183)
b — 1 5 N -1 '
682 (A =-=2 (2) ) ¢  and 682()\) = 2 (2)7ri)\ 12

If by (\)=constant, i.e., if W € N{"*™ then H.(b) = {0} and the preceding
formulas simplify:
1

Ly = [r;l] L H(by) — H(W), (5.184)

and

AW =1- F11F>{1 : H(b1) - H(bl), (5.185)
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where
Fll = P’H(b])M9|H;1’ S € TW [SquL (5186)
FV () =k () (Tukl) ). (5.187)
Analogously, if b; (A\)=constant, i.e., if W € N""*™  then H(b) = 0,
r
Ly = [ ﬂ : Ho(by) — H(W), (5.188)
and
AW =71 — F;QFQQ . H*(bg) — H*(bz), (5189)
where
FQQ = H7M8|H*(b2)v S € TW [Squ], (5190)
FV () = (TR0 () 2], (5.191)

Remark 5.96 In formula (5.177) the muf’s b1 and by may be replaced by

any other pair of inner muf’s by € SL°7 and bg € SE*7, such that H(/b\l) -

H(bs), Hau(by) C Holbg) and bos Nyt 2 hw . In particular, it is possible to
choose by = (det by)I, and bg = (det by)1,.

Remark 5.97 Theorem 5.57 guarantees that there is exactly one muf W €
U(Jpq) for which (5.179) and the normalization conditions (5.91) hold at a
point w € f)ﬁ, N h;rv,l N C, hold. The formulas that are given in Theorem
5.57 for this normalized muf W(\) in terms of the RK may be combined
with the preceding analysis to obtain formulas for the normalized muf W (X)
in terms of the operators I';;.

5.18 A description of H(A) when A € U, ;r(J,)

In this section we shall explain how to obtain a description of the space H(A)
for A € U,sr(Jp) from the description of the space H(W') that was given for
W € Uyrsr(jpg) in Theorem 5.81. The proof will be obtained by applying this
theorem to W(A\) = WA(MN)D. (In this case p = ¢.) The description of H(A)
will depend upon the connection between {by, by} € apr(A) and {bs, by} €
aprr(A) (see (5.196) below) and the interplay between the operators I'11, I'a2
and I'12 defined in terms of {b;,b2} € ap(W) and s € Ty [SP*?] by formulas
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(5.153) and (5.159) that were used to describe H(WW) and the operators ®;;
that are defined in analogous fashion by the formulas

11 = My Melpr,  Poz =H-Melp, by, P12 = Wy Melr. o)
(5.192)
for ¢ € C(A) N CP*P. The operators I';; and ®;; are independent of the
considered choices of the mvf’s s(\) and ¢(\).

Theorem 5.98 Let A € Uysp(J,), let €(A) = V2N A(N)T and {bs, by} €
ap]](A). Then

B(€) = H.(by) & H(bs) (5.193)

as linear spaces of vuf’s, but not as Hilbert spaces (unless E’+Ef =1,) and
there exist a pair of positive constants v1 and o such that

Nllfllse < 1 fllse) < 22l fllst (5.194)
for every f € B(¢€).

Proof By Theorem 5.92, there exist a pair of positive constants «; and «s
such that

arllfllse < Wfllray < el fllse
for every f € H(A). Moreover, since A € U,sr(Jp),
£ lray = V2 INS fllge)s
by Theorem 5.76. Therefore,
ar|[ N5 fllst < V2 N3 fll e

for every f € H(A). This supplies the first inequality in (5.194) (with v, =
a1/+/2) and exhibits the inclusion B(€) C L5(R).
The verification of (5.193) rests on the fact that

feB(e)« E'fecH) and EZ'fe K}
and the factorizations

E;l — @4[)4 and (E_#)_l = b3@3 (5195)
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with b; € SU7 and (A + )" Lp; € N2WP N HYP for j = 3,4. Thus, as

out

(n+14)"Lps(p) is outer in HY™ p , the following equivalences hold for f € L}:

Eilfe HY < <<p4b4f, (,ﬁi) > — 0 for all f, € HXP
st

= (s (85) 1) =oforall fo e HY?
<= f is orthogonal to b} K}.
Similar considerations lead to the conclusion that
E~'f € K <= f is orthogonal to b3 H}.

This serves to complete the proof of (5.193).

Next, let T denote the (embedding) operator that maps f € B(€&) onto
f € H.(bs) ®H(by). By the first inequality in (5.194), T is also bounded and
one to one. Therefore, by a theorem of Banach, 7" has a bounded inverse.
Consequently, the second inequality in (5.194) must also hold for some ~9 >
0. O

Lemma 5.99 Let A € ursR(Jp)z let {bl,bg} S ap[(A), {bg,b4} S ap[](A),
W = UAD and let T'11 and Tyy be defined as in (5.153). Then

(I + 1) H(br) = H(bs), (I + Ta2)Hi(b2) = Hu(bs) (5.196)
and

(I-T%)g+ (I —Ta)h

H(A) = {|: (I+P11)g+ (I+F22)h S H(b1) and h € H*(bg)} .

(5.197)
Proof Formula (5.197) follows from the relations
KA\ =9K"(\Y and H(A) = YH(W)

between the RK’s of the RKHS’s H(A) and H(WW) and the description of
H(W) that is given in Theorem 5.81, because Ly = H(W), since W €
Ursr(Jp). Then (5.196) follows from (5.197) and Theorem 5.98. O

Lemma 5.100 Let A € U,sr(Jp). Then
I= =TI +T1)  np,) and
Doy = (I — FQQ)(I+F22)_1’H*(b4). (5198)
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Proof If ¢ € C(A)NCP*?, then ¢ = —I, +2(I, 4+ s)~", where s € Ty [SP*4] N
SP*P . Consequently,

oYy = s Mes[ppy) = W =1 + 2M g o)1 Hlray)
= {—I + 2H+M(Ip+s*)*l}|7'{(b3)'

Thus, in order to complete the proof of the first equality in (5.198), it is
enough to show that

(I+T5) lg=T01(I, +s*) g (5.199)

for every g € H(bs). Since g = bgg_ for some g_ € K}, it follows from
Lemma 4.73 that

*\ — *\ — 1 —%
H+<Ip +5%) 19 =11 (I, + s ) 1539— = §H+bl<ﬂs 9—,

where go;l € HY2P. This last conclusion stems from the Smirnov maximum
principle, which is applicable since ¢; ! € N7*? and is equal to the bounded
mvf 2b%(1, + s)7'b; a.e. on R. This proves that II (I, + s*)"tg € H(by).
Moreover,

(I + T (I, +s%) g = T (I, + s (I, +5%) g
IL (I, + s*) (I, + s%) 7 'g
This justifies (5.199). Then,
Dog =TI {1 +2M(7, 1 )-1 }H.(b)
and so, to verify the second equality in (5.198), we need to show that
(I+To) th=1_(I, +s)"'h (5.200)

for every h € H.(bs). But, writing h = bjh. for some hy € H) and invoking
Lemma 4.73, we see that

1
(I, + )" h=T(Iy + ) 'bihy = ST b5

Moreover, since

Uit = 2L, + 5) 710
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belongs to LES? NNy, it follows from the Smirnov maximum principle that
Yt e HE?. Consequently, IT_bw 7 h, belongs to H.(by) and

(I4+To)I_(I,+8)"th = T_(I, + s)I_(I, + s) " 'bihy
= (I, +s)(I, + )" bjhs
= TI_bihy = h,

as required. O

Lemma 5.101 In the setting of this section,

(P12h, g)st = —2(T12(1 + F22>71h, I+ Fi‘l)*lg)st for every
g € H(bg) and h € H*(b4) (5.201)

Proof In view of the identifications (5.196), (I + T'%;)"'g € H(b1) and
(I +T92)7th € H.(by). Therefore,

(Tia(1 +Ta2) " hy (I +T71) 7 g)se = (My(I +Ta2) " hy (I +T71) 7 g) st
Next, invoking (5.199) and (5.200), we can write the term on the right as
(sII_ (I, + 8)_1h, IL (1, + 5*)_19>st
= ((Lp +s)I_(I, + s)~'h, Ty (Ip + s ) )t
= (I + )Wy (I +5) "D, (I, + 5") " g)st

= —(IL (I, + $) "' h, g)st = —((Ip + $)"'h, g)st
=~ Lo = —(5)eh,g) = —(5)(Bizh, )

as claimed. O
Next, in order to obtain formulas for the RK KZ'()\) of the RKHS H(A)

in terms of the operators ®;;, it is convenient to introduce the operators

H(bs3) H(bs3)
_ D11 |94(by) P12 _
Ap=2m| et ® — e (5.202)
POOT2L 1, (by) H.(ba)
and
—r, @ Hilbs)
L= I“ ;2 & — H(A). (5.203)
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Theorem 5.102 Let A € Ur4r(Jp), B(A) = AN and let the operators
®11, Poo and P15 be defined by formula (5.192), where ¢ € C(A)NHE? and
{b3,bs} € aprr(A). Then

H(A) = {LA Z] . geM(bs) and he H*(b4)} . (5.204)
Moreover, if
f=1Ly m for some g € H(bs) and h € H,(by), (5.205)
then
1F1Feay = (Baf, st = ((e+ ) g+ h), (g + h))ar- (5.206)

Proof The description of H(A) in (5.204) follows from Lemmas 5.99 and
5.100. Moreover, in view of (5.196),

gEHb3) <= g=(I+T%)'g belongs to H(by)

and
h € Hy(bs) < h=(I+T) 'h belongs to Ha(bs).
Thus, as
] g
o =vauLw 2] and i) = 19

when W = YA, it is readily seen that

2 2 ~1 112

e[l = L], =2l
H(A) H(W) H(W)

= (e B,
- LD,

This leads easily to formula (5.206) with the help of the identities

2((I =T'1ul'71)g, 9)st = (P11 + 911)9, 9) st

2((1 = T5oT92)h, B st = (P22 + ®ha)h, B
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and, by (5.201),
—2(T12h, §)st = (P12h, 9)st- O

Lemma 5.103 Let A € Upsr(Jy), A(N) = JyAN)J, and let {b3,bs} €
aprr(A) and {b3,bs} € aprr(A). Then

TH(b3) = H(b3) and  ®ogH,(by) = Ha(by). (5.207)

~—~ o~

Proof Under the given assumptions, Ae Usr(Jp) because

ceC(A)NCPP «— ¢ 1 e C(A)NCP*P,
and, in view of formula (5.204),
0 LJH(A) ={g+h:geH(bs) and he H.(by)}.
On the other hand, since Kf()\) = J,KA(\)J,, formula (5.204) implies that
[0 LJH(A) = {—®} g+ Poh: g€ H(b) and h e Hi(bs)}.

The identities in (5.207) now follow easily, since ®f,g € H) and ®Paoh
€ KY. O
Theorem 5.104 Let A € Upsr(Jp), A(N) = JyA(N)Jy, {b3,ba} € aprr(A),
{b3,bs} € aprr(A), let the operators Ay and Ly be defined by formulas
(5.202) and (5.203) and let b5(X) and bg(\) be a pair of mof’s in P such
that

by'bs € SEP and  beby ' € SEXP

wm
and by, ﬂbbzl C by, ﬂf)b(—l . Then A4 and L are bounded invertible operators

with bounded inverses and, for every point w € ha, the RK Kf()\) for the
space H(A) is given by the formula

— By kb kY
KA\ ¢ = La(ag)| e ‘. (5.208)
U ool L] |m

Proof Since A € Uy4z(J,), we may assume that ¢ € C(A) NCP*? in formula
(5.198) and hence that there exists a pair of numbers dy > d; > 0 such that

01, <c(N)+c(N)*" <21, forevery point A € C,. (5.209)
Thus, if g € H(b3) and h € H.(bs), then,
lg + hliZ = llgllZ + IRIIZ
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and, in view of formulas (5.205) and (5.206),

L 7]

Therefore, L4 is a bounded one to one map of H(b3) @ H.(bs) onto H(A)
with a bounded inverse (L4)~*

2

51llg + bl < \ < b llg + A2

H(A)

1LY <67 and A7) < 67"
Now let f € H(A) and let
H(b3)

(La) ' f = [Z] e @ .
H.(bs)

Then, for every choice of £, € CP and every point w € h4,

],
- (stwrsieartat )
(] awearmsz )

by formulas (5.206) and (5.202). On the other hand, in view of (5.203),

& i (uil) w7ﬂ<u[2>w>
=<l > ALV

= (g, =P kD &+ kBn)sr + (h, 3,006 + (0im)
~g| | FPuklE+ Ky
S\ [B]] entis i |/

for every choice of g € H(b3), h € Hy(bs) and &, n € CP. Thus, upon
comparing the two formulas for [£* 1*|f(w), we obtain formula (5.208). O

€ n*]f(w)

k;bs
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We remark that the exhibited lower bound for A4 depends heavily on the
“full operator”; the symbol

c+c* c

c* c+c*

may be a singular matrix (e.g., ¢ = (1 +iv/3)a with a € R).
Formula (5.208) may be rewritten in a form that is analogous to formula
(5.178):

KAQ) = (LaAT EH, (5.210)
where the operators
Ly: H"(bs,by) > H™(A) and Ay : H™ (b3, bs) — H™ (b3, by)
act on the columns of m x m mvf’s and

_ [(@ukR)(N) k2N

= apanm) dioy) <700

Then the mvf A(A) is defined up to a constant right J,-unitary factor by
the formula

AN AW = Jy — po(VEL ().
If A€ Uy(Jy), then
A()\) =1y + Qﬁi)\K()()\)Jp.

Theorem 5.105 Let A € Uysp(J,), {b3,bs} € aprr(A), €(\) = V2N; AN)T
and let the operator Ay be defined by formula (5.202). Then

kb3 kb3

% 7-& -1 w 2 T2

Ny K, ()\)771 =2(A , (5.211)
? 4 Kgf"h 534772 ot

for every pair of points \,w € by and every pair of vectors ni,n2 € CP.
Moreover, if c € C(A)NCP*P, then there exist numbers 3 > 0, yo > v such
that

I, < (%e)(n) < 21, (5.212)

for almost all points p € R, and for every such choice of v1 and 2, and
every point w € h4,

v K @) + 8 (w)} S KEW) <A (B )+ (w)}. (5.213)
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Proof Formula (5.211) follows from formulas (5.208) and (5.203) and the

identity
" 0 0
mES\m =2<Kf[ }Kﬁl[ D :
m 21/ w4

Next, the equality (5.206) and the bounds exhibited in (5.212)imply that
211 < Ay < 2v51. Therefore,

(27) T < (Ag) < (2m) 7

and hence, by formula (5.211),

2 2

e . o |[RE
Yo ! g; <7 KS(W)U <M ! EIZ
w st w'l st

The asserted inequalities (5.213) now drop out easily from the evaluation

2

k‘ff?? b b
P k2 (W) + 6 (w) . O
w st

We are primarily interested in formula (5.210) for the case w = 0. With a
slight abuse of notation, it can be reexpressed in the following more conve-
nient form:

Theorem 5.106 If, in the setting of Theorem 5.105, it is also assumed that
0 € hy, then

K = Ly (5.214)

U1 U1a
U1 Upa |’
where the u;j = U;;(X) are p X p muf’s that are obtained as the solutions of
the system of equations

un 312] B [—@1174785 /‘683]

A
A * gbs £b4
22*0 0

(5.215)

U1 U22

and the operators in formulas (5.214) and (5.215) act on the indicated ma-
triz arrays column by column. In particular, the columns of u11(\) and
u12(A) belong to H(bs) and the columns of U1 (X) and Uz (N) belong to
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5.19 Bibliographical notes
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the weaker constraint Q2 N Q # 0 is due to Rovnyak [Rov68]. A formulation
for a wider class of domains that includes analogous results for the disc
that are due to Ball [Ba75] is given in [AID93]. The identification of H(U)
with maximal domain with a mvf U € P°(J) in Theorem 5.31 seems to
be new.

The verification of the unitary similarity (5.67) between H(U) and H(S)
for U € H(U) ans S = PG(U), and the use of this equivalence to obtain the
characterization Theorem 5.55 of H(W) for W € U(j,,) is based on Theo-
rems 2.4 and 2.7 of [Dy89b]. This characterization of H (W) was obtained
by other methods by Z. Arova [Ara97].

There are many ways to establish Theorem 5.24. The presented method
via finite dimensional reproducing kernel Hilbert spaces is adapted from the
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treatments in [Dy89b] and [Dy98]; more details on the limiting argument
may be found in [Dy89b]. Limiting arguments can be avoided by passing to
Riccati equations as in [Dy03a]. The identification of the de Branges identity
in finite dimensional R, invariant spaces with solutions of the Lyapunov
equation seems to have been first noted in [Dy89a]; a better proof is furnished
in [Dy94a] and [Dy98].
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Operator nodes and passive systems

In this chapter the RKHS’s H(U) and B(¢) will used to construct functional
models for operator nodes and passive systems. The following notation will
be useful:

L(X,Y) = the set of bounded linear operators from a Hilbert space X
into a Hilbert space Y
LX) = L(X X);
D(A) = the domain of a linear operator A;
Alpm = the restriction of a linear operator to a subspace M;
Ay = {DeC:(I-2A)"eL(X))
p(A) = {AeC: (M —-A)~"'eLX)}

6.1 Characteristic mvf’s of Livsic-Brodskii nodes
Let LB(J) denote the class of mvf’s U that are meromorphic on C\ R such
that:
(1) The restriction of U to b}, belongs to the class P°(J).
(2) 0 € by and U(0) = I,,,.

(3) There exists a § > 0 such that (—4,0) C by and U(u)*JU(u) = J for
all points p € (—0,9).

(4) The mvf U does not have a holomorphic extension to an open set 2 that
contains hy properly.

334
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Clearly,
LB(J) D Uy(J). (6.1)

The class LB(J) coincides with the class of characteristic mvf’s of simple LB
(Livsic-Brodskii) J-nodes, which plays a fundamental role in the spectral
theory of bounded linear nonselfadjoint operators with finite dimensional
imaginary part.

Aset ¥ = (A4,C; X,Y) of Hilbert spaces X and Y and operators A € £(X)
and C € L(X,Y) is called an LB J-node if

A— A =iC*JC, (6.2)

where J € L(Y') is both unitary and selfajoint.
An LB J-node is called simple if

ﬂ ker CA" = {0}. (6.3)
n>0
It is readily checked that X is simple if and only if
\/ (A)"C*Y = X or, equivalently, \/ (I-XA"lC*y =X
n>0 AEQ

for some neighborhood 2 of zero. In view of (6.2), these conditions are also
valid if A* is replaced by A. The operator valued function

Us(\) = Iy +i\C(Ix — AA)TIC*J for A€ Ay (6.4)

is called the characteristic function of the LB J-node X. If Y is an m-
dimensional linear space, then £(Y") can be identified with the set of m x m
matrices that define these operators in a fixed orthornormal basis in Y.
In this case we can assume without loss of generality that ¥ = C™ and
L(Y) = C™*™ respectively. Then J is an m x m signature matrix and
Us;(A) is an m x m mvf that will be called the characteristic mvf of the
LB J-node X.

Theorem 6.1 Let U € LB(J), X = H(U), A = Ry and Cf = 27 f(0)
for f € H(U). Then ¥ = (A,C; X,C™) is a simple LB J-node. Moreover,
A =by and Ug(N) = U(N) on hy.

Proof Since

£Cf = V2re f(0) = Vor(f, K )y for f € H(U) and €£eC™,
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the adjoint operator C* € L(C™, H(U)) is given by the formula
(C* O (N) = V2rKJ (M\)¢ for Aebhy and & eC™. (6.5)

In view of Remark 5.32, the RKHS H(U) is Ry invariant and the de Branges
identity (5.27) for a = = 0:

((Ro — Ro)f, 9)mw) = 2mig(0)*J £(0) for f,g € H(U),  (6.6)
is equivalent to the operator identity
A— A" =iC*JC.
Moreover, since

F(0)

)
n!

CA"f =2r for every f € H(U),
it is readily seen that ﬂnzokerézﬁi" = {0} and hence that the node Y is
simple.

It remains only to check that A ; = by and that Uy () = U()) for every
A € bhy. The formula

W = f(w) + MR\ f)(w)

for \e by Nby-1, w € by, A #w, (6.7)

(I =ARo) ™' f)(w) =

implies that (I — ARy)~! € L(H(U)) for each point A € by N by, ie.,
b Nhy—1 € Aj. It also implies that

C(I = MA)TVf =V2rf(\) for X € by Nhy- (6.8)
and hence that
CI —NA)TIC*Je = 2nKJ (V) J¢ for Aehynhy— and & eC™.
Thus,
Ug(N) = Iy + 2miAK{ (\)J = U(X\)  for X € hy Ny

and, consequently Uy, satisfies properties (1)—(3) in the list furnished above.
Therefore, as A ; = by, by definition, and hy satisfies property (4) in the
list, it follows that A ; C by and hence that Uy (A) = U(X) in A ;. Moreover,
AAQR: by NR, since hy—1 Nhy NR = hy NR.
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Suppose next that w € hy and w &€ R. Then there exists a 6 > 0 such
that the mvf F'(A) = U(1/)\) is holomorphic in the disc Bs(1/w) ={A € C:
IA—1/w| <0} and Bs(1/w) \ {1/w} C by N hy-1. Therefore,

FA) =I+iCM —A)7'C*J  in Bs(1/w) \ {1/w}.

Thus, if I'; is circular contour of radius 0 < r < ¢ centered at 1/w and
directed counterclockwise, then

ORI - Ayt d¢ =i | M) - I)Jd¢ =0,
r, I,
Therefore,
CAM (¢TI — A)~'Crd¢ = / CAM{¢(¢cT — A~ = I1}C*d¢ =0
T,

r,

for k =0,1,.... Consequently,

/ (CAMI(CT — A) T Cu, v)pd( =

[ A6 = Ay AT (A e = 0
r,
for u, v € C™ and j, £k =0,1,.... Thus, as the node is simple,

/ (CI—A)~ g, h)d¢ =0 for every 0 <r <4,

for dense sets of vectors g € H(U) and h € H(U) and hence, by passing to
limits, for every pair of vectors g, h € H(U). But this in turn implies that
the Riesz projector (see e.g., Chapter 11 of [RSzN55])

[ - atac—o,

r

and hence that the operator (w='I — A) has a bounded inverse, i.e.,
w e A/i' (]

Theorem 6.2 Let U € LB(J) and let H(U) be the RKHS of holomorphic
vuf ’s defined on by with RK K, () defined on by x by by formula (5.34).
Then:

(1) Ry € L(H(U)) for every point « € by
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(2) The de Branges identity holds for every pair of vectors f,g € H(U)
and every pair of points o, B € by .
(3) by = A, for A= Ry and

R, = Ry(I — aRy)™'  for every a € by. (6.9)

Proof Let ¥ = (Ry, C; H(U),C™) be the simple LB J-node considered in
Theorem 6.1. Then formula (6.8) implies that

(Raf)(N) = (A — a)—lx/%{é(l CAA T G- a/i)—l} f
=V2rC(I — XNA)TYA(I — aA)"'f (6.10)
for every f € H(U) and o € A ;. Thus,
Rof = A(I —aA)"'f for f € H(U) and a € A .

Consequently, H(U) is R, invariant for every a € hy; formula (6.9) holds;
and the de Branges identity hold for f,g € H(U) and «, 5 € hy. O

Since the LB J-node ¥ is uniquely defined by the mvf U € LB(J), we
shall also denote it as

EU = (R()a CU; H(U)a Cm)a

where it is understood that Ry acts in H(U) and that Cy maps f € H(U)
into /27 £(0).

There exists another model of a simple LB J-node with given characteristic
mvf U € LB(J) that is due to Livsic that rests on the following lemma:

Lemma 6.3 IfU € P(J), and det(I,, + U(X)) # 0 in C,, then the muf c =
JT[PG(U)]J belongs to C™*™. Moreover, if U = Us. is the characteristic
muf of an LB J-node > = (A,C; X,C™), then

2c(\) = —iNC(I — MAg)~'C*, where Ap = (A+ A*)/2. (6.11)

Proof This is verified by straightforward calculation with the aid of formulas
(5.40) and (5.42). O

Theorem 6.4 If U € LB(J), U\) = U(=1/A), and ¢ = JTg[PG(U)]J,
then lim, 100 U(p) = Iy, and there is an interval [a,b] C R such that:

(1) R\ [a,b] C b5 and U*JU = J for p € R\ [a,b].
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(2) c € CP*P and admits a representation of the form

_ 1 [Pdo(n)
c()\)—m,/a Y for A€ C\ [a,b].

(3) IfX = Lgl (dU, [av b])7

(A1) ) = nf (1), (CF)(u /da (W) forfEX,

and A = A1 + (1/2)iC*JC, then ¥ = (A,C; X,C™) is a simple LB
J-node with characteristic muf Uy, (X) = U(N).

Proof Assertion (1) follows directly from the fact that U € £B(J). Thus,
in view of formula (5.42) (applied to U), the Stieltjes inversion formula
implies that the spectral function o(u) of ¢ is constant for y < a and p > b.
Assertion (2) then follows from the general representation formula (3.4),
since ¢(o0) = 0.

Since A; = Aj, it is readily checked that ¥ is an LB J-node. Moreover, X
is simple because

Mp>oker CA™ = Nyp>oker CAT  and  Ny,>0 ker CA} = {0},

since vector valued polynomials are dense in L' (do, [a, b]).
Finally, to identify Usx,(—1/)), let

cs(A) = (In = Us(=1/N) (I + Us(=1/A)) ™"
Then, it is readily checked that

2 (\v = iC(\ — A)~1C%p = 7 i“( A)
™ a

v for every v € C™,

and hence that ¢y (\) coincides with the mvf ¢(\) that was defined in terms
of U(—1/\). Therefore, U(X) = Ux()), as claimed. O

Two LB J-nodes 3; = (A;,C}; X;,Y), j = 1,2, are called similar if there
exists an invertible operator T' € £(X1, X2) with T~! € £(X5, X1) such that

AQ = TAlTil and CQ = ClTil.

If there exists such a T which is unitary, then ¥; and s are said to be
unitarily similar and 7T is called a unitary similarity operator from ¥
to Xo. If one of two unitary similar nodes is simple, then the other is simple
and there is only one such T'.
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Theorem 6.5 If the characteristic functions Usx, and Usx, of two simple
LB J-nodes coincide in a neighborhood of zero, then ¥ = (A1,C1; X1, Y1)
is unitarily similar to Yo = (Ag,Co; X9,Ys) and hence Ay, = Ay, and
Us,(A) =Us,(X) on Ay, .

Proof Since Uy, and Uy, coincide in a neighborhood €2 of zero,
Ci(Ix, — M) NIy, —TAD IO = Cy(Ix, — Mo) " H(Ix, — @A) 1Cs
for A\,w € 2. Therefore,
CLAL(ADFCT = CLAL(ADFCE for j,k=0,1,.... (6.12)
The identities in (6.12) imply that the formula

n

TZ(‘LF{)]CCikyk = Z(A;)kcékyka Yk € Y fork= 11 ceey N,
k=0 k=0

defines an isometric operator that extends by continuity to an isometric
operator from

\V (ADFCy onto  \/(45)*C3Y  such that TCf = C3.

k>0 k>0
If the LB J-nodes >; and ¥y are simple, then this extension is unitary from
X1 onto X9, Moreover, in this case the formulas

(TAD)(AD"Cy = (A3)" O3y = (A3T)(A])" Cry

imply that TA} = A3T. O

Theorem 6.6 If¥ = (A,C; X,C™) is an LB J-node, then its characteristic
muf Us,(\) satisfies conditions (1)-(3) in the definition of the class LB(J)
and the operator

(Tsz)(\) = (2n) Y201 — XA) ' (6.13)
is a partial isometry from X onto the space H(U) based on U = Us, (with
bu = AA)?

ker Ty = (] ker(CA").
n>0
Moreover, Ty, is a unitary similarity operator from the node X to the node
Yy = (Ro,Cy; H(U),C™) based on the muf U = Us, if and only if ¥ is a
simple node. If ¥ is a simple LB J-node, then Uy, € LB(J),
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Proof A straightforward calculation based on (6.2) and (6.4) yields the
identity

J = Us(N)JUs(w)* = —i(A —@)C(I — NA) YT —wA")~IC*  (6.14)
for every pair of points A\, w € A4. Thus, Uy is holomorphic on A4 and

satisfies conditions (1)—(3) in the definition of the class £B(J). Formula
(6.14) implies that

> K (AN, = C(I —MA) e = Ty,
j=1

5~
3

where
xr = L Y (I —@;A)"1C*;
\/% = J 2
Wi,...,wn € Ag and vq,...,v, € C™. Therefore,
n
ITsalbyey = Y viKe, (@ivi

ij=1

1 &, _ 1
= 5o D WO —wA) (I -TA) Oy = [allk
ij=1
Thus, Ty, maps
X1: \/ (I_wA*)—IC*(Cm
wEA 4

isometrically onto H(U). Therefore, since
XoeX = ﬂnzoker(CA") = ker Ty,

Ty, is a partial isometry from X onto H(U) and T is unitary if and only if
X = Xy, i.e., if and only if the LB J-node ¥ is simple.

The fact that Uy, satisfies (4) too if ¥ is simple follows from Theorems 6.1
and 6.5.

The formulas Ty, Az = RyTx,xz and Cx = CyTxz for z € X are equivalent
to the formula

C(I—MA) 2 =Cp(I — ARy) ' Tz = V21 f()\)
for f(\) = Txx, which is equivalent to (6.13). O
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The characteristic function Uy, (A) of the dual LB J-node X, =
(—A*,C; X,Y) is equal to Uy (A) and the operator

(Ty,x)(A) = \/12?0(1—4— AA*) "1z from X into H(Us,)

is related to the operator Ty, by the formula
(Te.z)(A) = (Us)”(A\)(Txz)(=A).

Lemma 6.7 If ¥ = (A,C; X,Y) is an LB J-node, X; is a closed subspace
of X and

Ay = Px, Alx, and C;=Clyx,, (6.15)
then X1 = (A1,C1;X1,Y) is an LB J-node.
Proof Formulas (6.15) and (6.2) imply that
Ay — A} = Px, (A — A})|x, = iPx,C*JC|x, =iC{JC.

([l
The LB J-node X7 that is defined in Lemma 6.7 is called the projection
of the LB J-node X onto the subspace Xj.

Theorem 6.8 Let ¥ = (A,C; X,Y) be an LB J-node, let X1 be a closed
subspace of X that is invariant under A, let Xo = X © X and let 3; =
(Aj,C5; X;,Y) be the projections of ¥ onto X; for j = 1,2. Then X =
X1 Xy and:

(1) The operators A and C can be expressed as

A= MGG L e o). (6.16)
0 A
(2) Ay = AA1 ﬂAAQ.

(3) The characteristic functions of 3, are divisors of the characteristic
function of X

Us(A) = Us, (A\)Us, () for X € Ay; (6.17)

and, if v1 € X1 and x9 € Xo, then

(5 [7]) 00 = @0+ 05 e 619
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(4) If ¥ is simple, then X1 and Xy are simple LB J-nodes, the two com-
ponents in the sum in (6.18) are orthogonal in H(Us) and

H(Us) =H(Us,) ® Us, H(Uy,).

Conversely, if ¥; = (A;,C;X;,Y), j = 1,2 are two LB J-nodes, and if
X = X; ® Xy and the operators A and C are defined by the formulas
in (6.16), then ¥ = (A,C;X,Y) is an LB J-node and X1 is invariant
under A.

Proof Under the first set of given assumptions,

A Ap _
A—[O A2] and C=[C; (9]

for some operator Ajs € L£(X2, X1). Thus,

Ay — Af Am] .[C{

=1 *
Cs

A—A* =
TN

} J[C1  Cal,
which implies that Aj2 = iC{JCy and hence that (1) holds.

Assertions (2) and (4) follow from the block triangular structure of A; and
(3) is a straightforward computation.

Conversely, if A and C' are defined on X = X7 @ X5 in terms of the opera-
tors from the two LB J-nodes ¥; = (A1, C1; X1,Y) and X9 = (A2, Cy; X2,Y)
by the formulas in (6.16), then

e [A-Ar it o .
A-A= —iCyJC, AQ_AJ —1[05 J[C, Gy =iC*JC,
ie, X =(A,C;X,Y) is an LB J-node, and AX; C X;. 0

The LB J-node ¥ = (A,C; X,Y) that is connected with the LB J-nodes
¥ = (4;,C5; X;,Y) by the formulas in (6.16) is called the product of ¥;
with Yo and is written ¥ = 37 x 2.

Remark 6.9 The product 31 X Yo of two simple LB J-nodes may not be
simple, even if J = I; see, e.g., Theorem 2.3 in [Bro72]. Necessary and
sufficient conditions for X1 x Yo to be simple in terms of the characteristic
functions Us,, and Us, for J =1 are given in [SzNF70] and [Shv70]. Anal-
ogous conditions for J # I are necessary but not sufficient for the product
of two simple nodes to be simple; see [Ve9la/.
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Lemma 6.10 If U € LB(J) admits a factorization U(X) = Up(A\)Ua(N) in
b{; with factors Uy, Uy € P(J), then Uy and Uy have unique holomorphic
extensions to by, 2 by and by, 2 by, respectively, and for these extensions

UL (NUL(0)"! € LB(J) and Us(\)U1(0)~ € LB(J).

Proof In view of the equality (5.82) for \,w € f)§ and Theorem 5.5, the
RKHS H(Uy) of vvf’s on b; sits contractively in the RKHS H(U) of vvf’s
on bh; and hence every vvf f € H(Ui) has a unique holomorphic extension
onto hy. Then U; has a unique holomorphic extensions to hy that meets
the stated conditions. The same conclusion may be obtained for Us by con-
sidering U"™. O

In view of Lemma 6.10 we can (and will) assume that both of the factors
in every such factorization U(X) = Uy(A\)Ua(X) of U € LB(J) also belong
to LB(J). The divisor U; of U in this factorization is called left regular
in the Livsic-Brodskii sense if the product % = »; x 39 of two simple LB
J-nodes with characteristic mvf’s Uy, = U; and Uy, = Us is a simple LB
J-node. Thus, if ¥ is a simple LB J-node and ¥ = ¥; X 29, then Uy, is a left
regular divisor of Us,. But not every divisor U; € LB(J) in the factorization
Us, = U1 U, is left regular; see [Bro72].

Theorem 6.11 IfU € Uy(J), then the factors Uy and Us in a right reqular-
singular factorization (5.171) may be uniquely specified by choosing them
inUy(J) and Uy is a left reqular divisor of U in the Livsic-Brodskii sense.
Moreover, if ¥ = (A,C; X,C™) is a simple LB J-node with characteristic
muf Uy = U,

Xi={reX:Txyx e Ly} and Xo=XoX,

then 3 = X1 X Yo, where 31 and X9 are the projections of the node ¥ onto
X1 and X, respectively, and Uj = Us,; for j =1,2.

Proof This follows from Theorems 5.89 and 6.8 and the fact that X; is an
invariant subspace of A. O

Theorem 6.12 If ¥ = (A,C;X,Y) is an LB J-node and X; =
Np>oker(CA™), then:
(1) AX; C X1, CX1 = {0} and A1 = Alx, is a selfadjoint operator in
X1, i.e., the projection ¥1 = (A1,0; X1,Y) of ¥ onto X, is an LB
J-node in which A1 is selfadjoint.
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(2) The space Xo = X © X is invariant under A and the projection
Yo = (A2,C9; X2,Y) of ¥ onto Xy is a simple LB J-node.

(3) 2221X22222X21.

(4) Us,(A) =1y for A€ Aa,, Us,(A\) = Us(X) for A € Ay and Ay N (C\
R) = Ag, N (C\R).

Proof Assertion (1) and the invariance of X3 under A are easy (with the
help of (6.2)) and also serve to justify the formula

CA”(J/j + 332) = ClA?$1 + 02A3$2 when z1 € X7 and x4 € X5,

But this in turn implies that CA"zy = 0 <= CyAjx2 = 0 and hence that
Y9 is simple. Moreover, as the last formula is equivalent to

o [»ﬁ] —[C1 ﬁ;ﬁ /(1)2] Ej ’

(3) and (4) follow easily from the definitions. O

Corollary 6.13 If ¥ = (A,C; X,Y) is an LB J-node and A has no selfad-

joint part, then 3 is a simple node.

Proof This is immediate from Theorem 6.12. O

Remark 6.14 If A € L(X) is a selfadjoint injective operator, Y = X & X,
J = diag{fx,—fx} and C = COl(Ix,Ix), then A — A* = 0 = ZC*JC,
i.e., ¥ = (A,C; X,Y) is an LB J-node. Moreover, since A is injective, and
CAx =0= Ax =0, X is simple.

If ¥ = (A,C; X,C™) is a simple LB J-node,with characteristic mvf Uy,
then, in view of Theorems 6.6 and 5.49, Uy, € Uy(J) if and only if

1
Tyex = ——C(I — MA)"'z  belongs to II" for every = € X.
\@77

Moreover, if Us, € Uy(J), then
{r e X: (Txz)(pn) € Ly'} is dense in X <= Uy € U, p(J) (6.19)

and

{r e X: (Txx)(p) € Ly'} ={0} <= Us € Us(J). (6.20)
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In order to keep the notation simple, the same symbol Ry is used for the
backward shift in both H(A) and B(¢).

Theorem 6.15 Let ¢ = [E_  E.]| be a reqular de Branges matriz such that
(5.129) holds and let A € Uy(J,) be the unique perfect J,-inner muf such that
¢ = V2[I, 0]AV. Let ¥ = (Ry,Ca; H(A),C™) be the simple LB J-node
with characteristic muf Ug(X) = A(X). Then the unitary operator Uy from
H(A) onto B(€) that is defined by formula (5.142) is a unitary similarity
operator from the node > onto the node Y = (Ro,Cg; B(€¢),C™), where
Cgg = V27 (Usg)(0) for g € B(€). Moreover, if

G+(A) = (RoEx)(A), G =[G+ (M) +G-(A) G+(A) —G-(N)]
and Ag(p) is given by formula (5.118), then:
(1) G+& and G_& belong to B(€) for every & € CP.
(2) The operator Cg from B(€) into C™ may be defined by the formula

Ces =22 [~ GlurAelwotndn. (6.21)

(3) The adjoint Uy of the unitary operator Uy is given by the formula
I A Ag(A) — pg(p)
Usg)(\) = G(u)*A d. 6.22
(U39)() V/22mi /_OO ()" Aeln) A— U a ( )

Proof If A € Uy(J,) is perfect, then, in view of Theorem 5.76, the opera-
tor Uy from H(A) onto B(¢) that is defined by formula (5.142) is unitary.
Moreover,

Us Rolyy(a) = Rolp(e) Uz

and
T, — AN T — AT
A _ P P, _
UQKO ()\)u = U2 “omiN u UQ “omiN jp‘Bu
1 , .

Therefore, if f € H(A), then
wf0) = (f, Ki'u)ra) = (U f, Us Kg'u) g

_ \/me/oo G() Ag(p) (U2 f)(p)dp
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and hence, as
u CelUsf =u"Cyf = V2ru* f(0),

that (6.21) holds for every g € B(€).
In view of Theorem 6.6, the inverse operator Uy from B(€) onto H(A) is
given by the formula

Us9)(N) = (2m)"?Cell = ARo) 'y
1

— o [ G el = AR )

which coincides with (6.22). O

Remark 6.16 If A € U(J,) is perfect and ¢ = Ta[1p], then there is another
formula for U that is valid even if 0 & ha: If g € B(€), then

1 [cu)gm — L in(ﬁ)g(u)du]

(U39)(N) = —= for Neby. (6.23)
g(N)

V2

This follows from Theorem 3.1 in [AID8}]; see also Theorem 2.12 in
[ArD05a).

Theorem 6.17 Let ¢ = [E_  E.]| be a reqular de Branges matriz such that
(5.129) holds and let x = E;lE_. Then x is the characteristic muf of the
following two simple LB I-nodes:
(1) ¥, = (Ro,Cy; H(x),CP), where Cy, = v/2wh(0) for h € H(x) and Ry
acts in H(x).

(2) X1 = (A1, C1;B(¢),CP), where

(A) — E+(N)g(0)
A

(Aig)(n) =2 and  Cyg = 2rg(0)

for g € B(€). Moreover, T : h — Eh is the unitary similarity operator
from X to X.

Proof Assertion (1) holds because x € Uy(I,). The rest follows from Lemma
5.62, since the operator

T:heH(x) — g=E;h e B(€)
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is unitary,

g = Thoh = B, (MO _ 50) = P4 Qg0

= (Rog)(A) = G+ (N)g(0) = (Rog)(A) —

and
Cig=C\T 'g=C\E g = V2mg(0).

]
We remark that formula (6.24) exhibits the operator A; as a finite dimen-
sional perturbation of the operator Ry in the space B(€).

6.2 Connections with systems theory

LB J-nodes also arise naturally in the study of linear continuous time in-
variant conservative systems that are described by a system of equations of
the form

dx
—ioy = Ax(t) + Bu(t)

y(t) = Cx(t)+ Du(t) fort >0, (6.25)

where z(t), u(t) and y(¢) belong to the Hilbert spaces X, U and Y, respec-
tively; A € L(X), Be L(Y,X),C € L(X,U) and D € L(U,Y).
The system (6.25) will be denoted & = (A4, B,C,D; X,U,Y). Let

Xg=\/A4"B and Xg=\/(4")"C"Y.

n>0 n>0

The system & is said to be
controllable if X5 = X; observable if X& = X;
and minimal if it is both controllable and observable; it is called simple if
xXg\/ xg =X
The condition for observability is equivalent to the condition

ﬂ kerCA"™ = {0}.

n>0
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If 2(0) = 0, then the Fourier transforms of the functions u(t) and y(t) are
connected:

J(\) = Tg(Ni(N), where Tg(A) =D+ CA —A)"'B (6.26)

for A € p(A). The function Tig(A) is called the transfer function of the
system &.

Two systems &; = (45, Bj,C}, D;; X;,U;,Y;), j = 1,2, with Y1 = U may
be connected in cascade to obtain the system
6= (A,B,C,D;X,U,Y), in which U =U;, Y =Y, X = X; ® X» and the
input u(t) = u;(t), the state z(t) = col (x1(t), z2(t)), the output y(t) = ya(t)
and ua(t) = y1(t). The transfer functions of the systems &; are related to
the transfer function of & by the formula

Tg()\) = ng ()\)Tel ()\) for A € p(Al) N p(AQ).

A system 6 = (A,B,C,D; X,U,Y) is said to be (Jy, Jy )-conservative
with respect to a pair of signature operators Jy € L(U) and Jy € L(Y) if

Llw(a)IP? = (out), ulto — (ry(t), yO)y (6.27

for every ¢t > 0, when z(0) € X and u(t) € U and an analogous condition is
satisfied for mvf’s u(t), z(t) and y(t) associated with the adjoint system

G, = (—A*,—iC*,—iB*, D*; X,Y,U).

These two conditions are equivalent to the constraints

—i(A—A") - C*JyC —iB—-C*JyD| _
[ 1B* — D*Jy C Jy — D*Jy D ] =0 (6.28)
and
—i(A— A*) — BJyB* —C* —iBJy D*
= 2
[ —C+iDJyB* Jy — DJyD* 0, (6.29)

which in turn is equivalent to the three conditions
(1) D*Jy D = Jy and DJyD* = Jy.

(2) B=iC*JyD.

(3) A— A" =iC*JyC.
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Thus, there is a one to one correspondence between

LB J-nodes ¥ = (A,C; X,Y) and
J-conservative systems & = (A,iC*J,C,Iy; X,Y)Y)
and
Tg(A) =Us(1/X) for A € p(A). (6.30)

Moreover, if ¥J; corresponds to &; for j = 1,2, then 3 = X1 x ¥ corresponds
to the cascade connection of G5 and &7.

A system & = (A, B,C, D; X,U,Y) is said said to be (Jy, Jy )-passive if
the equality in (6.27) and its analogue for &, is replaced by <, or, equiva-
lently, if the equalities in (6.28) and (6.29) are both replaced by >.

A (Jy, Jy) conservative (resp., passive) system with Jy = Iy and Jy =
Iy is called a conservative (resp., passive) scattering system and its
transfer function is called a scattering matrix. Thus, the system & =
(A,B,C,D; X,U,Y) is a conservative scattering system if A — A* = iC*C,
B = iC*D and D is unitary. The scattering matrix of a passive scattering
system is defined by the formula

Tes(\) = {I +iC(\ — A)~'C*}D  for X € p(A). (6.31)

If the equalities (6.28) and (6.29)are in force, then the properties of ob-
servability, controllability, simplicity and minimality are equivalent to those
of the system (6.25).

In view of (6.2), the main operator in an LB J-node is dissipative if J = I
and accumulative if J = —I. Correspondingly, following Brodskii, LB I-
nodes and LB (—I) nodes are referred to as dissipative and accumulative
nodes, respectively. This terminology is not used in this monograph because
these nodes correspond to conservative but not dissipative or accumulative
systems. Thus, each LB I-node corresponds to a linear continuous time
invariant conservative scattering system (6.25) with U =Y, D = Iy and
B = iC*, and Ux(1/)) is equal to the scattering matrix of this system.
Moreover, every such conservative scattering system can be imbedded into
the Lax-Phillips framework in which the evolution of the state is described

by a group of unitary dilations of the semigroup e'*4:

e = PxU(t)|x for t > 0;

for details see [AdAr66], [St05] and [Zol03].
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The Lax-Phillips framework was used in [ArNu96] to generalize the results
on conservative and passive scattering systems discussed above to a setting
in which one or more of the operators may be unbounded. In this case it is
convenient to rewrite the second equation in (6.25) as

(t)
t)=N for t >
=[] orizo
where N is a linear operator from X @ U into Y and to impose the following

restrictions on the operators A, B and N:

(1) iA is the generator of a continuous semigroup T'(t) = €4 for t > 0;
(2) Be £(X,X),
(3) N € LID(N),Y);

where X_ is the space of continuous linear functionals on the space X, =
D(A*), the domain of A* with the graph norm; D(N) = {col (z,u) : Az +
Bu € X} with the graph norm of [A Bl|p(n) and A= (A)* e L(X,X),
the adjoint of A* € L(X 1, X).

We remark that A* and A are contractive operators between the indicated
spaces and that A is a natural extension of A.

The controllability and observability subspaces for the system
& =(A,B,N; X,U,Y) are defined as

Xg= \/ (I-X)'BU and Xg= \/ (I-2r4))'C,
)\EAEQ(CJr )\EAAA* NnC_

where C = N |D( 4)- The definitions of controllable, observable, simple and
minimal systems are the same as before, but with respect to these subspaces.
The transfer function of & is defined by the formula

A — A)"'B

Tg(\) =N [( I

] for X € p(A).

A system & = (A, B,N; X,U,Y) is said to be a conservative (resp., passive)
scattering system if the equality (resp., inequality < in place of =) (6.27)
holds with Jy = Iy and Jy = Iy for every admissible z(0) € X and

u(t) € U and analogous constraints are in force for the adjoint system &, =
(—A*, —iC*, N,; X,Y,U), where N, is defined so that Tig(\) = T3 (N).
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This condition is equivalent to the equality (resp., inequality >) for the
quadratic forms

ul|Z — | N [z] I3 = i(Az + Bu,z)x —i(x, Az + Bu)x (6.32)

for col (x,u) € D(N) and a second constraint analogous to the first for the
adjoint system &,. The transfer function for a passive scattering system is
called a scattering matrix. In this setting, a simple conservative scattering
system need not be minimal.

The colligation ¥ = (A, B, N; X, U,Y) that corresponds to a conservative
scattering system & = (A, B, N;X,U,Y) will be called a generalized LB
I-node. The characteristic function Us(A) of such a generalized LB I-node
is defined by the formula

AI —AA)"'B

Us(\) = N { i

] for A € Az, (6.33)
and hence Tg(\) = Ux(1/X). This node X is called simple if the correspond-
ing system & is simple.

The following facts are known for scattering systems and generalized LB
I-nodes:

(1) The main operator A of a passive scattering system is a maximal dissi-
pative operator.

(2) Every maximal dissipative operator A in a Hilbert space X may be
imbedded as the main operator in a generalized LB I-node
¥ =(A,B,N; X,U,Y) , which is equivalent to a conservative scattering
system &. Morever, the system & is simple if and only if A is a simple
dissipative operator (i.e., A has no selfadjoint part).

(3) If Tg(A) the scattering matrix of a passive system, then the restriction
U(X) of Tg(1/A) to C4 belongs to he Schur class S(U,Y") of holomorphic
contractive L£(U,Y") valued functions in C, .

(4) Every function U € S(U,Y) may be represented as the characteristic
function Uy, of a generalized simple LB I-node, which is defined by
U(A) up to unitary similarity.

(5) If 6 = (A,B,N; X,U,Y) is a conservative scattering system and if

Xo = PXE‘BXCG

and X, = PX%;XOG
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then appropriately defined restrictions
So = (Ao, Bo, No; X0, U, Y) and Ge = (Ae, Be, Ne; Xo,U,Y)

of & onto the subspaces X, and X, are minimal passive scattering sys-
tems with scattering matrices that coincide with Tig(A) in C_.

(6) The systems &, and G, may be characterized as extremal systems in
the set of all minimal passive scattering realizations of a given scattering
matrix 7'(A) with T'(1/\) € S(U,Y) in the sense that

2o (D)l xe < [€min (D)l x5 < lze(@)x.

if 25(0) =0, Z1in(0) = 0, z4(0) = 0 and the admissible input data w(t)
is the same for all three systems. The systems &, and &, are defined
by T'(A) up to unitary similarity and are called minimal optimal and
minimal x-optimal, respectively.

Thus for every U € S(U,Y), U(1/X) may be realized as the restriction
to C_ of the scattering matrix of either a simple conservative scattering
system & that is defined by U(A) up to unitary similarity, or a minimal
passive scattering system that is defined by U(\) up to weak similarity.

Every rational mvf U € SP*? coincides with the characteristic mvf Uy ()
of a simple generalized LB I-node ¥ = (A, B, N; X,C?,C?) in C.. However,
dim X < oo if and only if U € SP*P. In this case, dim X = degU, N =
[C' D], the quadratic equality (6.32) and its analogue for &, is equivalent
to the operator identities (6.28) and (6.29) with Jy = I, and Jy = I, and
formula (6.33) can be rewritten as

Us(\) = D+ A\C(I —\A)"'B, (6.34)

where B = iC*D. If U ¢ S'*P, then dim X = oo, A is unbounded and
A4 NR = (. Nevertheless, there exists a restriction

6min = (Amma Bmm, [Cmm Dmm]v Xminy an Cp)

of a conservative system & = (A, B, N; X, C%, CP) to a subspace X,,;;, of X
such that dim X,,,;, = degU, the operators in &,,;, satisfy (6.28) with > in
place of =, Jy = I, Jy = I; and TGW,” is defined by the operators in &,,;,
by formula (6.31). Moreover, Tg . (1/A) = U(}) in C (and not just in C ).
In particular, the choices &, and &, yield minimal optimal and minimal
x-optimal passive scattering system realizations for U()),
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6.3 Bibliographical notes

In the mid forties M. S. Livsic introduced the notion of the characteristic
function of an operator A € £(X) by the formula

Ua(N) = {1 +iAf)]V 2N = A7V A2 Ty, (6.35)

where Ay = 2JA = (A— A*)/i, Yy = A1 X and Jy = signAjly,; see, e.g.,
[Livb4] and the references cited therein. Livsic discovered that:

(1) Ua(1/N)*JU4(1/N) < J for A € Ay NC, with equality for A € Ay NR.
(2) If A is unitarily similar to B, then Uy (\) = Up()).
(

3) If Us(\) = Ug(\) in a neighborhood of zero and A and B are simple in
the sense that Nker{A;A"} = Nker{B;B"} = {0}, then A is unitarily
similar to B.

(4) If A is simple and dimY4 = m < oo, then the mvf Uy (1/\) belongs to
the class LB(J).

(5) The characteristic function can be identified as the transfer function
of a system, as in (6.25). Moreover, in a number of concrete problems
in scattering theory, circuit theory and quantum mechanics the oper-
ator A in the evolution semigroup T'(t) = €4 is dissipative and the
characteristic function of A coincides with the Heisenberg scattering
matrix.

(6) The reduction of A to triangular form is connected with the existence
of a monotonically increasing system of invariant subspaces, which, in
turn correspond to the resolution of the characteristic matrix function
U4 () into factors and to the decomposition of an open system with
main operator A into a cascade of simpler systems.

The connections referred to in (6) stimulated the development of multiplica-
tive representations of mvf’s in the class P°(J) by Potapov [Po60]. Brodskii
introduced the operator node that we call an LB J-node and its character-
istic function to simplify these connections. It is easily seen that Us(1/))
is the characteristic function of the LB J4-node ¥4 = (A4, |A;]"/?; X, Yy).
A detailed discussion of LB J-nodes may be found in [Bro72]. The argu-
ment based on Riesz projections in last part of the proof of Theorem 6.1 is
adapted from the proof of Theorem 9.3 in [Bro72].
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Theorem 6.4 was generalized by E. R. Tsekanovskii and Yu. L. Shmulyan
in [TsS77] to the setting of operator valued functions U(A) and c(A\) and
possibly unbounded operators A and was used to develop the theory of gen-
eralized LB J-nodes and the Krein theory of resolvent matrices. A number of
other authors, including A. V. Shtraus [Sht60], A. N. Kochubei [Ko80] have
contributed to the theory of generalized LB J-nodes; see, e.g., the references
cited in [TsS77] and in [Ku96].

Passive minimal realizations of rational mvf’s in SP*?, CP*P P(J) and
other classes by purely algebraic methods that do not depend upon operator
theory were considered independently in control theory and passive network
theory; see, e.g., [Bel68], [DBN71] and [Kal63a]. A minimal realization for a
rational transfer mvf 7°(\) that is holomorphic at infinity is defined by four
matrices A, B, C and D = T'(c0), up to similarity, i.e., up to replacing the
first three matrices by R™'AR, R~'B and CR, respectively. If a minimal
realization of T'(\) is given, then a passive minimal realization may be ob-
tained by choosing the similarity matrix R as a positive definite square root
of a solution of the appropriate KYP (Kalman-Yakubovich-Popov) inequal-
ity. If U € SP*1 is rational, then the KYP inequality is

—i(PA— A*P)—C*C  —iPB—C*D

> 0.
1B*P — D*C 1—-D*D 20

Moreover, if P > 0 is a solution of this KYP inequality, then the minimal
system & = (A, B,C, D;C",C%,CP) is a minimal passive scattering system
with respect to the inner product (xz,z)p = (Pz,z)cr in the state space
X = C", where r = degreeT(A\) = degree U(\). There exist a unique pair
of extremal solutions P, and P, of the KYP inequality such that 0 < P, <
P <P, If P=PF, or P=P,, then the corresponding systems &, and G,
will be minimal optimal and minimal *-optimal, respectively.

KYP inequalities were used to study the absolute stability problem by
the Lyapunov method in control theory, first for finite dimensional spaces
(see [Pop61], [Yak62], [Kal63b] and [Pop73]) and subsequently in Hilbert
spaces, where one or more of the operators may be unbounded (see [Yak74],
[Yak75] and [LiYa6]). In control theory, the quadratic functionals (Px,x)x
are called storage or Lyapunov functions; the extremal functions (P,z,x)x
and (Pex,z)x are called available storage and required supply functions;
see [WiT2a], [Wi72b], [PopT73]; see also [Kai74] for applications to stochas-
tic processes. Solutions P of the KYP inequality that may be unbounded
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and/or have unbounded inverses were considered in [AKP05] and [ArSt05].
In particular, criteria for P, = P, and P, < cP, in terms of constraints on
the scattering matrix are presented there.

An observable optimal discrete time scattering system
& =(A,B,C,D; X,U,Y) with scattering matrix

is coisometric

. A B
S(A) =D+ XC(I —XA)""B where [C D}
for a given function S € S(U,Y’) (with respect to D) was obtained by L. de
Branges with A = Ry and state space X = H(S); see [BrR66] and Theorem
5.3 and Corollary 5.6 in [An90]. The restriction of & to the controllability
space X yields a minimal optimal realization &, of S(A).

Connections of the theory of characteristic functions of operators and oper-
ator nodes with the theory of conservative and passive systems are discussed
in [Hel74], [Ar74b], [Ar79c|, [BaC91] and [Ar95b]. The presented results
on conservative and passive scattering systems are adapted from [ArNu96]
(which includes proofs); for additional information, see also [ArNu00],
[Ar00b], [ArNu02] and [St05].

Passive minimal realizations of rational mvf’s in the classes SP*¢ and CP*P
may also be obtained via the minimal Darlington representations that are
described in Chapter 9.

If P> 0in (5.48), then ¥ = (PY/24P~12 CP~'/2,C",C™) is an LB
(—J)-node with characteristic mvf Ux,(\) = U(1/)\), where U()) is defined
by formula (5.49). Operator nodes based on operator identities in Hilbert
space analogous to (5.48) were used extensively by L. A. Sakhnovich in his
study of interpolation, moment problems and canonical systems; see, e.g.,
[Sak93], [Sak97] and [Sak99).

The functional model of a simple LB J-node with state space H(U) in
Theorem 6.1 was considered in [AID84] for U € Uy(J). Analogous models
for simple J-unitary nodes where the state space X is the RKHS H(U) of
holomorphic vvf’s in a domain €2 C D that contains the point zero are well
known; see, e.g., [ADRS97] and the references cited therein. A generalization
that drops this restriction may be found in [ArSt07]. The functional model
with state space B(€) presented in Theorem 6.15 seems to be new, though
equivalent functional models for LB J-nodes with characteristic mvf’s that
are meromorphic in C were considered earlier by L. de Branges [Br68al,
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[Br68b| and subsequently by L. Golinskii and I Mikhailova [GoM97], L. A.
Sakhnovich [Sak97] and G. M. Gubreev [Gu00a], [Gu0OOb].

The operator A is said to have absolutely continuous spectrum (resp.,
singular spectrum) if the condition on the left of (6.19) (resp., (6.20)) is
met; see, e.g., [Na76] and [NaT78] for a study of these classes. Operator valued
generalizations of Theorems 5.89 and 6.11 were obtained in [Ve91la], [Ve91b]

and [Tik02).
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Generalized interpolation problems

In this chapter and the next, we will discuss a number of interpolation
problems:

(1) GSIP, the generalized Schur interpolation problem.

(2) GCIP, the generalized Carathéodory interpolation problem.
(3) GKEP, the generalized Krein extension problem.

(4) NP, the Nehari problem.

If these problems are completely indeterminate in a sense that will be defined
below, then the set of solutions of each of the first three problems may be
described in terms of a linear fractional transformation that is based on
a right regular J-inner mvf, with J = j,, for the GSIP and J = J, for
the GCIP and the GKEP. Moreover, the J-inner mvf’s that correspond to
GKEP’s are entire. Conversely, every mvf U € U, z(J) corresponds in this
way to a completely indeterminate GSIP or GCIP, according as J = j,q
or J = J,, and every entire mvf U € U, p(.J,) corresponds to a completely
indeterminate GKEP.

The GKEP may be considered as a special case of the GCIP, which in turn,
may be reduced to a GSIP and may be viewed as a special case of the NP.
The set of solutions of a completely indeterminate NP can be expressed as
the image of a linear fractional transformation of the class SP*? that is based
on a mvf that belongs to the class 9, (j,,) of right regular y-generating
matrices, which will be defined below.

Two sided connections also exist between the class U, sz(J) of right
strongly regular J-inner mvf’s (9, of right strongly regular ~-generating
matrices) and strictly completely indeterminate interpolation problems.
These connections will be exploited in Chapter 10 to establish alterna-

358
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tive criteria for the strong regularity of J-inner mvf’s (y-generating matri-
ces) in terms of the Treil-Volberg matrix version of the Muckenhoupt (A),
condition.

The final sections of this chapter will be devoted to a discussion of the
generalized Sarason problem.

7.1 The Nehari problem

In this section we review a number of results on the Nehari problem, largely
without proof. Let f € L5? and let T'(f) denote the linear operator from
Hi into K¥ that is defined by the rule

I(f) = - Mylu, (7.1)

where M/ denotes the operator of multiplication by f from L§ into L) and
II_ denotes the orthogonal projection of L) onto K¥%.
Clearly,

T(f) € L(Hy, K3) and  [T(N)] < [[f]lo- (7.2)

Lemma 7.1 Let f1 and fo be two muf’s from LESY. Then

L(f1) =T(f) < fi — fo € HE.

Proof The implication <= is self-evident. Conversely, if I'(f;) = I'(f2) and
h = fi — f2, then h € L% and I'(h) = 0. Consequently, M, Hj C HY, which
is equivalent to the assertion that h € H5'?, by Lemma 3.47. O

Let Vi.(t), t > 0 denote the semigroup of operators of multiplication by
er = exp(ipt) in Hi and let V_(t), ¢ > 0 denote the semigroup of operators
of multiplication by e_; in KJ.

Theorem 7.2 Let I' € L(HY, KY). Then there exists a muf f € L7 such
that T' = T'(f) if and only if
IV, (t) = V_(¢t)*T. (7.3)

Moreover, if this condition is satisfied, then there exists at least one muf
fe LEX? such that

I=T(f) and |[flle = [T, (7.4)

i.e.,

T} = min{|[flloo : f € LE? and I(f)=T}. (7.5)
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Proof It is readily checked that if f € L5, T'=T'(f) and g € Hj, then
I_ferg = Ilefg=H_e(ll- +1I1)fg
= Ilell_fg=1_elg,

i.e., (7.3) holds; and ||T'|| < ||f|lco- The converse lies deeper. If |T|| < 1, then
Theorem 7.45 implies that there exists a mvf f € L5 7 with || f||cc = 1 such
that I' = I'(f). Thus, if |I'|| = 1 and 0 < p < 1, then there exists a function
fyp € L5 with || f,]|c = 1 such that pI' = I'(f,). Consequently, there exists
a sequence of points p, T 1 as n T oo such that f, — f weakly in L2 as
pn T 1 and hence, I' = T'(f) and || f|lcc < 1. Therefore, || f|loc < [|T]- O

An operator I' € L(H{, KT) that satisfies the condition (7.3) is called a
Hankel operator.
The Nehari problem NP(I'): Given a Hankel operator ', define the set

NE) = {f €U T(H) =T and |fl<1}.  (76)
The muf’s f € N(T') are called solutions of the NP(T').

In view of Theorem 7.2,
NT)#0 < ||| <1. (7.7)
Moreover, if ||T'|| < 1, then
T = min{[[flloo : f € N(T)}-

Remark 7.3 Theorem 7.2 and other results on the NP may be obtained
from the corresponding analogues for muf’s on the circle T by replacing the
independent variable

1=

WO = i
which transforms muf’s f(u) on R to f(1(¢)) on T.
If T is a Hankel operator, then NP(T") is called

¢CeT that maps T onto RU oo,

(1) determinate if it has exactly one solution.
(2) indeterminate if it has more than one solution.

(3) completely indeterminate if for every nonzero vector n € C? there
exist at least two solutions f; € N(T'), fo € N(T') such that |(f1 —

f2)nlloe > 0.



7.1 The Nehari problem 361

(4) strictly completely indeterminate if it has at least one solution
f € N() such that [|f]loc < 1.

It is readily checked that if NP(T") is strictly completely indeterminate, then
it is automatically completely indeterminate: If f; € N(T") and || f1]|co < 1,
then fo = f1 + &n* € N(I') for every choice of nonzero vectors £ € CP and
n € C? such that ||n*]| <1 — | fi]|co. Moreover,

1(f2 = f)nlloe = &0 nll = n*nlig]l > 0.

Lemma 7.4 If ' is a Hankel operator, then
NP() s strictly completely indeterminate <= ||T'|| < 1. (7.8)

Proof The assertion is immediate from Theorem 7.2. O
Let w € C; and let

Ay (w) = {;7 i€ CC‘I} N (I —T*T)/2HY (7.9)
and
A (w) = {/i (€€ CP} NI —TT*)Y2KE. (7.10)

Theorem 7.5 Let ' be a Hankel operator with ||T'|| < 1. Then:

(1) The numbers dim A4 (w) and dimA_(w) are independent of the choice
of the point w € C,..

(2) The NP(T') is determinate if and only if
Ay (w) ={0} or A (w) = {0} (7.11)
for at least one (and hence every) point w € C..
(3) The NP(T') is completely indeterminate if and only if
dim®y (w)=¢ and dimA_(w)=p (7.12)

for at least one (and hence every) point w € C,. Moreover, the two
conditions in (7.12) are equivalent.

Proof This follows with the help of Remark 7.3 from the analogous re-
sults for mvf’s on T that are established in [AAKT7la] and Theorem 4
of [Ar89]. O
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Remark 7.6 It is useful to note that if w € C,, then
dim 2 (w) = ¢ <= {;7 1€ C‘f} C (I -I*I)/2H! (7.13)

and

£

w

dimA_(w) = p <= { €€ Cp} C (I -TT*)Y2K?. (7.14)

Lemma 7.7 Let A be a linear operator in a Hilbert space 'H such that
0<ALI, letx € H and let

ltlTI{l«I —tA) 'z, x) = K. (7.15)

Then k < oo if and only if x € range (I — A)Y/2.
Proof Suppose first that k£ < co. Then, since the bound

{5, )n] (L = tA)! 2y, (I — tA4) 7" 2a)

(T — tA) 2yl |[(1 — tA) 21
{{( = Ay, ) + (1 1) {Ay, yhp &Y

is valid for every ¢ in the interval 0 < ¢t < 1, it follows that

IN N

[y, 2)p) < K2 = A) Pyl for every y e M.

Thus, the linear functional

o((I = A)2y) = (y, 2)n

is well defined and bounded on the range of (I — A)!/2. Therefore, by the
Riesz representation theorem, there exists a vector u € H such that

p((I = A)Py) = (1 = A) Py u)y
Thus,
(s 2)m = (y, (I — A)Pu)y
for every y € H, and hence z = (I — A)*/?u. This completes the proof that

if k < oo, then z € range (I — A)'/2. The converse is easy and is left to the
reader. O
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Remark 7.8 Let w € C,,n € C, and § € CP. Then, by Lemma 7.7,

e () <:>hm<(1—5r*r)—”7, ”> <

Puw 611 Pw  Pw st
and

S e A (w) = 1_im<([— 5rr*)—1£, §> < 0.

Pw o1l Pw Pw/ g

Consequently the condition (7.12) is equivalent to the following:

lim { (I — 6T _li, 77> < oo for ever e Ct 7.16
i (1 =o)L L) oo for cuery (7.16)
and
lim <(I - 5FF*)_1£, §> < oo forevery &e€CP (7.17)
o1l P Pw [ st

for at least one (and hence every) point w € C4. The conditions (7.11) are
equivalent to

lim <(I — 51“*1“)_11, 77> =00 for every nonzero vector n € C?
071 Pw Pw/ gi

(7.18)

1“1%111 <(I — 5FF*)_1£, 5> =00 for every nonzero vector £ € CP,
0 KP

2

(7.19)
respectively.

Remark 7.9 If 1 is a singular value of a contractive Hankel operator T,
i.e., if |Tz|| = ||z|| for some nonzero vector x, then NP(T') is not completely
indeterminate. Consequently, if the NP(T') is completely indeterminate, then

I-T"'T'>0 and I-TT* >0 (7.20)
and, in view of Theorem 7.5 and Remark 7.6, the inclusions
1 I
L e (I-TD)'2HPY and L e (I —TT*)YV2RD*P (7.21)
Pw Pe

are necessary and sufficient for the NP(T') to be completely indeterminate.
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7.2 vy-generating matrices
Let 9, (j,q) denote the class of m x m mvf’s A(x) on R of the form
ar(p)  ai2(p)
A(p) = 7.22
(w) ag1(p) a22(p) (7.22)

with blocks ay1 of size p x p and as9 of size ¢ x ¢ such that
(1) A(p) is a measurable mvf on R that is j,,-unitary a.e. on R.

(2) aza(p) and aj1(p)* are the boundary values of mvf’s ase(A) and aﬁ()\)
that are holomorphic in C; and, in addition,

(ag2) "' € 82 and (af))~' € SVXP. (7.23)

out out

(3;) The mvf
s21(p) = —aga (1) ag1 (1) = —ara(p)*(ana (p)*) ™! (7.24)

is the boundary value of a mvf s9; () that belongs to the class S7*P.

The mvf’s in the class 9, (j,,) are called right y-generating matrices.
They play a fundamental role in the study of the matrix Nehari problem: if
the NP(I") is completely indeterminate, then

N(T) = Tu[SP*] for some A € M, (jpq)-

Let 9M(jp,) denote the class of m x m mvf’s A(x) on R of the form (7.22)
that meet the conditions (1) and (2) that are stated above for 91, (j,,) and
(in place of (3;))

(3¢) The mvf

s12(pt) = aa(p)ase ()" = (ar1(p)*) agr (1)* (7.25)

is the boundary value of a mvf s;2(\) that belongs to the class SP*4. The
mvf’s in the class My (j,q) will be called left y-generating matrices. This
class was introduced and briefly discussed in Section 7.3 of [ArDO01b].

The standard four block decompositions

2 = [“‘ b—} LA € M, () (7.26)
b+ ar

and

9 — [O C*] LAt e M(ipg), (7.27)
C_ D+
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in which the indices 4 indicate that the corresponding blocks are nontan-
gential limits of mvf’s in the Nevanlinna class in C.., will be used frequently.
We remark that, in view of property (1),

e €SP = f(u) = Tyle] belongs to L2X? and || f|leo < 1.
Let
To[S"] = {Tule] : e € 8"}
A mvf A € M, (j,) is said to be:

(1) right singular if Ty[SP*9] C SP*1.

(2) right regular if the factorization 2 = ;s with a factor %y € M, (jq)
and a right singular factor Ay € M, (j,,) implies that Ay is constant.

(3) right strongly regular if there is an f € Ty[SP*?]| with || f]lc < 1.

These three subclasses of M, (j,,) will be designated M5 (jpq), Mg (Gpq)
and M,k (jpe), respectively. The corresponding subclasses Mg (Jpq),
Mk (Jpg) and Mesr (Jpg) of Me(jpq) are defined analogously:

A mvf 2 € 91, is said to be:

(1) left singular if Ty[S9*F] C S9*P.

2) left regular if A = Aoy with 2A; € My (j,,) for j = 1,2 and Ay is left
J pq
singular, then %Ay is constant.

(3) left strongly regular if there exists an f € Ty[ST?] with || o < 1.

In view of the equivalences

f=Tyle) = [~=Tyle"] = =Tyl
AeM(Jpg) = AT €M (Jpg) = A" € M, (Jipg)
A€ Ms(fpg) = A7 €M5(fpg) = A" € M,5(dpg)
A€ Mr(lpg) = A E€MR(pg) <= A" € Mrr(Jpg)
A€ Musp(fpg) = A7 € Msp(ipg) == A" € Misr(ipg),

there is a correspondence between results on mvf’s in the class M, (j,,) and
mvf’s in the class My (j,,). Thus, only results on right y-generating matrices
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and right regular J-inner mvf’s will be presented in detail. In those cases
when a dual result for left v-generating matrices or left regular J-inner mvf’s
is presented, the proof will be omitted.

A mvf W € U(jp,) will be identified with its boundary values W (u), which
are defined a.e. on R.

Lemma 7.10 The following conditions are equivalent:
(1) A €M, (Jpq) and Tyl0] € SP*4.
(2) A€ M, (Jpg) and T[SP*1) C SP*9, ice., A € Mys(dpq)-
(3) A€ Us(pg)-

(4) A e M, (Jpg) and Tyle] € SP*9 for some € € SP*9.

Moreover, the classes M,5(jpq) and Ms(jpg) can (and will) be identified
with Us (fipq)-

Proof If (1) holds, then S = PG(2) is a measurable mvf on R that is unitary
a.e. on R. Moreover, since s11 = (a#) I e Sf,’lﬁp, 891 = —a;lb+ € ST*P and
S99 = afrl € ngtq by definition of the class M, (jpq), and s12 = b_ a;l €
S§P*1 by assumption, it follows that S € HZ2*™. Consequently, S € S,

by the maximum prlnClple Therefore, Ql PG( ) is jpq-inner, and, since
az € out and all Nfuﬁa 2 € US(JPQ (1) ( )

The implications (3) = (2), (2) = (1 ) and (3) = (4) are obvious. The
implication (4) = (1) will be established later.

The final statement follows from the equivalences
AeMg<= A €Ms and U €Us(jpg) <= U € Us(jpq)

and the equivalence of (2) with (3). O

If either A € M, (Jpq) or A € M;(jpg), then the m x m mvf S = PG() is
unitary a.e. on R and its blocks can be expressed in terms of the blocks of
2A by the formula

[Sll(u) Sm(#)} :{ an(gi_* ara(p)agz(p)

s21(p)  s22(p) —aga () Lag1 (p) O a.e. on R.
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If either A € M, (jpg) or A € My (jpy) and a;;(1) are the blocks, considered
in the decomposition (7.22) of 2, the notations

s12(p) = alz(M)az_gl (1), s21(p) = _az_gl(ﬂ)aﬂ(ﬂ)a (7.28)
| () _ | L s
Ar(u) - —821(,[1,) Iq :| ) AZ(H) = |:512 (H)* Iq :| (729)

will be useful.

Lemma 7.11 Let 2 € 9, (5,0) UM (Jpg), let m = p+q and let the muf’s saq,
s12, Ay and Ay be defined by formulas (7.28) and (7.29). Then the following
conditions are equivalent:

(1) e Lz~
(2) llsi2floe < 1.

(3) [lsa1]loc < 1.

(4) A 1 c Lm,Xm
(5) A, € L™,
(6)
(7)

SPXQ

‘TQ[[E]HOO <1 for at least one matrix e € S, %,

|
Ty [ellloe < 1 for every muf e € Spxa,

Proof Since 2(p) is jpq-unitary a.e. on R, the blocks ai1(x) and ags(p) are
invertible a.e. on R and the equalities

an (e (p)* = (I, — s1a(p)si2(p)*)
apo () aza(p) = (I — so1(p)s21()*) ™"
az (a2 () = (I — s12(p)*s12(p)) ™"

are in force a.e. on R. Next, upon invoking the formula
I(Zy = A* )~ = (@~ AIH)~
which is valid for every A € CP*? with || A|| < 1, it is readily seen that
a1 € LEP <= ||s12]lo0 < 1 <= 92 € LT <1 <= |[|521]|00 < 1.
Moreover,

99 € ng:q — 19 € ng;p and aq1 € Lz;:;p — 9] € Lgsq,
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since

a12 = S12022, 021 = S19011, ||S12]jec < 1 and [[s21]lec < 1.

Thus, the equivalences (1) <= (2) <= (3) are established. Moreover,
(1) <= (4) <= (5), then follows from Schur complements.

Next, let ¢ € SP*¢ and f. = Ty([e] and suppose that (3) holds. Then the
identity

Iy = [ fe = a5y (Ig = sm18) *(Iy — €¥¢)(Iy — s28) lagy) (7.30)
is in force and implies that
[felloo <1 = [lefloo < 1.
Thus, (3) = (7). Since the implication (7) = (6) is obvious, it remains
only to check that (6) = (1). Suppose therefore that (6) holds, i.e., that

| flloc < 1 for some constant p x ¢ contractive matrix . Then, by formula
(7.30), |le|| < 1. Thus, the matrix

(I, —ee*)™V2 (I, —e*e)™1/?

‘/5 - 8*(Ip—55*)_1/2 (Iq—s*s)_l/Q

is a constant j,,-inner matrix with the property Ty, [0] = €. Let

Then the formulas
Ty [Opxq) = Tiyle] = [-

imply that [Ty [Opx,]|| < 1 and hence, upon applying the implication (2)
= (1) to the mvf 2., that A, € L7*™. Thus, as A € M, and

A. € LI A e LI,
the proof is complete. O

Corollary 7.12 If A € M, (jpq) N L™, then A € Msr(Jpg)- If A €
i)ﬁg(qu) N Lgéxm’, then A € mfgsR(qu).
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Proof The first assertion is immediate from the preceding lemma. The
second assertion follows from the first and the equivalences

A€ M(jpg) = A € M (Jpg)
A e gﬁgsR(qu) — A7 € aﬁrsR(qu)
Ae LI = A~ e L™,
O

Lemma 7.13 Let A € M, (fpg) UM (Jpg), let m = p+q and let the muf’s so1,
s12, Ay and Ay be defined by formulas (7.28) and (7.29). Then the following

conditions are equivalent:
(1) A e z;nXm.
(2) (I — sbys01) 7 € LY.
(3) (I — s1asiy) "t € LY.
(4) At e Ly,
(5) Af_l e Z71IL><’HL.

Moreover, if any one (and hence everyone) of these conditions is in force,
then A€M, —= A €M.p and A € My = A € Myr

Proof The proof of the equivalence of (1)—(5) is much the same as for
Lemma 7.11. The last assertion follows from Lemma 7.36. O
Our next objective is to parametrize the mvf’s A € M, (jq).

Lemma 7.14 Let A € M, (jpq) and let the muf s(p) = s21(p) be defined by
formula (7.24). Then

s €SP and Indet{l, —ss*} € L. (7.31)

Conwversely, if a muf s(\) satisfies the conditions (7.31), then there exists a
muf A € M, (jpg) such that s(p) = —asa(p) taa(p) a.e. on R. Moreover,
this muf A(p) is uniquely defined by s(\) up to a left block diagonal jp,-
unitary multiplier by the formula

a_(p) b-(u) ] _ [ a_(u) 0
by () ai(p)

A(p) = [
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where ay (1) and a_(p) are the essentially unique solutions of the factoriza-
tion problems

a;lal* =1, — 55" ae onR witha' e Sy, (7.33)
ala*=1,—s"s a.e onR witha " € SV, (7.34)
b+ = —a4s, b_ = —a_s" (735)

and A, is defined by formula (7.29) with s91 = s.

Proof Let A € M, (j,q) and s = s91, where s91 is defined by formula (7.24).
Then s € SP*P and the blocks of the mvf () satisfy the equalities in (7.33)—
(7.35). Moreover ¢3(A) = a; (A)~! and ¢ (A) = a” (\)~! are solutions of the
factorization problems

o1(p) o1 () = I, — s(u)*s(p) a.e. on R, with 1 € SL7F, (7.36)
and
Vo) p2 (1) = I, — s(u)s(u)*  a.e. on R, with @9 € ST57. (7.37)

Consequently, the second condition in (7.31) holds by Theorem 3.78.
Conversely, if the conditions in (7.31) are in force, then the factorization
problems (7.36) and (7.37) are solvable, by the Zasukhin-Krein theorem. Let

a_(u) = 1) ar(p) =) () = —p2(n) s (n)
and b_(pu) =—p1(p) "s(n)" ae.onR. (7.38)

Then the mvf 2(u) defined by formula (7.32) is a right y-generating matrix.
Moreover, since the solutions of the factorization problems (7.36) and (7.37)
are uniquely defined up to constant unitary multipliers v and v:

p1 — up1 and @Y — PV,

the preceding analysis shows that the blocks of the mvf 2((u) are defined by
s(A) up to constant multipliers

a_(pu) — uwa_(p), ag(p) — vay(p),

b_ () — ub_(p), by(p) — vby(n),
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i.e., the mvf A(p) is defined by s(A\) up to a constant block diagonal j,,-
unitary (and unitary) multiplier

A — | o A (7:39
]
Lemma 7.15 Let A € M, g (jpg) UMesr(Gpg). Then A € L™,
Proof If A € M, sz (jpq), then there exists an € € SP*? such that the mvf
f = Tulel
is strictly contractive: ||f|lc = 6 < 1. Then, since s9;e € S7*¢ and

|(s218)(A)]] < 1 for every point A € C;, the mvf
c= (Iq + 8218)(Iq — 8218)_1

belongs to the Carathéodory class C2%¢. Consequently, (%¢) € LI*9. Thus,
as
(Re)(w)
= {I;— (s208) ()"} Iy — (s218) ()" (s218) () HIg — (s21) ()}~
> {I; — (s218) ()"} Iy — e()"e()HIy — (s21e) ()}~
= ay () {I = f() F(w)}as () > (1= 6%)ay () ay (u)
= (1=0){I; — s (s ()"}
for almost all points u € R, the asserted result follows from Lemma 7.13 if
A€ stR(qu)' _
IfA e W@R(qu), then A € M, 4r(jy,) and consequently, A™ € LJ*™ and
hence 2 € LJ"*™. O
The next theorem clarifies the connection between the class 9.z (jpq)
(resp., M, sr(jpg)) and the completely indeterminate (resp., strictly com-

pletely indeterminate) Nehari problems. We begin with three lemmas, which
are of interest in their own right.

Lemma 7.16 IM,r(jpg) C Mr(Jpg) and Mesr(Gpg) C Mer(Jpg)-

Proof This follows from Lemmas 7.15 and 7.13. O
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Lemma 7.17 Let 2, € M, (j,q) and let
Ay = AW,  where W € Us(fpg)- (7.40)
Then Ay € M, (jpq) and
Ty, [SP] C Ty, [SP™1). (7.41)
Conversely, if A; € M (Jpq) for j = 1,2, and (7.41) holds, then (7.40) is in

force.

Proof Let the mvf’s %y € M, (Jpg), W € Us(fipg), Y2 = A1 W and their PG
transforms have block decompositions

)0)) 0 )
%7 919 S|S0 Si2 .
A= [ () u)] Si = [ G | =P I=12

Gop  Ogo S91 S99

w11 W12

W = { ] and S = [3” 512} = PG(W),
521

W1 W22 522
respectively. Then the equality

0522) = aéll)wlg + 0512)71)22 = aélz){lq — 8&11)812}1022 (7.42)

implies that c122 € NI%1| since

Q[( ) S m — Cl22 Nquiq, W € US(]])(]) — w92 S >4

) out

and, in view of Lemma 3.54 and the fact that 5511) € S9%P ) s19 € SP*1 and
Isi2(A)|| <1 for A e Cy,

Iq 5%1 S91 E./V‘quq.
Moreover,
2 * (2 2 * (2
a2 (e () — al? () al? (u) = —I, ae. onR, (7.43)
since Az (1) is jpe-unitary a.e. on R. Consequently, ag) (,u)_*ag) (w)t <1,

a.e. on R, which implies that (aéQ)) L e 8% by the Smirnov maximum

principle. In much the same way, the equality
2 1 1 1 Dx x
agl) = agl)wll + agQ)UJ?l = agl){jp - Sgl) 851 fwi1, (7.44)
which is valid a.e. on R, implies that (aﬁ))_# € SP*P. Furthermore,

2 1 1
of) = s + oY € AT
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since agl NP, a22 quq and W e N"*". Moreover, 321 e NI*P,
since s32) = —(ag)) 1a§? al) € NP*¥ and (a(Q)) € 8§91, The Smirnov

maximum principle and the supplementary inequality
S5 (u)ssy ()" <1, ae onR
imply that sg) € STP_ Thus, Az € M, (jpq). Moreover, (7.41) holds because
Ty, [S77P] = Ty, [Tw [SP™1]]  and Ty [SP*1] C SP™1.

Conversely, let 2; € M(jpy)r, 5 = 1,2, let W = 2A;'2Ay and assume that
(7.41) holds. Then W (u) is jy,-unitary a.e. on R and

Ty [SP%9] C SP*4. (7.45)

To prove that W € Us(j,q), let S; = [551@)] and S = [s;;] denote the PG
transforms of %; and W, respectively. Then, since W = PG(S) and S(u) is
unitary a.e. on R, it is enough to prove that S € N7"™, s;; € SV P and
S99 € ‘S‘out .

In view of (7.45), the mvf s19 = Ty [0] belongs to SP*7. Then the equality
(7.42) implies that wae € N3? and hence that sos € N217. Moreover, s99 €

S by the Smirnov maximum principle. In the same way, the equality

(7.44) implies that w, € N?%? and then that s;; € S257.
To complete the proof of the lemma, it remains to show that sy; € N
To this end, let 0 < v < 1 and let u € CP*? be isometric if p > ¢ and

coisometric if p < q. Then the evaluation

T yu] = Tw (0] = (wiryu+ wiz)(woyu + wea) ™ — wiswyy'
= (w11 — wi2wyy wa )yu(War YU + wyy
= (i) yulwy waryu + ) gy
= spyyu(ly — 521’yu)_1322
implies that u(l; — vsoyu)~t € N?™9. Thus, if p > ¢, then u*u = I, (I, —
vso1u) "t € NP, and, as

(I = vsar(wuw) ' < (1=7)""  ae on R,

the Smirnov maximum principle implies that (I, — yso1u) "t € HL . More-
over, the Poisson integral representation of mvf’s in the class HL'? implies
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that (I, — ysa1u) € C?*Y, since R (I, — vso1(p)u)~t > 0 a.e. on R. Con-
sequently, soju € N?*?. Therefore, so; € N, since u is an arbitrary
isometric p X ¢ matrix.

The case p < g then follows from the identity

u(ly — 7321u)_1 = (I, - yussr) tu. O
Lemma 7.18 Let A; € M, (jpq) for j =1,2. Then
Ty, [SP7] = Ty, [SP™] (7.46)
if and only if
A (n) = Ao (W)W a.e. on R (7.47)
for some constant j,q-unitary matric W.

Proof If &; € M, (jp,) for j = 1,2 and (7.46) holds, then, by Lemma 7.17,
the identity (7.47) is in force and W+ € Us(j,q). Therefore, W(A) is jipq-
unitary at all points A € C, and hence (as the PG transform of W(\) is
unitary in C;) must be constant. Conversely, if (7.47) holds, it is readily
seen that (7.46) holds, since

To, [SP¥] = T, [Ty [SP*9)] and Ty [SP¥1] = SPxa

when W € Ueonst (Jipg)- -

Lemma 7.19 If2A € M, (jq) and Ty[SP*1] = SP*1, then A(n) is a constant
Jpg-unitary matriz.

Proof The conclusion is immediate from Lemma 7.18 with 21 = 2 and
§2[2 - Im O

Theorem 7.20 Let ' be a Hankel operator such that the NP(I') is com-
pletely indeterminate. Then there exists a muf A € M, (j,q) such that

N(T) = T[S (7.48)

This muf is defined essentially uniquely by I' up to a constant j,,-unitary
multiplier on the right and is automatically right regular, i.e., A € Mg (Jpq)-
Moreover,

A€ M,yor(ipg) <= |7 < 1. (7.49)
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Proof A description of the form (7.48) for completely indeterminate NP’s
considered on the circle T was obtained in [AAKG68] for the case p =g =1
and then for arbitrary p and ¢ in [Ad73a]. The asserted uniqueness of the
mvf A € M, (j,4) in formula (7.48) follows from Lemma 7.18. The fact that
this mvf belongs to the class 9, r(jp,) Wwill be established in Theorem 7.22.
The equivalence (7.49) follows from Theorem 7.2. O

Lemma 7.21 Let A € M, (Jpq), € € SP*9 and let

¢ =a, +bie and ¢ =a_ +b_e”. (7.50)
Then:
(1) ¢ € Ng" and (¢7)7 € NG "

(2) p;l(cp+) Ve HJ™ and p; L)1 e HY*P for every point w € C...
Ifda e immg(qu) then also
(3) potes € HY* and pt(¢°)% € HY* for every point w € C...
Proof Consider s9; = —ajrlb+ for the mvf A € M, (jpe). Then
= ay(y—sne) and (p)F = (I, — csa)a?

and the statement (1) holds by Lemma 3.54, which is applicable to I, — s21€
and I, — es21, since so1e € S99, €591 € SP*P and |[|s21(p)|| < 1 a.e. on R.
Furthermore, c.(\) = (I, + s21 (A))~! belongs to C9*¢ and

(Me
T = e (e (1) e )’
ce(p) (g — sa1(p)sar(p)*)e (1)
ce () (g — sa1(p)e(p)e(p)sa1 (1)) ez ()*
< Re(u) a.e.on R

IN

Thus, as Re. € L%, it follows that ()t e L7 1 N2% and hence, by

the Smirnov maximum principle, that p;*(¢% )~ € H*? for every point

w € C4. The second inclusion in (2) may be checked in much the same way.
Let % € M, sz (Jpq). Then A(p) € E’anm by Lemma 7.15. Consequently,

P;lﬁpi e Lngm and pujl((ps_)# e L;nXm'

Then (3) follows from (1) and the Smirnov maximum principle. O
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Theorem 7.22 Let A € M, (jpy) and let I' =T'(f) for some f € Ty[SP*].
Then:

(1) The Hankel operator T' does not depend upon the choice of f, i.e.,
Ty [SP*] C N(T). (7.51)
(2) NP(T') is completely indeterminate.
(3) TalS?*9) = N'(T) if and only if 2 € My ().
(4) A € M, r(jpg) and ||T]]| < 1 if and only if A € M5k (Jpg)-
Proof . We have already observed that if f € Tyy[SP*?] and A € M, (Jpq),
then f € L&Y and ||f|lco < 1. Let A € M, (jp,) and let f; = Tyle;] for

gj € 8P*4, j =1,2. Then, invoking the left linear fractional representation
of the mvf fo(u):

Fa(n) = {e2 ()b ()" + a— ()"} Hea(way ()" + by ()}, (7.52)

and the right linear fractional representation of the mvf f;(u):

Si(p) = {a—(w)er(p) + b (p) H{by (w)er(p) +ar(u)}~
it is readily checked that

Fo(n) = fi(p) = {e2()b ()" +a— ()}
x {ea(n) = e1(w) b (wer (1) +ay ()} (7.54)
Then Lemma 7.21 and the Smirnov maximum principle imply that fo — f; €
HE" and consequently, I'(f2) = I'(f1). Thus, (1) is proved.
To verify (2), let 1 = 0,x4 in (7.53) and let €5 = € be a constant isometric
(resp,. coisometric) matrix if p > ¢ (resp., p < q). Then for n € C4, n # 0:

(7.53)

(fo— fi)n = aZ*(I, — es3) " tea'n.
Consequently,

(fo(p) — fi(p))n =0 ae.on R<=cea (u) " 'n=0 ae. onR.

SPxd. such that ||ea;'n||oo > 0.

If p > ¢, then every isometric matrix ¢ € CP*? gsatisfies this condition. If
p < ¢, then there exists at least one coisometric matrix ¢ € CP*? that
satisfies this condition, because otherwise P[;ajrln = 0 a.e. on R for every
orthoprojection e*¢ = P onto £ C C? with dim £ = p. But then a;l(,u)n =
0 a.e. on R. Thus, (2) holds.

Therefore, it suffices to exhibit a matrix ¢ €
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Suppose next that equality holds in (7.51) and let % = 2, W, where 23 €
M, (Jpq) and W € Us(jpg). Then

Ty[SPP] = Ty, [T [S"]] € Ty, [S771].

Therefore, by the preceding analysis, Ty, [SP*] € N(T') = Tgy[SP*?]. Conse-
quently, Ty [SP*9] = Ty[SP*4] and hence, by Lemma 7.18, W' € Ueonst (Jipq),
ie., A€M r(pg)-

To verify (3), assume that 2A € M, g(jpg), f € TSP and I' = I'(f).
Then the NP(I") is completely indeterminate and consequently, by Theorem
7.20, there exists a mvf 2; € 9, (j,y) such that Ty [SP*] = N(T). Thus,

TolS"*) C Ty, [S7°7) = N(T)

and hence, by Lemma 7.17, A = 2, W for some W € Us(jp,). However, as
A € M, g(jpq), it follows that W € Ueonst(Jpg), and thus

T [SP9] = N(T).

This completes the proof of (3).

Let 2 € M5k (Jpg). Then A € M, p(j,y) by Lemma 7.16. Moreover, there
exists a mvf f € Ty [SP*4] with || f||ec < 1 and, consequently, |I'(f)| < 1,
since [|[I'(f)|| < ||flloco. Conversely, if A € M, () and ||I(f)| < 1, for
some f € Ty[SP*?], then Ty [SP*1] = N(I'(f)) and hence A € M, sr(jpq) by
Theorem 7.20. Thus, (4) is proved. O

Theorem 7.23 IfA € M, (jpq) and the muf s12 is defined by the first formula
in (7.28), then:

A€M sr(Upg) <= IT(s12)]| <1 and at least one (and hence each)

of the five conditions considered in Lemma 7.13 holds.
If A € My(jpq) and the muf so1 is defined by the second formula in (7.28),
then:

A € Mysr(Jpg) <= [[T'(s21)]| <1 and at least one (and hence each)
of the five conditions considered in Lemma 7.13 holds.

Proof If 2 € 9, r(jp,) then the implication = follows from Theorem
7.22 and Lemma 7.15, whereas the implication <= follows from the same
theorem and Lemma 7.13.
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The proof of the case A € M;(j,y) then follows from the equivalence
A e mlsR(qu) — A" € mrsR(qu)- |

Theorem 7.24 Every muf 2 € M, (j,q) admits a factorization
A=A, with A1 € Mp(hpg) and Az € Us(fipg) (7.55)
that is unique up to constant jpq-unitary multipliers:
A — AV and Ay — VA with V€ Ueonst (pg)- (7.56)

Proof Let % € M, (j,q) and consider f € To[SP*9] and I' = I'(f). Then, by
Theorems 7.22 and 7.20, the NP(I") is completely indeterminate and there
exists a mvf 2y € M, r(jp,) such that

TylSP°9) € N(T) = Ty, [7°7).

Moreover, by Lemma 7.17, 2 admits a factorization of the form (7.55), which
is unique up to the transformations (7.56), by Theorem 7.20. O
The next theorem establishes a connection between the classes I, (jpq),

Mk (Jpg)s Mrsr(Jpg) and the classes U(Jpq), Urr (Jpq), Ursr (Jpq), respectively.

Lemma 7.25 If A € M, (jpq), then

Ty[0] € I <= Ty[0] € IPP = A € I,
Proof Let s = s9; € I17*P. Then, by Theorem 3.110, the equalities in (7.33)—
(7.35) imply that the outer mvf’s a” and a, belong to the classes IIP*F and
I19%4, respectively. Thus, a_ € IIP*P, 5#1 € I1P*7 and, as by = —ay s91, it

follows that b, € I19*P and b_ € I1?*49. Therefore, A € II">*™. In much the
same way, the identities

I — fz(p)fz()® = a(u) e (p)
I = fia(p) fro(n) = aw(@) "o ()™
b= fieay,  and by = flha_
for fio = Ty[0], imply that A € II"*™ when fi5 € II?*?. The remaining
implications are self-evident. O
We recall that a denominator of a mvf f € NP*7 is a pair {b1, by} of mvf’s

such that b, € anXp, by € Siqnxq and by fbs € ./\/'_fxq. The set of denominators
of f is denoted den f.
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Theorem 7.26 Let A € II N M, (jpq), {b1,b2} € denTy[0] and let

W(p) = bléu) bQ(,l(j),)_l A(n) a.e. on R. (7.57)
Then
W € U(jpy) and {bi,by} € ap(W). (7.58)

Conversely, if (7.58) holds and the muf 2 is defined by formula (7.57), then
A € IINM, (jpg) and {b1,b2} € denTy[0].

Proof Let 2 € ITI N M, (fpg), let {b1,b2} € denTy[0] and let W be defined
by formula (7.57). Then W is j,,-unitary a.e on R and hence S = PG(W)
is unitary a.e. on R. Next, to show that S € S'*™, let

S=PGW)= """ "2 ang = | M2
S$91 S99 as; aga’

and recall that, in view of the Smirnov maximum principle, it is enough
to check that S € N, To this point, we know that s;2 € N7*?, since
s12 = biTy[0]b and {b1,b2} € denTy[0]. Furthermore, s99 € S99, since
S99 = Oy by and a5y € S5 511 € SPXP since 11 = bl(aﬁ)_l and (aﬁ)_1 €

out
SPXP:and s91 = —dgy ag1 € STP. Thus, W € U(jpy) and {b1, b2} € ap(W).
The converse assertion follows from the definitions of the set ap(W), the
class M, (jpq) and the equality Ty [0] = b1 Ty [0]bs. O
Theorem 7.26 yields a one to one correspondence between the class of
mvf’s W € U(j,q) with a given associated pair {b1,b2} € ap(W) and the

class of mvf’s A € IT N M, (jipq) with {b1,ba} € denTy[0].

Theorem 7.27 If the muf’s A € IINM,(jpq) and W € U(jp,) are connected
by formula (7.57), then

A e M r(Jpg) <= W €Urr(Jpq) (7.59)

and
A€ Mspr(ipg) = W € Usr(fpg)- (7.60)

Proof Let A € M, r(jyy) and let W € U(j,,) be connected with A by
relation (7.57). Let W = W Wy, where Wi € U(jpq), Wa € Us(jpg)- Then
{b1,b2} € ap(W7) by Theorem 4.94, and hence, if

byto0

%:[ 0 by

:| Wi, then 2y € Dﬁr(qu).
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Therefore,
A=A Ws, where ; € i)ﬁr(qu) and W5 € Ug(qu).

Consequently, W5 is a constant matrix, since % € 9,z (jp,). Thus, W €

urR(qu)-

Conversely, if W € Urr(Jpqg), {b1,b2} € ap(W) and (7.57) holds for some
mvE 2 € M, (j,g), then A = A Wa, with Ay € M, 5 (jpg) and Wa € Us (ng),
and

br 0

W:[O by

1:| Q[1W2.

Thus, as
Tm[spxq] C Ty [SP<4),
it follows that
f — fia € HEX for every f € Ty, [SP*)].

Consequently, {b1,ba} € denf for every f &€ Ty, [SP*?]. In particular,
{b1,b2} € denfy, where fo = Ty, [0,x,] and

by O

le[o by !

:| Ay € U(qu) and W = W1 Whs.

Thus, Ws(\) is constant, since W &€ U.g(jpq). Moreover, since f €
Ty, [SP*9] <= b1 fby € Ty [SP*], (7.60) follows from Lemma 7.16, (7.59),
Theorem 7.22, and the fact that || f||eo < 1 if and only if ||b1 fb2|lcc < 1. O

Theorem 7.28 If W € U(j,q), then the following conditions are equivalent:
(1) WeLZxm,

[
0] € S77P.

[SPX9. 1N 8P4 £ ).
[

const

Ty [SP*4] C SP>4.

Proof This follows from Theorem 7.26 and Lemma 7.11. O

Corollary 7.29 U(J) N L™ C Upsr(J) NUpsr(J).
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Proof If J # +1,,, then U is unitarily equivalent to a mvf W € U(j,,) and

then, since U € Uysp(J) <= W € Ursr(jpg) and U € Upsp(J) <= W €

Ursr(Jpq), the assertion follows from Theorem 7.28. If J = +1,,,, then the

assertion is true by definition. O

Theorem 7.30 Let A € U(J,). Then the following conditions are equivalent:
(1) Ae L™,

(2) TalL,] € P

(3) Tu~[L,] € CP*P.

(4) TalCEZP IO CP=P £ 0.

) T.

const
5

2

ulC pxp] C Crxp,

Proof The assertions follow from the fact that CP*? = TQ}[SO'Z’ *P] and that
A €U(J,) <= VAT € U(j,). O

Examples to show that the inclusions 9, (j,) N L™ C M, sr(jp) and
U-(jp) N L™ C U,sr(jp) are proper when p = 1 will be presented in
Section 10.4.

7.3 Criteria for right regularity

Lemma 7.14 yields a parametrization of the mvf’s 2 € 9, (jpy). If ¢ = p,
then a second parametrization of the mvf’s 2 € 91,.(j,) may be obtained by
setting

c=Tyls], where s= sy = —c12_21 asi. (7.61)

Then ¢ € CP*P and the second condition in (7.31) is equivalent to the re-
quirement that

In det (Re) € L. (7.62)
Let
Ap) = 2{c(p) + ¢(p)*} ™' ae. on R. (7.63)

Since Re € E]f *P when ¢ € CP*P, Theorem 3.78 guarantees that there exist
essentially unique solutions of the factorization problems

A(p) = o—(u)* (1) and  Ap) = o4 (1) o1 (1) (7.64)
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-1

such that (pie™)~! and (pj, )" are outer mvf’s in H2*?. Then

Q‘(/‘) — 1 @-(M){Ip + C(M)*} —p- (/‘L){Ip - C(,LL)*}

2 1= (il — e} e (Wil + ()}

and every mvf A € 9, (j,) may be parametrized by this formula, up to a

constant block diagonal unitary factor on the left; (7.65) may be obtained
from (7.32) and the formulas (7.33)—(7.35), (7.61), (7.63) and (7.64).

Our next objective is to obtain a new factorization of mvf’s 2 € 9,.(j,)

that is based on the parametrization formula (7.65) and the Riesz-Herglotz

integral representation formula for the mvf’s ¢ € CP*P, which yields the
decomposition (3.14)-(3.16).

a.e. on R (7.65)

Theorem 7.31 Let A € M, (j,) be parametrized by formula (7.65) and let
the muf ¢(\) € CP*P considered in this formula be expressed in the form
(8.14). Then the formula for A(u) can be reexpressed in the following equiv-
alent ways:

1 [ o_(p)es(m)* o (p)es(p)*
2

o (mes(p) i (p)es(p) ] (7.66)

_ 1| —o-(wes(p) —p—()es(p)
=2l T 5 o we)  os W) ] (767
and
Ql(lu’) = A, (M)QLS(M)? (768)
where
1 eIy +ca(p) s —o- ()l — calp)™}
ma(u)_Ql—%(u){fp—ca(u)} 90+(u){1p+ca(u)}] (769
and
SO I R v
P s s

a.e. on R. Moreover, A, € M, (j,) and Ay € Us(jp).

Proof This is an immediate consequence of the stated formulas and the fact
that cs(n) = —cs(u)* a.e. on R. O
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Corollary 7.32 The class Ueonst(Jp) is parametrized by the formulas

A=A A, (7.71)
u 0 5T +672)/2  —(6T —677)/2
. @ +a7hy2 =57y 7o
0 v || —(62=672)/2 (62 +67)/2
and
I, —iy  —uy
Ay = ‘ ) (7.73)
1y I, + iy

where u, v, d and v are arbitrary p X p matrices such that
vu=vv=1I,, >0 and ~" =n~. (7.74)

Proof The class of mvf’s 2 € M, (j,,) which are constant on R coincides
with the class of constant jj,-unitary matrices. Therefore the sought for
parametrization can be obtained by specializing formulas (7.69) and (7.70)
to the case where 2(u) is constant. In particular, this assumption implies
that o_(u), o4 (1), A(w), co(p) and cs(p) are all constant. Upon setting

Ap) =6>0,
it follows that

o (1) =ud?, o (u) =087, cu(p)=6" and ci(n)=i2y,

where u, v, § and y are subject to (7.74). The rest is immediate from formulas
(7.68)—(7.70). O

Let g(p) be a p x p measurable mvf that is unitary a.e. on R and admits
a factorization of the form

9(1) = - (m)y (w7, (7.75)
where
Pt W)t e HPT and plteit € HYT (7.76)

for at least one (and hence every) point w € ;. Then we shall say that
index{g} = 0 if for any other pair of mvf’s ¢_, ). with the properties
(7.75) and (7.76) the equalities

Yo (p) = (wr and i (n) = ¢y (u)k (7.77)

hold a.e. on R for some invertible constant p X p matrix .
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We remark that this automatically forces 1™ (A) and 1 (A) to be outer
mvf’s.

Theorem 7.33 Let A € IM,.(j,) be expressed in the form

A(p) = Aa (1) As (1)
considered in Theorem 7.31 and let
c(A) = ca(N) + cs(N) (7.78)
be defined by formula (7.61). Then the following statements are equivalent:
(1) 2 € M (jp)-
(2) Ay € Mr(Jp) and Us(p) is constant.
(3) index{Ty[lp]} = 0 and As(p) is constant.
(4) index{Ty[ly]} = 0 and c5(X) is constant.
()

5) index{Ty[e]} = 0 for every constant unitary p x p matriz e and As (1)
18 constant.

Proof The implications (1) <= (2), (3) <= (4) and (5) = (3) are self-
evident; (1) = (5) is established in [AAK68] for p = 1 and in [Ad73a] for
p > 1. Finally, (3) = (2), by Theorem 5.4 of [ArDO01b]. O

Theorem 7.33 is not directly applicable to mvf’s 2 € 9M,r(j,,) when
p # q. The next two lemmas present two different ways of embedding a
mvf 2A € M, r(jp,) into a mvf Ay € M, r(jp, ) with the property that A €
M, R (Jpg) == A1 € MR (Jp, )

Lemma 7.34 Let

o = [ E; 2; } € M, () (7.79)

and, supposing that p # q, let

k=|p—gq|l, p°=max{p,q}

and

e = [ o 0 ] , (7.80)
b3 af
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where
a® = a_, b = [Opxk b_],
b — kap © = Ik 0 Zf p>q (7.81)
+ b+ ’ + 0 ap i
and
ao o a_ 0 [)O o OkX(I i
- 0 I’ - b | if p<aq. (7.82)
bi_ = [quk b+], a(_)'_ = a4
Then

(1> A€ mr(jp")~
(2) A € M r(Jpq) if and only if A° € Mg (Jpeo)-
(3) RIS mrsR(qu> @f and Only Zf A% € mrsR(jpo)'

Proof Suppose first that p > ¢. Then it is readily checked that the identities

()"0 — (6)763 = ata- —bib. =1,
(a2)*62 — (b3)"al = 0 and
) — (@)ras = | e e

Ogxk bZb_ —alay

hold a.e. on R and hence that 2° is j,-unitary a.e. on R. Moreover, as the
blocks a and b of A° inherit the properties (7.23) and (7.24) from the
blocks a+ and b4 of 2, it follows that A° € M, (4,).

Next, to prove (2), let

s =Ty[0pxql, $°=Toe[0pxp), I'=T(s) and I'°=T(s?). (7.83)
Then, in view of Theorem 7.22, it suffices to show that
(a) A° € M, r(jp) = N(T) C Ty [SP*1]
and
(b) A € Mg (Jpg) = N(I'°) C Tiyo [SP*7].

We first focus on the case p > ¢. To establish (a), let 2A° € M, r(j,) and
f € N(T'). Then, since f° = [0yx; f] belongs to N (I"°), f° = Ty [e°] for
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some €° € SP*P, by Theorem 7.22. A direct calculation based on the block
decomposition e° = [e; €] with g1 € SP** and e € SP*? yields the formula

Tyele) = [(a- — Tyle]bs)er Tyle]). (7.84)

Thus, f = Ty[e] belongs to Ty [SP*?], as claimed.

Next, to establish (b), let 2 € M, (jpe) and f° € N(I'°). Then f° =
[fi  f] where f € N(I), fi € SP** and ||f°||s0 < 1. Therefore since N(I') =
Ty [SP*] by Theorem 7.22, f = Ty e ] for some € € SP*4. Let

e’ = T(Q[o)—l [f°].
Then ||e°]| < 1 and, in terms of the block decomposition
=l ¢ and fO=[fi fl=Tyele"] =[(a- = fbr)er fl.
Thus, (a_ — fby)e; = fi € SP*F. But, with the aid of the formula
f=Tyle]=(eb* +a*)7! (cat +b%), (7.85)
it is readily checked that a_ — fb, = (eb* + a*)~! and hence that
er(p) = {e(u)b—(u)" +a—(u)"}fi(n) a.e. onR.
Consequently, £° € NP and, as it also meets the bound
[e°(1)]| <1 aeonR,

the Smirnov maximum principle guarantees that ¢® € SP*P. This completes
the proof of (b) and assertion (2) for the case p > ¢. The verification of (2)
for the case p < ¢ is similar and is left to the reader.

Finally, assertion (3) follows from (2) and Theorem 7.22 and the fact that
Ire) = . 0

Remark 7.35 In view of Lemma 7.3/, Theorem 7.33 applied to the muf A°

yields a number of equivalent conditions for A € M, g(jpy) even if p # q.

Another useful embedding of the mvf 2 € 9,.(j,,) is described below.

Lemma 7.36 Let A € M, (jpq), m = p+ q and define the 2m x 2m muf

~ a(u) b (n)
| , 7.86
Ale) [b+(u) a;m)] (780)
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where
e[r o) el ]
0 Iq 7 OqXP 0(1><f1 ’ (787)
’[;Jr:[opxp Opxq]jar:[[po }’
by Oyxg 0 ag

and at and by are the blocks of A, considered in (7.79). Then:
(1) 2 € My (jim).
(2) A € M,k (jpg) if and only if A € Mg (jim)-
(3) A € Mysr(ipg) if and only if A € Mg (jm)-

Proof A straightforward calculation yields the identities

ata_—biby 0 0 a*b_—blay
e~ 0 I, 0 0
A mA = 0 0 —I, 0
b*a_ —ajby 0O 0 brb_ —alay

= Jm aeonR,

where the variable p has been supressed to save space. Therefore, since
(E#)fl c Sm,Xm’ (E+>71 c Sme and a;lb c Sm><m7 (1) is established.

- out out

Next, let

I=T(fy)) and I =T(f), (7.88)
where
fo=TalOpxq) and o = Ty [Omsxm]. (7.89)
Then
fo= [ 81:;'1; gZXq ] and T = [ 8 g ] (7.90)
and hence
IT) = |7

Thus, in view of Theorem 7.22, (3) follows from (2).
The verification of (2) rests on Theorem 7.22 and the observation that if

£= [ e } (7.91)
€21 £€22
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is the four block decomposition of a mvf & € L7 with ||€]lcc < 1 and
diagonal blocks of sizes p X p and g X ¢, respectively, then, with the help of
formulas (7.87) and (2.27), the mvf

-1
~ a_ey; a_e;g +b_ I 0, }
= T-[38 = P pxq 7.92
f ﬁm [ €21 €22 ] [ bienn biep+ay (7.92)
can be reduced to
7o [ (e126* +a* ) lep Ty le12] ]
£91 —€99(brern +ay ) tbyerr en(bierp+ay)t |

To establish (2), suppose first that A € 9,z (jp,) and let f € F(I). Then,

in view of (7.25),
| f
f= [ for fa2 } ’

where fi11 € SP*P| for € ST*P| fog € 871 and f € N(T'). Therefore, by
Theorem 7.22, there exists a mvf ¢ € SP*? such that f = Ty [e]. Moreover,

E=Tg [f] belongs to L™*™ and [|&]jec < 1.

Therefore, since f = Ty([e] for some ¢ € SP*, it follows from the two block
decompositions of f that Ty[e] = Ty [e12] and hence that ¢ = £12. Thus,
£12 € 8P and e1; = (ea® + b7)f11 € NP, 99 = foo(bie +ay) € NI
and €91 = fo1 + 822(b+512 + a+)_1b+€11 € N_?_Xp. Therefore, by the Smirnov
maximum principle, € € §™*". Thus, fe Tﬁ [S™*™] and consequently, by
Theorem 7.22, A € M, g (jm)-

To establish the converse, let 2 € M, g (jm ), f € N(T') and set

7| Opxp f }
f [ Opxy Opxq | (7.93)
Then, since f € N(I), Theorem 7.22 guarantees that f = T3 [€] for some
mvf £ € §™*™. Thus, upon invoking the four block decomposition (7.91) of
€ and comparing formulas (7.92) and (7.93), it follows that f = Ty [e12] with
g1z € 8P*¢ (and 11 = 0pxp, €21 = Oyxp and 92 = 0yx4). Thus, Theorem
7.22 guarantees that A € M, g (Jpq)- O

Lemma 7.37 Let 2 € MM, (jpq) be given by formula (7.79), let A be defined
by formulas(7.86) and (7.87) and set

C=(In —3)(In +3)", where 3=—-a;'b, (7.94)
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then ¢ € C™*™NHI*™ (and, consequently, its spectral function is absolutely
continuous, i.e., the component ¢s of ¢ in the decomposition (7.78) with ¢ in
place of ¢ is a constant m x m matriz).

Proof In view of formula (7.87),

5= _ﬁilﬁ+ = [ Opxp Opx ] ,  where s = —a b, € SV,
§ Ogxq
Consequently,
~1
s I, 0 I, 0 _ 1, 0
-s I s 1 —2s I
belongs to HZ.*"™. O

Theorem 7.38 Let A € M, (j,g) be given by formula (7.79) and let
A € M, (jm) be defined by formulas (7.86) and (7.87). Then the following

assertions are equivalent:

(1) A € Myr(Jpg)-

(2) index {T@[Im]} =0.

(3) index {fﬁ[ [€]} = 0 for every constant unitary m x m matriz €.
Proof The theorem follows from Lemmas 7.36 and 7.37 and Theorem 7.33
applied to the mvf 2A(u). O

Lemma 7.39 Let 2 € 9, (j,q) be given by formula (7.32), let A be defined
by formulas (7.86) and (7.87), let A, (u) be defined by formula (7.29) and
let g =Ts[In]. Then:

A
(1)
A ()™ = () 0y (1) = P () Y- (), (7.95)
where
~ I, 0 .
e = [ b (1) () ] oo and (7.96)
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(2) g=v-vi.
(3) {/;;1 c ngéxm and (1;_#)—1 e Hgéxm.

#
( ) IfA 1 c Lme then 77[)+ c HTVIXUL 77/) c H7IL><m7 1ndexg—0 and
A€ Mr(Jpg)-

Proof (1)-(3) and the first two assertions of (4) are easy; the last two follow
from Lemma 7.13 and Theorem 7.38. O

7.4 Criteria for left regularity

The following dual versions of Lemma 7.14 and Theorems 7.26 and 7.27 are
useful.

Lemma 7.40 Let
A€ Mi(jpg) and s =Ty[0]. (7.98)

Then

s €S8P and Indet{l, —ss*} € L. (7.99)
Conversely, if a muf s meets the conditions in (7.99), then there exists a
muf A such that (7.98) holds. Moreover, this muf is uniquely defined up to

a constant block diagonal j,q-unitary matriz multiplier on the right by the
formula

A(p) = Ay(p) [ a—éﬂ) Dju) } a.e. on R, (7.100)

where Ay is defined by formula (7.29) with s12 = s and the muf’s 9_ and
0 are solutions of the factorization problems

o (w) o (w) " =1, —s(u)s(p)* a.e. onR, o " eS8, (7.101)

out

o (W) ()t =1, — s(w)*s(u) ae. onR, o7t e SLY (7.102)

out

respectively.
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Theorem 7.41 Let A € IIN My (fpg), {b5,06} € den Tél[()qxp] and let

W(A) = A(N) bSéA) bG(/(\))_l (7.103)
Then
W €U(jyy) and {b7,b5} € ap(W™). (7.104)

Conversely, if (7.104) is in force and the muf A(X) is defined by formula
(7.103), then A € IINM(jpq) and {bs,bs} € denTél[OqXp].

Theorem 7.42 Let the muf’s W € U(j,q) and A € IINM(j,4) be connected
by formula (7.103). Then

W e Ur(jpg) == A€ Mir(ipg)
W e uésR(qu) — e mésR(qu)'

Dual versions of the parametrization formula (7.65) and the factorization
formula (7.68) for mvf’s A € M(j,) exist. They are based on the decompo-
sition

2(A) = 25(A) + 24(N)

of the mvf z = Tiy9([0,x,] into components z, € Cﬁ);fg) and z, € C/*? with

24(1) > 0. Additional information on dual formulas is furnished on pp. 284
289 of [ArD01b].

7.5 Formulas for 2 when |I'|| <1

Lemma 7.43 If 2 € M, (jpy) and w € C, then A admits a unique factor-
1zation of the form

A(p) = 25 ()1, (7.105)
where Vi, € Ueonst (Jpg) and A, € M, (jpq) is normalized by the conditions

a’ (w) >0, b2 (w) =0, b3 (w) =0 and af (w) > 0. (7.106)
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Proof If the matrix V! is expressed in terms of the parameters k €
S u € Uponst(Ip) and v € Ueonst(1;) in (2.19), then (7.105) is equiv-

const?
alent to the system of equations

0° = (a_ + b_k*)(I, — kk*) " 2u, b° = (a_k+b_)(I, — k*k)"2v

b = (b, + ayk*)(I, — kk*)"2u, oS = (bok+a ), — k*k) " 2v
Moreover, since 2 € M, (fpq),
s91 = —a by = —b7 (a®)~! belongs to S?*? (7.107)
and |[|s21(w)|| < 1 for every point w € Cy. Thus,
b (w) =0<= b2 (W) =0 <=k = s21(w)",
and hence, if k = —s91(w)*, then
0 (@) = a_(@)(I, — kk*)?u and a%(w) = as (w)(I, — k*k)2v.

Thus, as u and v are unitary matrices, a® (@) > 0 and a$ (@) > 0 if and only
if

=

a? (@) = {a_ (@), — kk")a_(0)"

(
aS(w) = {a+(w)(fq—k*k) (W)
u = (I, —kk) Fa_(@)la

Y

=

)

) and
).

}
}

E \

=
vo= (I~ kk) ey (@) el (w
O

Remark 7.44 If there is a point w € RN by, then A(w) € Ueonst (Jpg) and
2 admits a factorization of the form (7.105) with V,, = A(w) and A, = I,,,.

If T is a Hankel operator from H{ into K}, then I and I'* will be defined
on mvf’s h = [hy - hy] in HZ" and [g1 - gx] in K2** column by column,
i.e., by the rules

Tlhy -+ h=[hy --- Thy

and

Mgy - gel =g - Tgyl.
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Correspondingly, I — I'*T" and I — I'T* act on mvf’s in HJ*? and K§*? by
the rules

(I —-T"T)[h -+ hy]=[I—-T"T)hy --- (I =T"T)hy]

and
(I =TT[g1 -~ gl = [T =T"T)gr --- (I =TT7)gp].
Theorem 7.45 If the NP(I') is strictly completely indeterminate, i.e, if
IT|| <1, then
N(T) = Tage [8779), (7.108)

where A, € Mysr(Jpq) is normalized at the point w € Cy by the conditions
(7.106) and its blocks are uniquely specified by the formulas

a5 (1) = po (W{I = T*T) 1o, I} () e, (7.109)
6% (1) = pa(w){T*(I = TT*) " p5 1, } (1) B, (7.110)
6% (1) = po (W{T( = T*T) "' o I} () e, (7.111)
a2 (1) = pa({(I = TT*) "' p ' 1,} (1) B, (7.112)
where
o = {pu (@)((I =T*T) " p I (w)} 172 (7.113)
and
B = {pe@)(( - TT%) " p2' L) @)} 2. (7.114)

Proof Theorem 7.20 and Lemma 7.43 guarantee the existence of a nor-

malized mvf 27, € M,5p(jp,) such that (7.105) holds. Moreover, since

A2 € L™*™ by Lemma 7.15, the Smirnov maximum principle implies that
potaS € HY*Y and p,'bS € H*P,

and, by consideration of (p>'a®)# and (pZ'6°)#, that

w
pota® € KPP and p-'e® € KX
Let
fe =Typele] for e e P,
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Then
Do (65 +a%) = I fop5 (626 +03) = g (e + b°).
Therefore,
Tpytas =T_p;t6° = p b2, (7.115)
since b° (@) = 0, and
Tp, 0% = p,H{a® —a® (@)} (7.116)

Moreover, since 2, is jy,-unitary a.e. on R,
fo=((02)* + (a2)") " (e(a)" + (b))
Therefore,
fr=(a%e* +62)(b°e* +a°) 7!
and

I*p5 (626 +02) = Ty oz f(676" +0°) ™! =TT, o (% e + 6)

and hence
Ip-ta® = p-'og, (7.117)
since b$ (w) = 0, and
I*p5t0% = p3t(a% — af (W) (7.118)
Thus, as
A—w W—w 2mi(W — w)

pe(N)/pu(A) =bu(A) = T——= =1+ —— =1 o)

and
I b, I fpote° = pte
with ¢ € C3*?, it follows that

ITpytal = THp,'02 = TLb, f2p5 b2

w
= M0, T p '6% + b, I frp- 62
= b,I"p'6° +pte
al —ay(w) ¢

= b, =
pe P
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Therefore,
(I -T"T)p, o.Jr =p5le (7.119)
for some matrix ¢; € C7*?. In much the same way, it follows that
IT*p;la® = Fpglbo b5 fp —lbo
= T_b,'Tp;'eS + ptd
= b, T*p e + pld
for some d € Cp x p,, and hence that
IT*pzta® = p2 ' o (A) — a2 @)} + o5 ha ()
and
(I -TT*)pz'a® = p'e (7.120)

for some matrix ¢y € CP*P,
<t si o o e . .
Next, since 2, is jy,-unitary a.e. on R, the auxiliary evaluation

B  al () ad () — b6 ()" 6 (1
Pw(w) 1Iq :/ +() +() 2() ()dﬂ
—o0 [P (1)
= (I =T T) " p e, (I =TD) ' p len)s
—(T(I —=T*T)Lp ter, T = T*T) 1o ter) o

= (I -T"T)'plter, I =TT)I -T°T) ' pler)st
= (p'a%, piler)st = pu(w) ' cfad (w)
implies that ¢; = (a% (w)~! is positive definite and that
&1 = {pu@)((I =T T) " 5y, 5 I)at}?. (7.121)
Similarly,
e2 = {—po(@)((I = TT*) " 5 I, p5' L)} 7. (7.122)

The asserted formulas now follow easily from formulas (7.115)—(7.122). O

Remark 7.46 If the NP(T') is completely indeterminate, then, in view of
Remark 7.9, formulas (7.109)—(7.112) may be written as (even if ||| =1)

0 (N) = p V(I = T°0) 20 L, (I = T°0) 20 L (7.123)
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and

b3 (\) = pe(A(T(I =TT*) " V2p L, (T =T*T) "2 p M ) B (7.124)
for A e Ci; and

6% (\) = po \(T(I =T T) V2 p M1, (I —TT) V20 ) e (7.125)
and

0 (\) = ps (I = TT%) 205, (1 =TT 27 ) 8,,  (7.126)

7.6 The generalized Schur interpolation problem

In this section we shall study the following interpolation problem for mvf’s
in the Schur class §P*?, which we shall refer to as the GSIP, an acronym for
the generalized Schur interpolation problem:

GSIP (b1, be; s°): Given muf’s by € SYP, by € S1*? and s° € SP*4, describe
the set

S(by,ba;s°) = {5 € S0 (by) (s — s°)(bo) "' € HPXO}.  (7.127)

The mvf’s s(A) in this set are called solutions of this problem. The classical
Schur and Nevanlinna-Pick interpolation problems for mvf’s in the Schur
class SP*? and their tangential and bitangential generalizations are all spe-
cial cases of the GSIP, if there exists at least one solution s° to the problem.
Moreover, every GSIP may be easily reduced to an NP.

The GSIP (b1, by; s°) is said to be

(1) determinate if it has exactly one solution.
(2) indeterminate if it has more than one solution.

(3) completely indeterminate if for every nonzero vector n € C? there
exist at least two solutions s; € S(by,be;s°), s2 € S(by, by; s°) such that
[(s1 = $2)nloc > 0.

(4) strictly completely indeterminate if there exists at least one solu-
tion s € S(by1, ba; s°) such that ||s|lec < 1.
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It is readily seen that there is a simple connection between the set
S(b1,be; s°) and the set N(T') based on the Hankel operator

I'=T(f°), where f°(u)=>bi(pn)"s”(pn)b2(p)* a.e.onR, (7.128)
that is given by the equivalence
s € 8(b1,ba; s°) < bisby € N(I). (7.129)

Moreover, a GSIP(by, be;s°) is determinate, indeterminate, completely in-
determinate, or strictly completely indeterminate if and only if the corre-
sponding NP(T") belongs to the same class.

It is also easily checked that

S1 € S(b1, bQ; SO) < S(bl, bQ; SO) = S(bl, bg; 81),
and hence that the given data for the GSIP is really b1, b2 and the Hankel
operator defined by formula (7.128).

Theorem 7.47 Let by € anXp, bs € Sanq and let T' be a Hankel operator.
Then there exists at least one muf f° such that by f°be € SP*? and T = T'(f°)
if and only if

IT|| <1 and TMy,H{ C H.(b). (7.130)
Moreover, if (7.130) is in force and s°(p) = b1 (p) f°(1)ba(pt) a.e. on R, then

S(b1,ba;s°) = {s: bisby; e N(I')} = {bi1 fb2: f e N(I)}

and

IIT|| = min{]|s||cc : s € S(b1,b2;5°)}. (7.131)

Proof Let I' be the Hankel operator corresponding to the GSIP (by, by; s°)
that is defined by formula (7.128). Then ||I'|| < 1 and

T My, HY = Tl My My HY CH. (b),

i.e., (7.130) holds. Conversely, let by € SP*F by € SI*% and let T be a
Hankel operator that meets the conditions in (7.130). Then N (T') # (). Let
f° € N(T'). Then
TMy, HY = TI_Mjo My, HY C H, (b1).
Consequently,
My, Mo My, HY C H.
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Let s°(u) = b1 (p)f°(p)b2(p) a.e. on R. Then s° € L, ||s°]|oc < 1 and
Mo H] C HY and hence, s° € SP*?, by Lemma 3.47. The equivalence (7.129)
between the GSIP(by, be; s°) and N (T") for this choice of s° now drops out
easily: if

f(p) =bi(p)*s(u)b2(p)* ae. on R,

then
fENT) <= f—focHEY and ||flle <1
bl (s —s°)by ' € HE? and s € SP*4
< s € S(by, by; s°).
Formula 7.131 follows from Theorem 7.2. O

Connections between the classes U(j,q), Urr(jpg) and Ursr(jpq) and the
GSIP that are analogous to the connections between the classes I,.(j,,),
Mk (Jpg)s Mrsr(Jpg) and the NP also exist.

Theorem 7.48 Let b € anXp, by € Sanq and s° € SP*1 be a given set of
muf’s such that the GSIP(by,be; s°) is completely indeterminate. Then there
ezists an essentially unique (i.e., up to a right jp,-unitary constant factor)
muf W e U(Jpq) for which both of the following two conditions hold:

(1) Ty [SP¥4) = S(by, by; 5°).

°

(2) {b1,b2} € ap(W).
If W € P°(jpq), then Ty [SP*1] = S(b1,be;5°), if and only if W € U(jpq)
and is of the form

Ba(A) 5
- WOV, 7.132

oy i
where the Pi(N\) are scalar inner divisors of the bi(\) for k = 1,2, and V

is a constant jpq-unitary matriz. These muf’s W () automatically belong to
the class Uy g (jpq). Moreover,

W(A)

W e U, sk (qu)
<= the GSIP(by, bo; s°) is strictly completely indeterminate.

Proof The NP(I') that corresponds to a completely indeterminate
GSIP (b1, by; s°) via (7.128) and (7.129) is also completely indeterminate and

N (L) = T[]
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for some mvf A € M, g (jpq). Thus, if
(5 &)s
then
S(b1, by; s°) =Ty, [SP1].
Consequently, if fi2 = Ty [0], then, by Theorem 7.47, the mvf
by fraby = Ty, [0]

belongs to SP*?. Therefore, fio € IIP*4, {b1, by} € den fio, % € II"*™ by
Lemma 7.25, and, by Theorem 7.26,

W € U(jpy) and  {b1,b2} € ap(W).

Moreover, W € Uy (jpq), thanks to Theorem 7.27, since A € M, g (j,q); and
the assertions related to (7.132) follow from Theorem 4.89. O

A mvf W € P°(jp) such that S(by,ba;s°) = Ty [SP*?] is called a resol-
vent matrix of the GSIP (b, ba; s°).

Remark 7.49 In view of Theorems 7.48 and 4.89, every completely inde-
terminate GSIP(by1,by;s°} has exactly one resolvent matriz W that is nor-
malized at a point w € hbtl by the conditions

2

11311((4)) > 0, wzl(w) =0 and ZZJQQ(LU) >0 (7.133)

(or by the condition W(w) =1Ip ifw € by, N f)b;1 N R)

°

such that {b1,ba} € ap(W). Moreover, every resolvent matrix W of this
problem belongs automatically to the class Urr(jpq), and the set of all resol-
vent matrices W of this problem is described by formula (7.132). A formula
for the resolvent matrices W of this problem with {by,ba} € ap(W) will be
presented in Section 7.8.

Theorem 7.50 Let W € U(jpq), let {b1,b2} € ap(W) and let s° € Ty [SP*].
Then the GSIP(by, by; s°) is completely indeterminate and

TW [prq] Q S(bl, bz; SO). (7.134)

Moreover, equality prevails in (7.134) if and only if W € Urr(fipg)-
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Proof Let W € U(j,q), {b1,b2} € ap(W) and s° € Ty [SP*Y], let the mvf
2 be defined by formula (7.57) and let f© = b;'s°b,' and T' = T'(f°). Then
{b1,b2} € den f° and A € II N 9M,(j,q) by Theorem 7.26. Moreover, by
Theorem 7.22, N'(T') D Ty[SP*1], NP(T') is completely indeterminate and

N() = To[S8"] <= A€ Mg (fpg),
the GSIP(by, by; s°) is completely indeterminate and
Ty [SP*) = b1 Ty [SP*)be C iN (T')bg = S(by, bo; s°).
Moreover, formula (7.134) holds with equality if and only if W €
Urr (Jpq)- 0

Theorem 7.51 Let W € U(jpq), let {b1,b2} € ap(W) and let bgl) € Sh*P

m

and bgl) € S,gnxq be any pair of matriz valued inner functions such that

(b(ll))*lbl € 8PP and bQ(bgl))*1 € SI*7. Then there exists an essentially
unique muf Wi € Upg(jpq) such that

(1) {61, 65"} € ap(W1) and
(2) Wi 'W € Uljpg)-
Moreover, W, YW € Us(jpq) if and only if {bgl), bél)} € ap(W).

Proof Under the stated conditions, let s° € Ty [SP*?]. Then, by Theorem
7.50, the GSIP(by, ba; s°) is completely indeterminate and

Ty [SP*9) C S(by, bo; s°). (7.135)
Moreover, since
S(by,by;s°) € SO, Y, 52, (7.136)

the GSIP(bgl),bgl);so) is completely indeterminate too. By Theorem 7.48,
there exists an essentially unique mvf Wy € U,g(j,q) such that

SO bV 5°) = Ty, [SP77] and {0V} € ap(W7). (7.137)
Conditions (7.135)—(7.137) imply that
Ty [§P*1] C Ty, [SP™]

and hence, Theorem 4.94 implies that W, 'W € U(j,,) and W 'W €
Us (jpg) if and only if {bgl), bél)} € ap(W). O
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Theorem 7.52 Every muf W € U(j,q) admits a factorization
W =WiW,, with Wi €Urr(jpy) and Wa € Us(jpg) (7.138)
that is unique up to constant jy,-unitary multipliers
Wiy — WV and Wy — V'Wo  with V € Ueonst(pg)-  (7.139)

Proof Let W € U(j,q), s° € Tw[SP*?] and {b1,b2} € ap(W). Then, by
Theorems 7.48 and 7.50, the GSIP(by, by; s°) is completely indeterminate,
S(b1,be;8°) = Ty, [SP*9] for some essentially unique mvf Wi € Ui (jpq)
and Ty [SP*1] C Ty, [SP*1]. Moreover, since Ty, [SP*?] = S(b1, be; s°) and
ap(W) = ap(Wy), Theorem 7.51 guarantees that the mvf Wy = W, 'W be-
longs to he class Us(j,q), i.e., that a factorization of the form (7.138) exists
and that it is unique, up to the transformations indicated in (7.139). O

7.7 Generalized Sarason problems in S?*7 and HEX?

The GSIP(by, bo; s°) is formulated in terms of the three mvf’s by, by and s°.
However, the set S(b1, by; s°) of solutions to this problem depends only upon
the mvf’s by € Sf’nXp, by € anxq and the three operators

Luy = Py ) M|, Taz = - Mglp,(1,) and
I'i9 = PH(bl)MS’H*(bg)v with s = s°. (7.140)

In fact these operators are independent of the choice of s € S(by, ba; s°).
Moreover, S(by, be; s°) coincides with the set of s € SP*? for which (7.140)
holds. This observation leads to the following generalized Sarason prob-
lem in the class SP*7 in which the given data are b; € S,,;’,),LXP, by € anxq and
a block upper triangular operator

X = [ 51 F“ ] e — e . (7.141)
22 H.(bo) K?

GSP (b, by; X;8P%1) 1 Given by € SE*F, by € S and a block triangular
operator X of the form (7.141), find a muf s € SP*? such that (7.140) holds.

Let S(by,ba; X) denote the set of solutions to the GSP(by, be; X; SP*1).



402 Generalized interpolation problems
If S(by,bo; X) # (0 and s° € S(by, be; X), then
S(b1,b2; X) = S(b1, b2;5°). (7.142)

Moreover, there is also a one to one correspondence between S(by,be; X)
and the set of solutions N(I') to the Nehari problem based on the Hankel
operator

= I M|y with f°=0b}sb3, (7.143)
ie.,
s € S(b1,ba; X) < bisb; € N(T). (7.144)

There is a two sided connection between the operators X and the Hankel
operator I' considered in the equivalence (7.144) that may be written in in
terms of the blocks I';;, 1 <7 < j <2, of X in (7.141) and the operator I':

I'= My AT 111y + (Ta2 + Ti2) Py, (5y) Y Moz |1 » (7.145)
and, conversely,
Uiy = My, UMy, |y, Tz = My, I'My, |31, (5,),

(7.146)
Dho = Py ) My, ' Mo, |34, (4,)-

By Theorem 7.2, V(') # 0 if and only if I" is a contractive Hankel operator
from H{ into K7, i.e., if and only if (7.3) holds and ||T'|| < 1. This leads to
the following criteria for the solvability of a GSP in the class SP*9.

Theorem 7.53 Let by € S’gfp, by € S’gnxq and let X be a bounded linear
block triangular operator with blocks I';;, 1 < i < j, as in (7.141). Then
S(b1,b2; X) # 0 if and only if the operator X is contractive and the operator
T from HY into Kb defined by formula (7.145) is a Hankel operator, i.e., it

has property (7.3).
Proof Since ||T'|| = || X the theorem follows from Theorem 7.2 and the fact
that
S(b1,b2; X) # 0 <= N(T') # 0. O
The generalized Sarason problem can also be formulated in H5'?, with

a pair of mvf’s by € SIP) by € SIP and a bounded linear upper block
triangular operator X of the form (7.141) as given data.
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GSP (b1, bo; X; HEY): Given by € anXp, by € anxq and a block triangular
operator X of the form (7.141), find a muf s € HE? such that the relations
(7.140) hold.

Let Hoo (b1, ba; X) denote the set of solutions to the GSP(by, by; X ; H5?).

Theorem 7.54 A GSP(by,by; X; HX'?) is solvable if and only if the opera-
tor I, defined by the formula (7.145) is a Hankel operator. Moreover, if the
problem is solvable, then

1 X[} = min{[|s]loc : s € Hoo (b1, bo; X))} (7.147)

Proof If X = 0 then I' = 0 and Ho (b1, bo; X) = HE . Suppose therefore
that X # 0 and T' is defined by formula (7.145). If H(b1,b; X) # 0
and s € Hoo(by,by; X), ie., if s € H? and the relations (7.140) hold,
then formulas (7.140) and (7.145) imply that I' is a Hankel operator and
Islloe = X1

To establish the converse, let T' be a Hankel operator and let I'y = | X|~'T
and X7 = || X||7'X. then I'; is a Hankel operator with || X7 || = 1. Therefore,
by Theorem 7.53, S(b1, by; X1) # 0. Let s1 € S(by,ba; X1) and let s = || X ||s1.
Then s € Hoo(by, b2; X) and

[8lloc = XTI ls1lloo < 1XT]-
Therefore, ||s]|cc = || X |, since [|s||cc > || X || when s € Hoo (b1, b2; X). O

Corollary 7.55 The GSP(by,by; X; SP*9) is strictly completely indetermi-
nate if and only if the operator I defined by formula (7.145) is a Hankel
operator and || X|| < 1.

Remark 7.56 Theorems 7.58 and 7.54 are equivalent, i.e., Theorem 7.58
follows from Theorem 7.54 and conversely. Moreover,

S(b1,b2; X) = {s€ Hoo(b1,b2; X) : [|8]|oo < 1}
C Huo(bi,b9; X)

and, if X # 0, then

S(br, bo; || X[|71X) # 0 <= Hoo(br, bo; X) # 0.
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A solvable GSP in the class SP*? is determinate, indeterminate, com-
pletely indeterminate or strictly completely indeterminate, if and only if the
corresponding GSIP is such, and results that are obtained for one problem
are immediately transferrable to the other. In particular, Theorem 7.48 may
be reformulated as follows:

Theorem 7.57 If the GSP (b1, by; X; SP*1) is completely indeterminate, then
there exists a muf W such that

S(b1,bo; X) = Ty [SP71], (7.148)

where W€ U(jp,) and {b1,b2} € ap(W). Moreover, W € U,r(jpqy) and
is uniquely defined by the given data bi,by, X up to a constant jy,-unitary
factor on the right, which may be uniquely specified by imposing the normal-
ization conditions

wiip(w) >0, ,wa(w)>0 and wy(w)=0 (7.149)

at a point w € by, N b4 NC,.
2
Ifw € by, Nhx MR, then (7.149) holds if and only if W(w) = Ip,.
2

Proof In view of Theorem 4.54, by, Nb,» = by, since W € U, (jpq); and
2

(7.149) holds if and only if det W(w) # 0, i.e., if and only if w € hy—1. lfw €
by, Ny N by -1, then a mvf W € Ueonsi(jpg) that meets the normalization
2

conditions (7.149) may be obtained by Lemma 2.17. O

7.8 Resolvent matrices for the GSP in the Schur class

An m x m mvf W () that is meromorphic in C; with det W () # 0 is said
to be a resolvent matrix for the GSP(by,be; X;SP*?) if S(by,be; X) =
Ty [SP*1]. In view of the identification S(bi,ba;s°) = S(b1,b2; X) when
s® € S(by,be; X), Remark 7.49 is applicable to the resolvent matrices
of a completely indeterminate GSP(b1,bo; X). If | X| < 1, and only in
this case, the GSP(by,by; X) is strictly completely indeterminate, its re-
solvent matrices W € Z/lmR(qu), and a resolvent matrix W such that
{b1,b2} € ap(W) may be obtained in terms of the given data by formu-
las (5.165), (5.166) and (5.177)-(5.179). If 0 € by, N by, then there exists
exactly one normalized resolvent matrix W with 0 € by and W(0) = I,
such that {b1,b2} € ap(W); it is given by formulas (5.180)—(5.183). In these
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formulas, the mvf’s b, € SPP and by € S1*% may be replaced by any mvf’s
bs € SP*P and bg € S?*1 such that (/51)_165 € anXp and bﬁ(/b\g)_l € Sanq
and by, N hbjf Dby, N bb;#. In particular, we may choose b5 = det b1/, and
bg = det bal,.

The next step is to derive formulas for this resolvent matrix when the
problem is strictly completely indeterminate, i.e., in view of Theorem 7.54,
when ||X|| < 1 and the operator I' defined by formula (7.145) is a Hankel
operator. In this case W € U,sr(jpq) and consequently formulas (5.177)—
(5.179) for W are applicable with

Ly =Ly = {FI Fﬂ - H(by, by) — H(W) (7.150)
11
and
. [r-rury -rn 1
Ay =Ax = [ Sk H(by,by) — H(b1,bo), (7.151)

where I';; is now taken from X. The value W (w) of the mvf W (\) normalized
by the condition (7.149) at a point w € f]zrl N h:# is obtained from formulas
2

(5.94)—(5.97).
Lemma 7.58 If X is of the form (7.141) and Ax is defined by formula
(7.151), then || X|| < 1 if and only if Ax >0 and
| X|| <1<= Ax > 61 for some d > 0. (7.152)
Let be SP*P,
V(t) =M |gs and Vi(t) = Py Me,|n) (7.153)

be two semigroups of contractive operators in the spaces Hy and H(b),
respectively. Then Theorem 7.2 yields the following results:

Theorem 7.59 Ho.(b,I,; X) # 0 if and only if
Vi(t)X = XV (t) holds for every t > 0. (7.154)
Moreover, if this condition is in force, then
min{[[hfloc : h € Hao(b, I X)} = | X]I (7.155)

i.e., ||h]|oo > || X|| and there exists at least one h € Hoo (b, Iy; X) with ||h|| e =
X[
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Proof This is immediate from Theorems 7.2 and 7.53, since H,(b2) = {0}
when by = 1. a

Corollary 7.60 S(b,I,; X) # 0 if and only if (7.154) is in force for every
t>0and || X] <1.
Remark 7.61 If S(b,I,; X) # 0 and s° € S(b,1;; X), then

S, I;X)=S8(b,1; s°) = {s € SP*: b (s — s°) € HIX?},
i.e., the GSP(b, 1,; X; SP*Y) is a one sided GSIP, with conditions imposed on
the left. Consequently, all the results that were obtained earlier for the GSIP

with by = b and by = I, are applicable to a solvable GSP(b,I,; X; SP*1). A
number of them will be formulated below without proof.

The connection

X = MT, where T =TD(f) =TI My|yy, f=b"h
and he HEXY, (7.156)

o )

between the operator X and the Hankel operator I" implies that
(I -T2 = (I - X*X)"/? (7.157)
and
(I =TTV = { My (I — XX*)' /> My Py ) + Py Hicr- (7.158)

Consequently, the subspaces 204 (w) and 2A_(w) that were defined for w € C,
in terms of the contractive Hankel operator I' by formulas (7.9) and (7.10)
may be reexpressed in terms of the operator X by the formulas

A (W) = {: i€ (Cq} NI —X*X)Y2H (7.159)

A_(w) = {5 g€ cp} N (b KD @ My (I — XX*)V2H(b)).  (7.160)

w

Moreover, setting
A (w) = {Ruby: neC’yn U —XX*V2H(b), (7.161)

it is easy to check that dim2_(w) = dim 2" (w).
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In keeping with the definitions introduced above for the GSIP, the
GSP(b, 1,; X; SP*) is said to be
(1) determinate, if there is only one solution to this problem;

(2) completely indeterminate, if for every n € CY there are at least two
solutions s, s2 € S(b, I;; X) such that s1(\)n # sa(A)n;

(3) strictly completely indeterminate, if S(b, I,;; X) N SP*7 # ().

Theorem 7.62 Let S(b,1,; X) # 0. Then:

(1) The GSP(b, 1,; X;SP*9) is determinate if and only if A, (w) = {0} or
A" (w) = {0} for at least one (and in fact for every) point w € Cy.

(2) The GSP(b,1,; X; SP*?) is completely indeterminate if and only if
dim A, (w) = q and dim?’_(w) = p for at least one (and in fact for
every) point w € C..

(3) The GSP(b,I1,; X; SP*9) is strictly completely indeterminate if and
only if | X|| < 1.

Remark 7.63 It is useful to note that

dim A (w) = ¢ <= {77 i e (Cq} C range (I — X*X)'/? (7.162)

Puw

and
dim 2’ (w) = p <= {R,bE: £ € CP} C range (I — XX*)Y/2.  (7.163)

If (7.162) is in force, then I — X X* > 0, whereas if (7.163) is in force, then
I — X*X > 0. Both of these conditions fail if 1 is a singular value of X.

Theorem 7.64 If the GSP(b, I;; X; SP*7) is completely indeterminate, then
there exists a unique muf W € U(jpq) with {b,1,} € ap(W), up to an arbi-
trary constant jpq-unitary multiplier on the right, such that

S(b, Ig; X) = Ty [S"]; (7.164)

and this muf W automatically belongs to the class Uyr(jpq). Moreover,
W € Usr(Jpqg) if and only if the GSP(b, I,; X;SP*Y) is strictly completely
indeterminate.
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Theorem 7.65 Let W € U(jy,y), let {b,1,} € ap(W), s° € Ty [SP*9] and
X = PH(b)MSO’Hg' Then:

(1) X does not depend upon the choice of s° in Ty [SP*].
(2) The GSP(b,1,; X; SP*1) is completely indeterminate.
(3) S(b,14; X) C Ty [SP*1)], with equality if and only if W € Urr(Jpq)-

Theorem 7.66 Let W € U(j,q), let {b,1;} € ap(W), s° € Ty [SP*9] and
X = P’H(b)MSO|Hg . Then:

(1) HW)N Ly = {[X»Zg] : geH(b)}.

(2) W € Upp(fpg) <= { [Xg*g} g€ H(b)} is dense in H(W).

B) W € Ursr(Jpg) = {[Xq‘g} i g€ H(b)} = H(W). Moreover, in
this case

H [Xg*g} HH(W) N <qu [Xg*g] ! [Xg*g] >st = (I = XX")g.9)st-

(4) If W € Ursr(jpq), then it is uniquely specified by the normalization
condition (5.91) and the formulas (5.93)-(5.97) with

K = (| - xx9 7 1 x08] ) 0

where b € SP*P s such that X'H(b) = 'H(B)

7.9 The generalized Carathéodory interpolation problem

In this section we shall study the following interpolation problem for mvf’s
in the Carathéodory class CP*P, which we shall refer to as the GCIP, an
acronym for generalized Carathéodory interpolation problem:

GCIP (b3, by; c®): Given muf’s by € Sﬁfp, by € Sﬁfp and c® € CP*P, describe
the set

C(bs, by; ) = {c € CPP + (bg) ™ (c — c)(bs) ™" € NP*P} (7.165)
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The mvf’s ¢(\) in this set are called solutions of this problem. The classical
Carathéodory and Nevanlinna-Pick interpolation problems for mvf’s in the
Carathéodory class CP*P, and their tangential and bitangential generaliza-
tions, may be reformulated as GCIP’s, if there exists at least one solution
c® to the problem.

The difference between the formulation of the GSIP and the GCIP is due
to the fact that although SP*? C HE?, there are mvf’s ¢ € CP*P that do not
belong to H&”, for instance ¢(\) = —iAl,. It turns out that the space N7™7,
which contains CP*?, is a reasonable substitute for H2” in the formulation
of the GCIP. Thus, for example, if wy,...,w, is a distinct set of points in
Cy, and if s° € SP*4, ¢® € CP*P and b(A) = [[}_; (A — w;)/(A — @), then:

{s € 8P : s(w;) = s°(w;) for j=1,...,n}
= {s €8P b l(s—s°) € HLX1}

and

{ece P c(wj) =c(wj) for j=1,...,n}
= {ceC?: b c—c) e NUP}.

Consequently, in this example, s(A) (resp., ¢(\)) is a solution of the
Nevanlinna-Pick problem in the class SP*¢ (resp., CP*P) with prescribed
values s°(w1),...,s%(w,) (respectively ¢°(wy),...,c°(w,)) at the points
WlyeooyWn.

Bitangential Nevanlinna-Pick problems in the class CP*P with a solution
c®(A) correspond to a GCIP(bs, by; ¢®) in which the p x p inner mvf’s bg(\)
and by(\) are BP products.

The GCIP (b3, by; c°) is said to be

(1) determinate if it has exactly one solution;

(2) indeterminate if it has more than one solution;

(3) completely indeterminate if for every nonzero vector £ € CP there
exist at least two solutions ¢ € C(b3,by;c®), ca € C(bs, by;c®) such that

c1(N)E€ # c2(N)§ in Cy;

(4) strictly completely indeterminate if there exists at least one solu-
tion ¢ € C(bs, by; c®) such that ¢ € HX? and Re(X) > 61, for some & > 0,
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or, in other words, if
C(bs, by; ) NCP*P £ (. (7.166)

Remark 7.67 The GCIP(bs,by;c®) is completely indeterminate if at some
point w € C4 at which bs(w) and by(w) are invertible,

{c(w)§ = (W) = c € Clbs, ba; %)} # {0} (7.167)

for every nonzero vector £ € CP.

7.10 Connections between the GSIP and the GCIP
The next lemma serves to connect the GCIP with the GSIP.

Lemma 7.68 Let ¢® € CP*P and let s° = Tyz[c°]. Then the conditions

out out

1 , 1 ,
§b1_1<lp +5°)bs € S0 and Sba(l, + s°)by ! € ShF (7.168)

serve to define one of the pairs {bi,ba} and {bs,bs} of p X p inner muf’s
in terms of the other, up to constant unitary multipliers. Moreover, for any
two such pairs, the conditions

1 1
5b;l(fp + 8)bs € SLiP and Soa(l+ s)by L e St (7.169)

out out
are satisfied for every muf s € S(b1,ba;5°) N D(Tyy) and
C(bg,b4;c°) = TsB[S(bl,bz;So) ﬂD(Tm)]. (7.170)

Proof The proof rests on the essential uniqueness of inner-outer factoriza-
tions and outer-inner factorizations of mvf’s f € SP*? and f € N _I;Xp with
det f(X) # 0 in C;.. These results are applicable because 3(I, + s°) € SP*P
and det (I,+s°) # 0 in C;. implies that 1(I,+5°) € SLP and 2(I,+s°) ! €
NEP®P Thus, b3 and by are essentially uniquely defined by s°,b; and by:

bs is a minimal right denominator of b;* (I, + s°) and

by is a minimal left denominator of (I, + s°)by "

Since b3 ' (I, + s°) 7'y € NZJP and bo(I, 4+ s°)~tb;t € NEAP, by and by
are essentially uniquely defined by b3, by and s°:

by is a minimal right denominator of by ' (I, + s°) and

by is a minimal left denominator of (I, + s°)b; .
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Let s € S(by1,b2;5°) N D(Tyy). Then
by (I, 4 8)bg = b7 (I, + s°)bs + by (s — 5°)bs.

Since by ' (I, +s)bg € HE™®, by is a minimal right denominator of by (I, + s)
if and only if b3 is a minimal right denominator of by *(I, +s°). Analogously,
since

ba(I, + s)byt = ba(I, + s°)by ' + by(s — s°)by !,

by is a minimal left denominator of (I, 4+ s)b; 1if and only if by is a minimal
left denominator of (I, + s°)b, *. Moreover, if s = Tiy[c] and ¢ € CP*P, then

I+c=2(I,+s)"", I,+c=2(,+s)"
and, consequently, if s € S(b1,b2;s°) N D(Tyy), then
23 (e =yt = ATy + )7 = (L +5°) T
=+ 5 — )T+ 5)
= 5 by (5= 87y

where g = b, (I, + 5)b3/2 and 95 = by (I, 4 s)ba/2 are the mvf’s in S? 4
that are considered in (7.169). Thus,

T [S(b1, b2; s°) N D(Ty)] C C(bs, ba; c°). (7.171)
Conversely, (7.169) is equivalent to the fact that
s = by (I, +¢) by € SEXP and oy = by(I, +¢) byt € ST
if ¢ € C(bs, by; c°). Moreover, since
bl_l(s — so)bQ_1 = —Q@Sbgl(c — c°)b4_lqpso,
Ti[C (b3, ba; c®) € S(br,b2;5°) N D(Tyy). (7.172)
The inclusions (7.171) and (7.172) yield the equality (7.170). O
Theorem 7.69 Let A € U(J,), {b3,bs} € aprr(A) and c¢® € C(A). Then:
(1) The GCIP(bs,by;c°) is completely indeterminate.
(2) C(A) CC(bs,ba;c°).
(3) Equality prevails in (2) if and only if A € Upr(Jp).
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(4) A € Uysp if and only if the GCIP(bs,by; ) is strictly completely
indeterminate and equality prevails in (2).

Proof This is a consequence of the preceding lemma, the relations between
the classes U(J,) and U (jp), Urr(Jp) and Uy r(jp), and Uy sr (J,) and Ursr (Jp),
respectively. O

Theorem 7.70 Let the GCIP(bs, by; c®) be completely indeterminate. Then
there exists a muf A € U(J,) such that:

(1) C(bs,by; ) = C(A).

o

(2) {53,1)4} S ap]](A).

Such a myf A(/\) is defined up to a constant right Jy,-unitary multiplier and

is automatically right reqular, i.e., A € Urr(Jp).

If A e P(J,), then C(b3,bs;c®) = C(A) if and only if A € Urr(Jp) and is of

the form

Ba(N) s
A(N) 53(/\)14(/\)‘/,

where Bj(N) is a scalar inner divisor of bj(N), j = 3,4 and V' € Ueonsi(Jp).

The GCIP(bs,by;c?) is strictly completely indeterminate if and only z'f/ol €

Z/{’V‘SR(J]))'

Proof This is immediate from Lemma 7.68 and the analogous result for the
GSIP. 0
Analogues of Theorems 7.51 and 7.52 hold for mvf’s A € U(J,).

Lemma 7.71 Let b3, by € SV7 and let X1(\) = ba(\)b3(\) satisfy the
condition

Xi(w)Xi(w)* < I, for at least one (and hence every) point w € C..
(7.173)
Then the GCIP (bs,bs;0px,) is determinate, i.e.,

C(b3vb4§0p><p) = {Opo}'

Proof If ¢°(\) = 0px,, then s° = Ti»[0] = I, and, in view of Lemma 7.68,
we can (and will) choose by = b3 and by = by. Thus, in order to complete the
proof, it suffices to show that under condition (7.173) S(bs,bs; Ip) = {Ip}.
Let f°(n) = x1(n)* a.e. on R and let ' = T'(f°). Then, by Theorem 7.47,

S(bg,b4;Ip) = {bgfb4! f EN(F)}
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Consequently,
S(bs,ba3 1) = I, <= N(I') = {f°}.
In the present setting,
(I —I*T)V?Hy = xi HY
and hence, for w € C,

3 3 §—xix1(w)*¢

> e (I-T'D)V?H) = > c y\H) — e x1HY.
Puw Pw Puw
However, since
f_ Xle(w) 5 e Hg @Xngv
Pw
the assumption
— i () *
£ € x1HY implies that ExaMa @) =0
Puw Pw
for every point A € C,. In particular, £*(I, — x1(w)x1(w)*)§ = 0, which
implies that £ = 0, since x1(w)x1(w)* < I,. O

Remark 7.72 If A € Uysr(Jp), {b3,bs} € apri(A), (7.173) holds and B =
A, then SP*P C D(Tg). This follows from Lemmas 4.70, 5.8 and Theorem
5.98.

7.11 Generalized Sarason problems in crxp

The given data for a generalized Sarason problem in the class CP<P is a pair

of mvf’s b3, by € anlx P and a bounded linear block triangular operator

X = [ 0” @12 ] e — e . (7.174)
24 He(b) K?

GSP(b3,b4;X;épo)l Given by € 8PP, by € SI*1 and a block triangular

m m

operator X of the form (7.174), find a muf ¢ € CP*P such that

P11 = Py Melpy,  Pa2 =TI_M,

Ho(by) and
D1 = Ppy(py) Melr. (). (7-175)
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Let Co(bg, by; X) denote the set of solutions of this problem. If this problem
is solvable and ¢® € C(bs,by; X), then it is easy to verify that

Cbs,by; X) = {ce CPP b3l (c— )byt € HEXPY. (7.176)
Moreover, since both of the mvf’s ¢ and ¢° in (7.176) belong to HX”,
byt(c— )yt € HIP = byt (c— )byt e NP

by the Smirnov maximum principle. Thus,

C(bs, by; X) = Heoo(bs, by; X) N CPXP (7.177)
and, if ¢© € C(bs, by; X), then
C(bs, by; X) = C(bs, by; c®) NCP*P (7.178)

and the GCIP(bs,by;c®) is strictly completely indeterminate. Conversely,
if the GCIP (b3, by;c°) is strictly completely indeterminate, then the right
hand side of (7.178) is nonempty, since ¢° may be chosen to belong to crxp.
Moreover, the operator X is well defined by formulas (7.174) and (7.175)
with ¢ € GCIP (b3, by; c®) N H5P and X is independent of the choice of such
a c. Consequently, C (b, by; X) # 0 and (7.178) holds. Thus, formula (7.178)
exhibits a two sided connection between strictly completely indeterminate
GCIP’s and solvable GSP’s in CP*?.

The operators
I'y = Mbg{(I)HH.g. + (P22 + ¢)12)PH*(b4)}MbI’H§ (7.179)

from HY into K% and

Ax = 2R Ptlre(vs) 12 : H(bs, by) — H(bs,bs),  (7.180)
0 Py, (0) P22
where
H(bs3)
H(bs,bs) = @
H.(by),

will be useful.

Theorem 7.73 A GSP(bs, b4;X;CDpo) is solvable if and only if:
(1) The operator I'x, defined by formula (7.179) is a Hankel operator.
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(2) The operator Ax, defined by formula (7.180) is positive and has a
bounded inverse, i.e.,

Ax > I for some § > 0. (7.181)

Proof Suppose first that é(b3,b4;X) # (. Then, in view of (7.177),
Hoo(bg, by; X) # 0. Therefore, by Theorem 7.54, T'x is a Hankel operator,
i.e., (1) holds. Moreover, if ¢ € C(bs,by; X), then 2(Re)(\) > 01, for some
0 > 0 and consequently,

@[] ) = tereraamaempazs([3][1]),

for every choice of g € H(b3) and h € H.(bs), i.e., (2) holds.

It remains to show that (1) and (2) imply that C(bs,bs; X) # 0. The
verification of this implication is much more complicated.

One approach is based on the connection between the GCIP(bs,by;c®)
and the GSIP (by,by;s°) considered in the previous section, which yields
a connection between GSP(by,bo; X1;SP*P) and GSP(bs,by; X;CP*P). The
connection between the data of each of these two GSP’s may by found in
formulas (5.196), (5.198) and (5.201); for more details see the first appendix
in [ArDO05a)].

Condition (1) is equivalent to restricting the operator I' defined by the
blocks I';; of X by formula (7.145) to be a Hankel operator, whereas con-
dition (2) is equivalent to the condition || X;| < 1. Thus, if (1) and (2) are
in force, then by Theorem 7.54, the corresponding GSP(by, by; X1; SP*P) is
strictly completely indeterminate, i.e.,

S(by, bo; X1) N SPXP £ ().

o

Consequently, C(bs,by; X) # () and, in fact,
é(b3,b4;X) ZT%[S(bl,bQ;Xl) N épo]. (7.182)

]

Formula (7.182) leads to a description of the set C(bs, by; X) of solutions

of a solvable GSP in CP*? and, at the same time, of the set C(bs,bs;c°) of
solutions of a strictly completely indeterminate GCIP.

Theorem 7.74 Let b3, by € ngp and let X be the block upper triangular
operator defined by formula (7.174) and assume that conditions (1) and (2)
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of Theorem 7.73 are satisfied for the GSP(bs, by; X;Copo). Then there exists
a muf A(X) which is uniquely specified by the conditions

(1) Ae UrsR(Jp);
(2) {b3,bs} € apr(A),

o

(3) Clbs, b3 X) = C(A) NCP,
up to a constant J,-unitary multiplier on the right, which is obtained from
the formulas

ATy AW) Ty = Ty — pa(NEA (V). (7.183)

where w € by, N bbf 18 fized and Kf()\) may be obtained from the given data
by the formulas that are presented in (5.210) and Theorem 5.104. More-
over, if ¢® € C(A) N CPXP | then the GCIP(bz,bs; c®) is strictly completely
indeterminate and

Clbs, by; c°) = C(A).

Proof Conditions (1) and (2) of Theorem 7.73 are satisfied if and only
if C(b3,by; X) # 0. In this case C(b3,by; X) = C(bs,by;c®), where ¢ €
C(bs,by; X). The rest of the theorem follows from Theorems 7.69 and
7.70. O

An mvf A € P°(J,) is called a resolvent matrix of the GCIP (b3, bs; c°)
if

C(b3, ba; ) = C(A),

and B(\) = A(\)9 is called the B-resolvent matrix of this problem. If

C(bs, by; X) = C(A) N CP*P,
then A is called a resolvent matrix of the GSP(bs, bs; X), and formulas for
it are furnished in Theorem 7.74, whereas Theorem 7.70 describes the set of
all resolvent matrices of a completely indeterminate GCIP (bs, by; c°).

If b3 = I, or by = I, then the Sarason problem reduces to a simpler
one sided problem. Thus, for example, if b3 = b € SV¥ by = I, and X €

m

L(H? H(b)), then the GSP(b, I,;; X;CP*P) is to find a mvf ¢ such that
ceC”? and X = Py M|y
In this setting the operator Ay is defined by the formula
Ax = Xlpw) + (Xlnw)"

and the following theorems are special cases of the preceding results.
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Theorem 7.75 C(b, I,; X) # 0 if and only if conditions (7.154) and (7.181)

are in force.

Theorem 7.76 If C(b, I,;X) # 0, then there exists a unique muf A €
Ursr(Jp) with {b,1,} € aprr(A), up to an arbitrary constant J,-unitary mul-
tiplier on the right such that

C(b,1,; X) = C(A) N CP*. (7.184)

Theorem 7.77 Let A € Upep(J,), {b,1,} € aprr(A), ¢© € C(A) N CP*»
and X = PH(b)MCo|H§. Then X does not depend upon the choice of ¢® and
(7.181) holds. Moreover,

H(A) = {LXg = [“’;*9] g€ H(b)}, (7.185)

Lx € L(H(b),H(A)) and, for every vuf g € H(b),

H [);g] HH(A) = (Axg,9)st = — <Jp [_95*9} , [—)fi*g} >9i (7.186)

and the muf A(X) may be recovered from the formulas (7.183), where
K2(\) = (Lx A FX)(N), b~'bs € 8PP and

FX(O\) = [-(XEE)(N) kL]

7.12 Bibliographical notes

Theorem 7.2 is an analogue on the line R of a theorem for infinite block
Hankel matrices [yitj-1], 4,7 = 1,2,... with symbols that are mvf’s on the
unit circle T = {¢ € C: || = 1} that was first established by Nehari [Ne57]
for scalar valued functions and then extended to the setting of mvf’s and op-
erator valued functions by Page [Pa70], see also [AAKT71a] and [Ad73a]. One
way to establish Theorems 7.2 and 7.20 is based on the notion of a scatter-
ing suboperator of a unitary coupling of the semigroups of simple isometric
operators V_(t) and V. (), as was done in the circle case in [AAK68] for
scalar functions and [Ad73a] for operator valued functions. In this way a
description of N(T') in the indeterminate case as the Redheffer transform
of Schur class operator valued functions was obtained in [Ad73b] for mvf’s
and subsequently in [Kh00] for operator valued functions. A complete expo-
sition of these results and a number of others (including the Nehari-Takagi
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problem) are presented by Peller in Chapter 5 of his monograph [Pe03]; the
scalar case and assorted applications are treated in [Ni02].

Theorems 7.2 and 7.20 and a number of other results on the NP may also
be established by purely function theoretical methods, as in Stray [St81]
for the scalar case and [AFK98] for the matrix case. In the latter, formulas
(7.123)—(7.126) were obtained by considering the operators rI" with 0 < r <
1 in place of I' in formulas (7.109)—(7.114) and then letting r T 1.

A more general version of the GSIP in which the condition in (7.127) is re-
placed by the constraint {s € SP*? : b}(s — s°)b € HXX'}, where by € Sf’nXk
and by € Sfian, as well as its operator valued version were studied by A.
Kheifets in [Kh90]. Kheifets obtained his results as an application of the
abstract interpolation problem of [KKY87]. In the latter, the set of solu-
tions was expressed as a Redheffer transform based on the four blocks of
a Schur class operator valued function. This description was obtained by
reducing the problem to the problem of describing the set of scattering ma-
trices of the unitary extensions of an isometric operators and then using
the parametrization formula for such a set that was presented in [ArG83|
and later with complete proofs in [ArG94]. This approach arose as a de-
velopment of M. G. Krein’s theory of resolvent matrices of isometric and
symmetric operators [Kr49]; see also [GoGo97]. The same strategy was used
by M. Morédn [Mo93] to describe the set of solutions of the commutant lifting
problem, which yields yet another approach to the problems considered in
this chapter; see [SzNF70], [FoFr90] and [FFGK98]. A good review of this
circle of ideas may be found in [Arc94].

V. P. Potapov developed another method for resolving interpolation
and extension problems for mvf’s in SP*Y and CP*P that was based
on reducing the problem to the solution of certain inequality that he
called the fundamental matrix inequality, which arose as an ap-
plication of his theory of J-contractive mvf’s; see [KoPo74], [Kov83],
and for a good expository survey of this approach [Kat95]. This
method was developed and applied to a variety of interpolation and
extension problems by a number of authors, see, e.g., [Nu77], [Nu81],
[KKY87], [Sak97] and [BoD98].

The formulas for resolvent matrices for the GSIP and the GCIP in
the strictly completely indeterminate case are taken from Theorem 7.1 in
[ArD02a] and Theorem 3.12 in [ArDO05al, respectively. The RKHS meth-
ods that were used to obtain these formulas follow and partially extend
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the methods that were introduced earlier to study interpolation and exten-
sion problems in [Dy89a], [Dy89b], [Dy98], [Dy0la], [Dy01b], [Dy03a] and
[Dy03b].

Analogues of the classes M, (fpqg), My r(Jpg) and M, 5(jpq) for mvf’s on the
unit circle T were introduced and investigated in [Ar89] in connection with
the completely indeteterminate Nehari problem on T. The corresponding
left classes My (dpq), Mer (Jpg) and Mys(j,y) and the classes M,k (jpg) and
Msr(Jpg) were introduced and studied later in [ArDO01b].

The pair s9o = ajrl and s9; = —ajrlb+ that corresponds to a mvf 2 €
M, (Jpg) for p = ¢ = 1 was studied by by A. Kheifets in response to a
question raised by D. Sarason in [Sar89].

The material in Sections 7.10 and 7.9 is adapted from [Ar93]. Theorem
7.31 is connected with Theorem 5.2 in [ArDO01b].

Lemma 7.15 was established in [Ar89] for mvf’s on T.

Theorem 7.31 is connected with Theorem 5.2 in [ArD01b]. The embedding
defined in Lemma 7.36 was used in the study of the matrix Nehari problem
in [AFK98] and then subsequently in [ArD01b].

Analogues of the classes U, g(J) and Ug(J) for mvf’s in D were introduced
in [Ar84a], [Ar88] and [Ar90] for J = j,, and in [Ar93] for J = J, to study
the GSIP and the GCIP in D, respectively; see also the review [BulM98§].

The GSIP is a special case of the model matching problem that is studied
in control theory; see, e.g., the monographs [Fr87], [Fe98] and [FFGK9S];
the latter discusses the connection of this problem and a number of others
with the commutant lifting theorem. Computational issues for a number of
interpolation problems are discussed in [DvdV98]. The monograph [BGR91]
is a useful reference for rational interpolation problems.
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Generalized Krein extension problems

In this chapter we shall focus on the GCIP (b3, bs; c®) in the special setting
when b3(\) and by (\) are entire inner mvf’s. Each such interpolation problem
is equivalent to a bitangential Krein extension problem in the class G&? of
helical p x p mvf’s on the interval (—oo, 00). This extension problem and two
analogous extension problems in the class of positive definite mvf’s and in
the class of accelerants that were considered by Krein will also be discussed.

8.1 Helical extension problems
A mvf g(t) is said to belong to the class G5 of helical p x p mvf’s on the
interval (—oo, 00) if it meets the following three conditions:
(1) g(t) is a continuous p X p mvf on the interval (—oo, 00).
(2) g(t)* = g(—t) for every t in the interval (—o0, 00).
(3) The kernel

k(t,s) = g(t —s) — g(t) — g(—s) + 9(0) (8.1)
is positive on [0, 00) X [0, 00).

The class G5 ¥ of helical p x p mvf’s on the closed interval [—a, a] is defined
for a > 0 by the same set of three conditions except that the finite closed
intervals [—a,a] and [0, a] are considered in place of the intervals (—oo, 00)
and [0, 00), respectively.

The classical Krein helical extension problem is:

420
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HEP(¢°;a): Given a muf g° € Gi*?, 0 < a < oo, describe the set

G(9%a) = {ge &7 : g(t) =g°(t) for every t€[-a,al}.  (82)

Theorem 8.1 (M. G. Krein) A p x p muf g(t) belongs to the class G&™"
if and only if it admits a representation of the form

. L[> _ ipt ) do(p)
t) = — ta + — nt_ 1 4 } 8.3
9(t) 5+m+ﬂ/oo{e L+p* ) p? (8:3)

on the interval (—a, a), where a = o and 3 = * are constant p X p matrices

and o(p) is a nondecreasing p X p muf on R such that
o
/ (1 + p?)td(trace o(p)) < oo, (8.4)

Proof A proof for the case p = 1, based on Krein’s unpublished Lecture
Notes is given in Chapter 3 of [GoGo97]. This proof can be extended to
cover the matrix case. O

Theorem 8.1 implies that the HEP(g°;a) is always solvable i.e., the set
G(¢°; a) is not empty and can be obtained by extending the set of all repre-
sentations (8.3) for ¢g(¢) from (—a,a) to the full axis R. Moreover, Theorem
8.1 leads easily to a growth estimate for mvf’s g € G&P.

Corollary 8.2 If g € G&?, then
lg@®)|| = O(t?) as t — oo. (8.5)

Proof In view of Theorem 8.1, it suffices to check that the integral in formula
(8.3) meets the asserted growth condition. But clearly the integrand

int it 1 [O+®
(v - (5
IL+p”) p +

®= {7 -1}

7iﬂt _ - t t i
@= {e 21+Z/~¢} — /(s_t)e_l“sds.

1% 0

where

and



422 Generalized Krein extension problems

The rest is self-evident from (8.4), since
@I<2 and |@]< /2

for p € R. O

The next theorem exhibits an important connection between the classes
PXp DXD
G55P and CP*P,

Theorem 8.3 There is a one to one correspondence between muf’s ¢(\) in
the class CP*P and muf’s g(t) in the subclass

gr:r(0) = {g € G& : 9(0) <0} (8.6)
that is defined by the formula
OO .
cg(N) = )\2/ eMg(t)dt  for XeC,. (8.7)
0
Moreover, if §° € G(g°;a) for a given muf ¢g° € GE*P with g°(0) < 0 and
c® = cgo, then
Cleadp, Ip; ) = {cg: g€ G(g°;a)}. (88)

Proof The preceding corollary guarantees that the integral in (8.7) below
exists and is holomorphic in C, for every choice of g € G&7. With the help
of formulas

v/<Wﬁ:m V/tw%:—1 (8.9)
0 0

and

o0 , m , 2 1
V/ et 4 L entgy = B - At (810)
0 1+p i (p—=XA 1+u

which are valid for p € R and A € Cy, it is readily checked that if g(t) is
given by (8.3) for every point t € R, then

0 ) ) 1 [ 1 W
22 Ng(t)dt = —i) / — do(p). (8.11
ettt =—ing wiat [ {25 - e ot ()

In view of the representation (3.3), which defines a one to one correspondence
between {a, 3,0(1)} and mvf’s ¢(A) in the Carathéodory class CP*P, where
a and [ are constant p X p matrices with & = o* and 5 > 0, and o(u)
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is a p X p nondecreasing mvf which is subject to the constraint (8.4), the
mapping

g — /\2/ eMg(t)dt (A eCy) (8.12)
0
is one to one from
GrxP(0) ={g € G&X?: g(0) <0} onto CP*P.

The identification (8.8) will follow from a more general result that will be
established below in Theorem 8.7. O
Given ¢° € G£"7(0),0 < a < oo, The HEP(g°; a) is said to be

(i) determinate if the problem has only one solution.
(ii) indeterminate if the problem has more than one solution.

(iii) completely indeterminate if for every nonzero vector £ € CP, there
exist at least two mvf’s g1, g2 € G(¢°; a) such that
{91(t) = g2(£)}€ £ 0 on R,

(iv) strictly completely indeterminate if there exists at least one g €
G(g°;a) such that ¢, € crxp.

We remark that the identification (8.8) exhibits the fact that a strictly
completely indeterminate problem is automatically completely indetermi-
nate.

A two sided connection between completely indeterminate HEP’s and the
class of mvf’s A € ENU(J,) such that {eq, 1), eq, I} € aprr(A) for some
choice of ag > 0 and a4 > 0 will be presented in Theorems 8.20 and 8.21.
These theorems will follow from more general results that will be presented
in the next section.

The identification (8.8) will be generalized to tangential and bitangential
Krein helical extension problems by replacing the special choices bg(\) =
€q(N)I,, by(X) = I,, with an arbitrary normalized pair b3(\), bs(A) of entire
inner p x p mvf’s. Correspondingly, the set G(g°;a) on the right hand side
of (8.8) is replaced by the set G(g°; Fy, F,}, of solutions of the following
bitangential Krein helical extension problem that we shall call GHEP, an
acronym for generalized helical extension problem:

GHEP(¢°; Fy, F): Given a muf ¢° € G5P(0) and a pair of sets Fy C
LE([0, ay]) and F, C L5([0, ]), at least one of which contains a nonzero
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element, describe the set G(g°; Fy, Fr} of muf’s g € GhP(0) that meet the
following three conditions for every choice of h* € Fy and h" € F,:

/taz hg(u)*{g(u —t)—¢°(u—t)}du = 0 for0<t<au (8.13)

/m{ﬂv—ﬂ—g%v—wwmmw;: 0 for0<t<aq,. (8.14)

/tar [/OM R (u)*{g(u+v—1t) — ¢°(u+v— t)}du] B ()dv = 0
for 0 <t <a,. (8.15)

The three sets of conditions (8.13), (8.14) and (8.15) are equivalent to the
three sets (8.13), (8.14) and

/taz h'(u)* [/OQT{g(u—HJ—t) _go(U‘FU—t)}h’"(v)du] = 0
for0 <t<a, (8.16)

(see Lemma 8.12, below). If 7, = {0} or F, = (), then only constraint (8.13)
is in effect and the GHEP is a left tangential extension problem.

If 7y = {0} or F; = 0, then only constraint (8.14) is in effect and the
GHEP is a right tangential extension problem.

Theorem 8.4 Let ¢° € GP(0) and let F; C L5([0,cy]) and F. C
LE([0, o]), where ay + o, > 0. Then there exists a pair {bs,by} of nor-
malized entire inner p X p muf’s such that

C(b3,bs; ) = G(g°; Fu, Fr)  with ¢° = cgo. (8.17)
Moreover, b3(\) and by(\) may be chosen so that
T(b3) <y and T(bs) < ., (8.18)

with by(X) = I, for left tangential problems and b3(\) = I, for right tangen-
tial problems.

Conversely, if a muf ¢© € CP*P and a pair {bs,bs} of normalized entire inner
p X p muf’s is given, then a pair of sets Fy C LE([0, ay]) and F. C LE([0, o)
exists such that the identification (8.17) is in force and equality holds in both
of the inequalities in (8.18).
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This theorem will follow from a number of other results on the connection
between the GCIP (b3, by; ¢°) and the GHEP(¢°; Fy, F;) that will be obtained
below. We begin with a few preliminary results of a general nature. The
notation

fe(N) = f(A+ie)

will be used in the proof Lemma 8.6 and Theorem 8.7.

Lemma 8.5 Let b € €N HE? and suppose that b(0) = I, and b()\) is of
exponential type a. Then there exists a unique p x p muf hy(t) such that

b(\) = Ip+i)\/ eMhy(t)dt  with  hy € L5*P([0,a]) (8.19)
0
and

a
/ |ho(t)||dt > 0 for every e in the interval 0 < e < a. (8.20)
a—e€

Proof The representation (8.19) is immediate from the Paley-Wiener theo-
rem, since

~ b(\) — 1
hy(A) = P
b(A) y
is an entire p x p mvf of exponential type a which belongs to the space
HY™?., 0

Lemma 8.6 Let ¢ and c° belong to the Carathéodory class CP*P, let b €
ENSP*P and suppose that

in
b (e — ) € NP
for every e > 0. Then
b=l (c— %) e NT¥P.
Proof Let
s=Tyld =, —c) I, +c)"' and s°= Tyl
Then s, s° and (I, + s°)/2 all belong to SP*P and

(Ip +5°)

= 21
b= de, (8:21)
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where d € 8PP and ¢ € 8P In fact, since (I, + s°)/2 is outer,

det d(X\) =71 det b()) = yoe'?

for some unimodular constants v; and 72 and § > 0, it follows that d()) is
also entire, by Lemma 3.97. Now

ble—¢) = b — )T+ 8) = (I +57)7 (1, — 5}
= 2671, +5°) 71 (s° = s)(I, + 5) 7,
which in view of (8.21) yields the formula
bl e—c) =ptd (s® —s)(I, +5)7 . (8.22)
Therefore, by assumption,
b= (ce — ¢2) = (52 = se) (I + )7

belongs to N7*? for e > 0 and hence, since ¢. and (I, + s.) are both outer
mvf’s (in HE?),
452 — ) €N
for every € > 0. Moreover, since
d7Y(\) = e D(N)
for some mvf D € ENSP*P . it follows that

=" () {82 () = s ()} < 2¢%

for € > 0 and every point y € R. Therefore,

AN (s2 — 52) € LRP(R) NN = HEXP.

Thus,
4= (A {s2(N) = s (W)} < 2%
for every point A € C,, and hence, upon letting ¢ | 0, we conclude that
la= () {s°(A) = sV} < 2,
ie.,
d'{s® — s} € HLXP.

The desired conclusion is now immediate from (8.22) since both ¢ and
(I, + 5)/2 belong to SLF. O

out
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Theorem 8.7 Let by and by be normalized entire inner p X p muf’s of
exponential types az and ay respectively, and let the muf’s hy, (t) and hy, (t)
be defined by the corresponding integral representation formulas (8.19). Then
the identification (8.17) holds with

Fr = {hp,(t)€: €€ CP} and F, = {hy,(t)"n: neC}
for every choice of g° € G&7(0).

Proof The proof is divided into three parts.

1. Let b3(A) = b(A), a3 = a > 0 and by(A\) = I,. Then F, = {0} and hence,
in order to verify (8.17), it suffices to show that
¢ € CP*? meets the condition b '(c—c°) € NV*P (8.23)

if and only if ¢ = ¢;, where g € G5 (0) satisfies the condition
/ hy(uw)*{g(u —t) — ¢°(u—t)}du =0 for 0 <t <a. (8.24)
¢

Suppose first that (8.23) holds and let

0 [e%)
4 = / My (—tydt and r(A) = / N {g(t) — g° (1)}t

0
for short. Then,

b()‘)il{cg(/\)_cg"()‘)} = {I,—iAq(A)}(cg(A) —cgo (V) = {Ip_i)\Q(A)})‘ZT()‘)

and, since CP*P C ./\/’fx‘n and N iXp is closed under addition and multiplica-
tion, it is readily seen that

Mg(\)r(\) € NP
and hence, since /\_1[p € Npr, that
g(N)r(X) € NTFP,
Therefore g.r. € N7 for every ¢ > 0. Moreover, since
¢= € LY (R) N LEP(R)
and

r. € HgXp N HLXP
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it follows that the product
gere € LYP(R) N LEXP(R) N NEXP,
Thus, by the Smirnov maximum principle for mvf’s,
qere € HY*P 0 HEXP

for every € > 0. Consequently, the inverse Fourier transform

(gero)" (1) = / ¢ (s)rY(t — s)ds

—a

of g.r. must vanish for —a < ¢t < 0. But this is the same as to say that

/ hy(—s) e = {g(t —s) — ¢°(t — s)}e =) ds = 0 (8.25)

—a
for —a <t <0, which leads easily to (8.24).
Now suppose conversely that (8.24) holds. Then clearly (8.25) holds for
every € > 0 and hence

q:7: € HSXP NHYP C NfXP
for every £ > 0. Moreover, in view of (8.5), we also have
re € HY P HYP ¢ NPXP
for every € > 0. Thus,
b\ +ie) " Hey (A +ie) — cpo (A +ie)} = {T, — i(A +ig)g-(\) J(\ + ig)?ro ()

belongs to N pr (as a function of \) for every £ > 0. The desired conclusion
now follows by letting € | 0 and invoking Lemma 8.6.

2. Let by(X) = b(A), as = a > 0 and b3(\) = I,,. In this setting F; = {0}
and hence, in order to verify (8.17), it suffices to show that

¢ € CP*? meets the condition (c—c°)b™! € NP (8.26)

if and only if ¢ = ¢,, where g € G5 (0) satisfies the condition
/ {g(u—1t) —g°(u—t)}hy(u)*du =0 for 0 <t <a. (8.27)
¢

This equivalence may be verified in much the same way that the equivalence
of (8.23) to (8.24) was justified. Alternatively, it may be reduced to the
preceding setting by considering the mvf’s b~ (X), ¢~(A) and (c°)~(A) in
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(8.23) instead of b(\), ¢(A) and ¢°(\) and hy(t)*, g(t)* and ¢°(¢)* in (8.24)
instead of hy(t), g(t) and ¢°(¢).

3. The general setting. If
byl — cgo)byt € NTXP (8.28)
holds, then clearly
b3 (cy —cgo) €ENTPand  (cy — cgo)byt € NTXP, (8.29)

Therefore, by the preceding two cases, conditions (8.24) and (8.27) must be
met. Furthermore, since b3(0) = I,,, the first of these implies that

oo as
byt (cg — cgo) = (cg — cgo) —iN’ / e {/ B ()1 (u + t)du} dt,
0 0

where
rV(t) = g(t) —g°(t) fort>0.

Consequently, condition (8.28) will be met if and only if (8.24) and (8.27)
hold and

0o as
/ ¢ { / i, ()" (u + t)du} dt ba(A) "t € NP,
0 0

Much the same sort of analysis as was used before leads to condition (8.15).
Moreover, the argument can be run backwards to establish the converse.

Similar considerations lead to the second set of conditions. O

We remark that conditions (8.13)—(8.15) depend at most on the values of
g(t) and ¢°(t) on the interval —(as + a4) < t < az + a4.

We shall identify Lf([0, a]) with the subspace of vvi’s in L5([0, 00)) with
support in the interval [0, o). With this identification, L5(]0, a]) is invariant
under the action of the semigroup 7, 7 > 0, of backward shift operators in
the time domain that are defined by the formula

(T-f)(t) = f(t+7) for feLh([0,00)) and 7 >0. (8.30)
Then R
Tof = (Mre—r f).
Let
H={h:heH

denote the Fourier transform of a subspace H of L5(R).



430 Generalized Krein extension problems

Lemma 8.8 Let L be a closed subspace of L5(R..). Then L is invariant with
respect to the backwards shift semigroup T(t), t > 0, in LY(Ry) if and only
if

R.LCL for at least one (and hence every) point o € C.

Proof This follows from Lemma 3.40. O

Lemma 8.9 Let H C LE([0,a]) be a closed subspace that is invariant with
respect to the semigroup T, 7 > 0. Then:

(1) There exists ezactly one muf b € €N SP*P with b(0) = I, such that
H ="H(b).

Moreover,

(2) b(A) is of exponential type a with a < «.

(3) The muf hy in the representation (8.19) for b(A) belongs to
L5((0, a).

(4) VAT -hy€ : € € CP and 7 > 0} = H.

Proof If H is a closed subspace of L5([0,a]) that is invariant under the
action of the semigroup 75, 7 > 0, then

HC HY & e HY
and H is invariant under the action of the semigroup of operators

Ilye_r|gp for every 72>0.

Therefore, HY & H is invariant under multiplication by e; for ¢ > 0 and
hence, by the Beurling-Lax theorem, there exists an essentially unique mvf
b € 877 such that H = H(b). In view of Corollary 3.42, ¢ = p, and b()) is
an entire inner p x p mvf of exponential type < «, since H(b) C H(eqI,) and
R,bE € H(b) for o € C and every & € CP. Moreover, there is only one such
mvf b(\) that meets the normalization condition b(0) = I,,. This completes
the proof of (1) and (2). Assertion (3) then follows from Lemma 8.5.
Next, as

~ b(A) — 1
e = "0 dre _onignge
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belongs to H(b), it follows that hy{ € H and hence that T hy§ € H for
every £ € CP and every 7 > 0, since H is invariant with respect to T, for
7 > 0. Thus, the closed subspace £ that is defined in (4) is a subspace of
‘H. Moreover, in view of the preceding identity, Rob¢ € L for every £ € CP,|
and, since L is invariant with respect to the backward shift operator R, in
H(b) for every a € C; by Lemma 8.8, it follows that

(I, + R ¢ = —i(l, +wR.,)Robé = —i(Ry + wR, Ry)b¢
b(A) — b(w)
A—w

(W)€ = 2mkZ(N)b(w)§;

= —i(Ro+ Ry — Ro)b§ = —i

O Wb@)* -1,
A S

3

~

ie., k¢ e L for every w € C and € CP. Consequently, H(b) C L. Thus,
L=H(b)="H,and L =H. O
If 7 C LL([0, ), then

\/(TT}": T >0)

is a closed subspace of L5(]0,«)) that is invariant under 7 for every 7 > 0.
Consequently, there is a unique normalized entire inner p x p mvf b(\) such
that

(\/{TT}“: > o})A: H(b).

Lemma 8.10 Let f(t) be a continuous k x p muf on [0,a], let h € L5([0,a))
and let

P(t) = /ta fv—=t)h(v)dv for0<t<a. (8.31)
Then + € L([0,a]) and
W(t+7) = / Fo— (T (W)dv for0<t<a—7and0<r. (8.32)

Proof If a — 7 < t < a, then both sides of (8.32) are equal to zero. If
0 <t < a— 7, then equality (8.32) follows from (8.31) by a change of
variables, since (T-h)(v) =0 for 7 >0and a — 7 < v < a. O
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Lemma 8.11 Let f(t) be a continuous p X k muf on [0, a], let h € L([0,a))
and let

o(t) = /a h(uw)*f(u —t)du for 0<t<a.
t
Then ¢ € LY**([0,a]) and

p(t+71) = /ta(TTh)(u)*f(u — t)du.

Proof This assertion is equivalent to Lemma 8.10. O
If 0 < @ < a < 00, then, in the next several lemmas, L5([0, a]) is viewed
as a subspace of L5([0, a])

Lemma 8.12 Let f(t) be a continuous p x p muf on [0,a] and let h* €
LE([0, ay]) and h" € LE([0, ai]) be such that 0 < ay, 0 < o, ay + i < a and

/az R (u)* flu—t)du =0 for0<t<ay, (8.33)
t
/a,- flo=t)h" (v)dv =0 for 0 <t < a. (8.34)
t
Then
/“r [/a[ hé(u)*f(u +v— t)du] h"(v)dv =0 for every 0 <t < a,
C (8.35)

if and only if

/041:‘ |:/ar h((u)*[f(u +v— t)hr(v)dv] du=0 forevery 0 <t < ay.
t 0 (8.36)

Proof Let the assumption of the lemma be in force and let fbe any con-
tinuous extension of f to the interval 0 <t < 2a. Then equations (8.33) and
(8.34) are equivalent to the formulas

a

flu+v—tR (Wdv=0 for0<u<t<a

t—u

and

/ ) flu+v—t)du=0 for0<v<t<a,
t

—v
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respectively, where it is understood that hf(u) = 0 if u & [0, ay] and A" (u) =
0 if u & [0, a]. Consequently,

[ f o= o oy

= [ [[[ s onwm] a

= [ [ [ Fuso— o o) au
# [ [ [ Tt oo @] an

_/Othf(u)*[ t f(uﬂ_t)hr(v)dv} du

t—u

# [ [ Tk o= ow @) au
_ /O t [ /f i B () Flu+ v — t)du] B (v)dv

+ /t B (w)* u Flutv— t)hr(v)dv} du
= [ w0 F o= ] o

/hf [ fu—I—v—t)hT()dv}du

oo [ e vtonf
Thus,
/ta R (u)* [/0“ Fluto- t)hr(v)dv} Ju

_ /t [/ B (w)* Flu+ v — t)du] W ()dv for 0<t<a. (8.37)

0

Consequently, (8.36) implies that the left hand side of (8.37) vanishes for
0 <t < ay and hence for 0 < ¢ < a. Therefore, the right hand side of (8.37)
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vanishes for 0 < ¢ < a, which serves to justify (8.35). The proof that (8.35)
= (8.36) is similar. O

Lemma 8.13 Let f(t) be a continuous k x p muf on [0,al], let 0 < o, < a
and let h" € L5([0,a]). If (8.84) holds, then

/(I flo=t)(T;h")(v)dv=0 for0<t<a (8.38)

and every T > 0.

Proof This follows from Lemma 8.10. O

Lemma 8.14 Let f(t) be a continuous p X k mvf on [0,a], let 0 < ay < a
and let h' € L5([0,ou]). If (8.33) holds, then

/a(TThf(u))*f(u ~t)du=0 for0<t<a (8.39)

and every T > 0.

Proof This follows from Lemma 8.11. O

Lemma 8.15 Let f(t) be a continuous p x p muf on [0,a]. Let h' €
LE([0,au]), A" € LE([0,00]), 0 < ar + a < a. If (8.33), (8.34) and (8.35)
hold, then (8.38) and (8.39) hold for every T > 0, and

/ (T, 1) (u [/ flu t)(Trh")(v)dv| du=0, 0<t<ay,
t

(8.40)
hold for every 71 > 0 and 12 > 0.

Proof If the assumptions of the lemma are in force, then (8.38) and (8.39)
hold for 7 > 0 by Lemmas 8.13 and 8.14. Let

_/ ' flo+t)h"(v)dv for 0<t < ay.
0

Then fi(t) is a continuous p x 1 mvf on [0,a]. In view of Lemma 8.12,
(8.35) is equivalent to (8.36) and hence,

/taé A (uw)* fi(u — t)du = /tw Rt (u)* [/Oa F(o 4+ u— DR (0)dv]| du =
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Thus, by Lemma 8.14,
ay
/ (T b)) ()" fi(u— H)du = 0 for 0 <t < o 8.
t

and every 7 > 0.
Let 71 > 0 be fixed. Then

| @ s du=o,

/ta Fv — DI (0)dv = 0
/tw(TnhZ [/ Flutv— A" (v )dv] du

for 0 <t < a. Thus, by Lemma 8.12,

/tm [/OM (T, RO () f (w4 v — t)du] W (w)do = 0.

and

Now let
ay
folt) = / (Tr, h)*(u) f(u+ t)du  for 0 <t < a.
0
Then f>(t) is a continuous 1 x p mvf on [0, o] and
o
/ fao(v =t)h" (v)dv =0 for 0 <t < q,.
t
By Lemma 8.13,
/ folo =t)(Thh")(v)dv =0 for 0<t<a,.

Consequently,

/(er [/W(Tn hz(u)*f(u +v—t)du| (T,h")(v)dv =0 for 0 <t < ay,
t

0
which is equivalent to (8.40) by Lemma 8.12.

Lemma 8.16 Let f(t) be a continuous p X p muf on [0,a]. Let
Fr CLH([0,a0)) and F; C LE([0,00]) for O0<as+a, <a

435

A1)
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and let

He=\/(T-F0) in L5([0,cq]) and M, = \/(T-F,) in L5([0, ov]).

7>0 7>0

If (8.33), (8.34) and (8.35) hold for every h* € F; and h" € F,., then (8.33),
(8.34) and (8.35) hold for every h' € H; and h" € H,.

Proof Lemma 8.15 implies that (8.33), (8.34) and (8.35) hold for the vvf’s
h' and h" in the linear span of {T,F; : 7 > 0} and the linear span of
{T. F, : 7 > 0}, respectively. Thus, they are in force for every vvf h’ and h"
in the closure of these linear manifolds, too. O

Lemma 8.17 Let Fy C L5([0,ay]) and F, C L5([0,a,]) be given and let
be(A) and b.(X) be the unique pair of normalized entire inner p X p muf’s
such that

(\/{TTH > o})A — H(b) and (\/{T Fror> o}) = H(b,).

Let F) and F]. denote the set of columns of the muf’s hy, (t) and hy, (t)*, re-
spectively, in the representation formula (8.19). Then for any g° € G55?(0),

G(g°, Fo. o) = G(g°, \[AT-Fe}, \VAT- 7)) = G(g°, L F).
7>0 7>0
Proof Lemma 8.9 implies that \/{T,F, : 7 > 0} = \/{T-F, : 7 > 0},
and \V{T;F, : 7 > 0} = V{I-F. : 7 > 0}. Moreover, by Lemmas
8.13-8.15 applied to the mvf’s f = g — ¢°, with g € G&”(0), we obtain
the two identifications

G(g% Fo, Fr) = G(g°, \[AT-Fo}, AT R D)

720 720
and
G(g% Fi F) = G(6° VAT FY, AT FY) = 6(6°, \ Fo, \ o).
7>0 7>0

]
Proof of Theorem 8.4. Let the mvf ¢° € G&¥(0) and the sets F; C
L5([0,a¢]) and F, C LH([0,a,]) be given, with oy + o, > 0. Let F, and
F! be defined by F; and F, as above, as the sets of columns of the mvf’s
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hy, and hy, . Let b3(X) = be(A) and by(A) = b(A) and let ¢® = cgo. Then
C(c°; b3, bs) = {cy: g € G(¢9°; F}, F)} by Theorem 8.7. Consequently,

C(c%bs,by) ={cg:9€G(g° Fu, )},

since G(g°; F;, F}.) = G(g°; Fi, Fr) by the previous lemmas.
The converse statement of Theorem 8.4 was established in Theorem 8.7.
([l
A GHEP is said to be determinate if it has only one solution and in-
determinate otherwise. It is said to be completely indeterminate or
strictly completely indeterminate if the corresponding GCIP is com-
pletely indeterminate or strictly completely indeterminate, respectively.

Theorem 8.18 If a GHEP(q°; Fy, F, ) is completely indeterminate, then:
(1) There ezists a muf A € P(Jy) such that

{9:9€G(¢°;Fu, Fr)} =C(A). (8.42)
(2) Every muf A € P(J,) for which the equality (8.42) holds is automati-

cally an entire right regular J-inner muf and thus may be normalized
by the condition A(0) = I, .

(3) Every normalized muf A € U(Jy) for which the equality (8.42) holds
is uniquely defined by the data of the problem up to a scalar multiplier
ea(N) such that eq A € U(J)).

(4) If AcU(J,) is such that the equality (8.42) holds, then

A e U sr(Jy) < GHEP(¢°; Fy, F;) is strictly
completely indeterminate.

Proof Assertion (1) follows from the identification of the solution
GHEP(g°; Fy, F) with the solutions of the corresponding GCIP(c°; b3, by),
given in Theorem 8.4, and the description of the set C(c°;bs,by), given
in Theorem 7.70. The last theorem also guarantees that A € U.r(J,).
Consequently, A(\) is an entire mvf, since b3(\) and by(\) are entire and
{b3,bs4} € aprr(A). Thus, assertion (2) is proved and A(A) may be normal-
ized by the condition A(0) = I,,,. Then assertion (3) follows from Corollary
4.97.

Assertion (4) follows from formula (8.42) and the definitions of the class
Ursr(Jp) and the class of strictly completely indeterminate GHEP’s. O
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Theorem 8.19 Let A € ENU(J,), let ® € C(A), ¢® = cygo, g° € GE(0) and
let {b3,bs} € aprr(A). Then b3(A) and bs(\) are entire inner p x p muf’s that
may be assumed to be normalized. Let Fy and F, denote the set of columns of
the corresponding muf’s hy, (t) and hy, (t)* that arise from the representation
formula (8.19). Then the GHEP(g°; Fy, F; ) is completely indeterminate and

C(A) C{cy: g€G(9° Fu, Fr)} (8.43)
with equality if and only if A € Ur(Jp).

Proof The stated assertions follow from Theorems 8.7 and 7.69. O
The preceding two theorems yield the following results for the completely
indeterminate classical Krein helical extension problem.

Theorem 8.20 If the Krein helical extension problem HEP(¢°; a) is com-
pletely indeterminate, then

(1) There exists a muf A € P(J,) such that
C(A) = {ey: g € Glg% )} (5.44)

(2) If A € P(Jp) is such that the equality (8.44) holds, then A(X) is
automatically an entire right reqular J,-inner muf. Moreover,

{eas Ip, €a I} € aprr(A),  with ag >0, ag > 0 and a3 + ay = a.

(3) If a3 > 0, ay > 0 and ag + a4 = a, then there exists exactly one
normalized muf A° € ENU(J,) such that (8.44) holds and {eqy, €q, } €
aprr(A°). Moreover, the set of all normalized A € ENU(J,) such that
(8.44) holds is described by the formula

AN = e A°()), —a3 < a < ay.
(4) If A € P(Jp) is such that the equality (8.44) holds, then

A e U sr(Jy) < the HEP(¢°,a) is strictly

completely indeterminate.

Theorem 8.21 Let A € ENU(J,) and suppose that {eq, I, eq, I} € aprr(A)
for some choice of a3 > 0 and ay > 0, with a = a3 + a4 > 0. Let ¢® € C(A),
c® = cjo, where g° € GESP(0) and let g° denote the restriction of the muf
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g° to the interval [—a,a]. Then the HEP(g°; a) is completely indeterminate
and

C(A) C{cy: ge HEP(¢°; a)}. (8.45)
Equality holds in the last inclusion if and only if A € Uyr(Jp).

Proof The assertion follows from Theorem 8.19. O

The mvf’s A(X) considered in formula (8.44) are called A-resolvent matri-
ces of the HEP(¢°;a) and the mvf’s B(\) = A(\)YU are called B-resolvent
matrices of this problem.

8.2 Positive definite extension problems

The representation (8.7) of a mvf ¢ € CP*P may be rewritten as the Fourier
transform

c(\) = /0 i f(t)at (8.46)

of a matrix valued distribution f(¢ ) of at most second order with a kernel
f(t — s) that is positive on [0,00) x [0,00) in the sense that:

f(t)*:f(—t)and/ {/ F(t = 8)p(s)d }dtzo (8.47)

for every infinitely differentiable vvf ¢(¢) with support in a finite closed
subinterval of (0,00). Thus, the classical Krein helical extension problem
may be considered as an extension problem for a positive definite p x p ma-
trix valued distribution f(t) of at most second order that is specified on a
finite interval [—a, a] to the interval (—oo, 00). In this case, the convolution
operator is also understood in the sense of distributions. The corresponding
GHEP may also be reformulated in terms of a generalized extension prob-
lem for positive definite p X p matrix valued distributions. Krein solved the
extension problem for classical positive definite functions from the interval
[—a, a] onto the interval (—oo, 00) before he solved the HEP.

A p x p mvf f(t) is said to belong to the class P5”" of positive definite
mvf’s on the finite closed interval [—a, a] if:

(1) f(¢) is continuous on the interval [—a, a).
(2) f(t)" = f(=t) for t € [~a,d].
(3) The kernel k(t,s) = f(t — s) is positive on [0, a] x [0, a.
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The condition in (3) means that

n

STt~ 1)E 2 0

ij=1
for every finite collection of points ¢1, ..., t, from [0, a| and vectors &1, ...,&,
from CP. Under conditions (1) and (2), (3) holds if and only if the inequality
in (8.47) holds for every vvf ¢ € L5([0,a]). The symbol P57 denotes the
class of p x p mvf’s f(t) which meet the same three conditions except with
(—00,00) in place of [—a,a] in (1) and (2) and [0, c0) in place of [0,a] in (3).

In [Kr5] Krein considered the following extension problem as an applica-

tion of the theory of selfadjoint extensions of entire symmetric operators:

PEP(f;a): Given f € P, find the set of all f e PE? such that f(t) =
f(t) for every point t in the interval —a <t < a.

The symbol P(f;a) will designate the set of solutions to this problem.

It turns out that this extension problem is easily resolved with the help
of the following characterization of PL*?:

Theorem 8.22 A p x p muf f(t) belongs to the class Py*Y if and only if it
admits an integral representation of the form

ft) = 1 /00 e Mo (p), lt| < a, (8.48)

T J—c0
where o(u) is a nondecreasing bounded p x p muf on R.

Proof A proof for p = 1 is furnished in Theorem 2.1 on p. 127 of [GoG097].
The proof for p > 1 is similar. O

Theorem 8.22 implies that if f € PL*P, then the set of f € P(f;a) is
completely described by the formula

~ 1 [ .
f(t) = / eMdo(p),  —oo<t< oo, (8.49)
where o(p) in (8.49) is the same as in (8.48). Thus, P(f;a) # 0 if f € PL*P,
and the basic issue is to describe all bounded nondecreasing mvf’s o(u) for
which (8.48) holds.

The formula

c(A) = % / N ia_(“ A) (8.50)
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defines a one to one correspondence between the set of nondecreasing
bounded p x p mvf’s o(p) on R that are subject to the normalizations
o(p —0) = o(u) and o(—o0) = 0 and the class C}™? introduced in Sec-
tion 3.3. Thus, it follows from (8.50) that

c(\) = % /_ Z { /O h ei(’\_/‘)tdt} do(p)

for A € C4, and hence, by (8.49), upon interchanging orders of integration,
that

c(A) = /000 eMf(t)dt for e Cy. (8.51)

Thus, the description of the set of solutions to the PEP(f;a) is equivalent
via formula (8.51) to the description of the corresponding functions ¢ € C5 7.
It follows easily from the representation formulas (8.48) and (8.3) that

P C G,

8.3 Connections between the positive definite and the helical
extension problems

Let c € C} *P_Then, since ch *P c cP*P it follows from Theorem 8.3 and the
discussion in subsection 8.2 that ¢(\) admits two representations:

c(N) = /OO M F(t)dt = N2 /OO eMg(t)dt  (for X € Cy),

0 0

where f € P and g € G&?(0). Since f is continuous and bounded on R,
the formula

| evrar ~ /Oook{jt Atu—u)f(u)du}dt
. /OOO e“‘t{/ot(t—u)f(u)du} dt

is readily verified (for A € C) by integration by parts and serves to prove
that

g(t) = — /0 (t — ) f (u)du. (8.52)

on the interval (0, 00).
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Let C2 denote the class of mvf’s g(t) for which the second derivative g”(t)
exists and is continuous on [—a, a] if a < co and on (—o0, ) if a = oo, and
let

QNGrP={gegh?.qge C’z, g(0) =0 and ¢'(0) = 0}

for 0 < a < .

Theorem 8.23 If g € QNGL*?, then f = —g" belongs to Py *P. Conversely,
if f € PY*P, then

t
olt) = = [ (4= f(u)i (8.53)

belongs to G’ NQ and f = —g".
Proof It suffices to focus on the case 0 < a < co. If g € Q N GL*?, then g”
is continuous on [—a,a] and the kernel

gt —s) —g(t) — g(—s)

is positive. Therefore,

/0“ Py {/0 lo(t =) —g(t) - 9(—8)]@’(S)ds} dt > 0

for every choice of p x 1 mvf ¢ with a continuous derivative on [0, a] and
©(0) = ¢(a) = 0. Integrating by parts twice, once with respect to s and once
with respect to t, we obtain the inequality

_/0”¢(t)*{/Oagﬂ(t_s)@(s)ds}dt > 0.

Thus, the kernel —g”(t — s) is positive and f = —g¢” belongs to Py*?, as
claimed.

To verify the converse, let f € PY*? and let g(t) be defined by formula
(8.53). Then it follows readily from the representation formula (8.48) that

1 [ e M 1 4 iut
g(t) = / —QMdU(M)

T J oo L

and hence that

ot =) —gf) —a-s) = & [T {EE S S g

is a positive kernel. O
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Corollary 8.24 A muf g € QNGL™ if and only if it admits a representation
of the form (8.8) with

1 o0
B=0, o bounded and o = / K sdo(p). (8.54)
TJ oo l+ 1%
In particular, if g € G&7(0), then
cg €CVP = ge QNG (8.55)

Theorem 8.25 If g € Q N GL*P, then every solution § of the HEP(g;a)
belongs to Q NG5

Proof The proof is broken into steps.

1. There exists at least one solution g of the HEP(g;a) which belongs to
QNGE?.

Let g € QN GY*P. Then, by Theorem 8.23, f = —g” belongs to PL*". Let
fe P(f;a) and set

awz—ﬂkwwﬂbm&

Then, since g(t) = g(t) for t € (—a,a), g € @ N G(g;a). This establishes the
claim of this step.

2. Every solution g of the HEP(g; a) belongs to Q N G5,
The proof this step will be given in Section 8.5. O
There is also an important connection between G&¥ and {f € PEXP
f£(0) > 0} that will be discussed in the next section.

8.4 Resolvent matrices for positive definite extension problems
A PEP(f : a) is said to be
(1) determinate if the problem has only one solution.
(2) indeterminate if the problem has more than one solution.

(3) completely indeterminate if for every nonzero vector £ € CP there
exist at least two solutions fi(t) and fo(t) of the problem such that

Fi(t)€ # f2(t)€ on R.
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In this section we shall characterize the class of resolvent matrices for com-
pletely indeterminate positive extension problems. We begin by stating four
lemmas (without proof), which serve to establish a connection between the
solutions of a completely indeterminate PEP and a completely indetermi-
nate HEP. The lemmas are formulated in terms of the following notation,
where § € CP*P and 8 > 0:

As(N) = [_g 5 Iop ] . (8.56)

Co(B) = {c e C*P : vRe(iv) < B~ for every v >0
and liTm c(iv) =0} (8.57)

and for f € PY*P let

Co(f;a) = {/Oo ENFt)dt: f e P(fia), Me <c+} . (8.58)

0
Lemma 8.26 If 3 > 0 is a constant p X p matriz, then Ag € ENU(J,) and
Ta,[CP*P] = Co(B).

Lemma 8.27 Let f € PP and suppose that the PEP(f;a) is completely
indeterminate. Then

F(0)>0 and Co(f;a) CCo(B) for B=f(0)7".
Lemma 8.28 Let f € PY™" and suppose that the PEP(f;a) is completely
indeterminate. Let ¢ € Co(f;a) and let 3= f(0)~L. Then:
(1) ¢ =Ta,lcg] for some g € GEP(0).
(2) If g(t) = g(t) for |t| < a, then g € GE*P(0), the HEP(g;a) is com-
pletely indeterminate and

Co(f;a) = Ty, [C(¢%;a)], where C(¢9°;a)={cy:9ecGl*P}.
(8.59)

Lemma 8.29 Let g € G5"7(0) and suppose that the HEP(g; a) is completely
indeterminate. Let 3 > 0 be a constant p x p matriz and let ¢ = Ty, [c5] for
any choice of g € G(g;a). Then:
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(1) e\ = [f;° ei’\tf(t)dt for A € C4 and some choice of f € PEXP.

(2) The muf f(t) = f(t) for |t| < a belongs to Py*? and the HEP(f;a)
1s completely indeterminate.

(3) The identity (8.59) holds.

On the basis of this connection between Cy(f;a) and C(g;a) we can now
obtain the following results on the resolvent matrices of PEP’s from Theorem
8.20.

Theorem 8.30 Let f € PL*P and suppose that the PEP(f;a) is completely
indeterminate (which implies that f(0) > 0) and let 3 = f(0)~'. Then there
ezists a unique muf B € ENU(jp, J,) such that

(1) Co(fsa) =Tp[SP*P N D(Ts)].
(2) 75 =0and 7, =a.
(3) B(0) =2.
Moreover, det B(\) = (—1)PeP* and:
(4) The muf A(X) = B(A\)D belongs to the class Upg(J)).
(5) At A e Entr(Ty).

Theorem 8.31 Let the setting of Theorem 8.30 be in force and let B e
P(jp,Jp) be a second resolvent matriz for the completely indeterminate
PEP(f;a) under consideration such that

T5[S8”" N D(Ty)] = Co(f;a). (8.60)
Then
B(\) = e "AB(M\ ), (8.61)

where B(A) is the unique muf discussed in Theorem 8.50, A is a constant
Jp-unitary matriz and 0 < a1 < a. Moreover, B € Uy (jp, Jp).
Conversely, the equality (8.60) holds for every muf B(X) of the form (8.61).

Theorem 8.32 Let B € ENU(jy, J,) and let {eq, I, eq,1,} € ap(B), where
ay >0, az > 0 and a = ay +az > 0. Suppose further that c® € T5[SP*P] # ()

and let ¢® € Tx[SP*P)NCY*Y and f° € PLP corresponds to ¢® via formula
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(8.51) and let f(t) = fo(t) for |t| < a. Then f € PL*P and the following
conclusions hold:

(1) The PEP (f;a) is completely indeterminate.
(2) T3S"P] C Co(f;a)-

(3) Equality holds in (2) if and only if BY € Urr(Jp).

(4) B(\) = Ag(A\)B(X), where 3= f(0)~! and B € ENU(jp, Jp).
Theorem 8.33 A mvfé € P(jp, Jp) is a B-resolvent matriz for a completely
indeterminate PEP(f;a) for some f € PL*V (i.e., T3[SP*P] = Co(f;a)) if
and only if E()\) has the following properties:

(1) BU € ENUpr(J,).

(2) {easIp,ealp} € ap(B) for some choice of az > 0 and ag > 0, i.e.,
the blocks ba1 and boo satisfy the growth conditions

1
Lt _ .+ +
as = 7'1);#1 = 75b# and a4 = Thyy = fébzz

+ +
(3) Tb; +Tb22 = Q.

(4) Aglg € U(jp, Jp) for some constant p x p matriz > 0.

8.5 Tangential and bitangential positive extension problems

The formula

(A = /000 eMf(tydt, for e Cy, (8.62)

defines a one to one mapping from P5? onto ch *PMoreover, since PP C
PXP it follows from Theorem 8.3 that if f and f° belong to PX?, then

Ft) = fo(t) for || < a <= e H{fr — f2} e NV (8.63)

This equivalence serves to identify the solutions of the PEP(f;a) with the
set C(ealy, Ip; f2) N CLP. The next lemma enables us to drop the extra
intersection with C”” and thus reduces the investigation of the PEP(f;a)
to a GCIP.
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Lemma 8.34 Let ¢® € C5*" and let a > 0. Then
Cleqly, Ip;c®) € CP.
Proof Let ¢ € C(e,1,, I); ¢°). Then, since
e, (c—c)=he NP,
it follows that
c(iv) = c°(iv) + e "*h(iv)
for every choice of v > 0. But now as
h=g"'f,

for some choice of f € SP*P and g € Sguxtl, it is readily checked that for any
€ > 0, there exists an R such that

|hij ()] < exp {—Z /Z mdu} <e
for v > R. Therefore, since trace {vRe(iv)} is a monotone increasing func-
tion of v on (0, 00),
trace {vRc(iv)} = trace {vRc°(iv)} + trace {ve "Rh(iv)}
is bounded on (0, c0). Moreover,

lim c(iv) = liTm c(iv) + liTm{e_”“h(iZ/)} =0,

since ¢°(iv) — 0 as v — oo and h(iv) is bounded for v > R. Thus, ¢ € C§*?,
as claimed. 0
We are now able to complete the proof of Theorem 8.25:

Proof of Step 2 of Theorem 8.25. Let g° be a solution of the HEP(g; a)
which belongs to QNG5? and let § € G(g; a) be any solution of this extension
problem. Then, by (8.55) and Theorem 8.3, respectively, ¢zo € Cf “P and

ea ' (cg — cgo) € NTT.

Therefore, by Lemma 8.34, c; € ch *P_which implies in turn that § € QNGL”
by another application of (8.55). O

The next step is to consider tangential and bitangential versions of the
PEP. Thus, for example, a left tangential version of the PEP may be based
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onamvfbeENS? and a mvf f € PP, where a = 7,. The objective is
to find all f € PE? such that

a " a
/ oy ()" Fluw — )du = / () f (. — 1) (8.64)
¢ ¢
for 0 < t < a, where h; is obtained from the representation (8.19) for b.
There are two other formulations which are analogous to the formulation
of the left tangential HEP when F, = {0} or F, = ). Right tangential and
bitangential versions of the PEP can be expressed in similar ways too. This
problem can also be formulated in the frequency domain as in (8.65) below,
with b3 = b and by = I,,.

The preceding discussion leads naturally to the problem of finding the set.

Co(bs,bs;c®) = {c € CFP 1 by (e — )byt € NT*P} (8.65)
for some given b3 € £N Sanij by e EN Sf’nXp and ¢° € CgXp. It is clear that
Co (b3, ba;c”) C C(b3, by; ),

but (unlike the classical case in which b3 = e, I, and by = I,) equality does
not hold in general. Thus this problem cannot be considered as a special case
of the GCIP unless extra assumptions are imposed. One such convenient
assumption is that either b3 or by have a nonconstant scalar inner divisor.

Lemma 8.35 Let ¢® € C}™7, b3 € ENSY?, by € ENSY*P and assume

m
further that either bs or by has a nonconstant scalar inner divisor. Then

Co (b3, ba;c”) = C(b3, ba; ).

Proof Suppose for the sake of definiteness that F()) is a nonconstant scalar
inner divisor of b3(A). Then 3(\) = e~ () for some 7 > 0 and

C(b3,bs; ) CClerdy, Ip; ).
However, by Lemma 8.34,
ClerIy, Ip; c®) C Colerdy, Ip; ).
Therefore,
C(bs, ba;c®) C Co(bs, ba; ),

which is to say that equality prevails. O
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We remark that if b € €N SP? is expressed in the form (8.19), then

e;th € SV <= hy(t) = b(0) for t € [0, 7]. (8.66)

8.6 The Krein accelerant extension problem

Let v € CP*P and let AL () (for 0 < a < o) denote the class of mvf’s
h € L}”*P((—a,a)) for which the kernel f(t — s) based on the generalized
function

F(£) = 8(t)%y + h(t) (8.67)

is positive on [0,a) x [0,a) in the sense that

[ e {oe+ [Cne-speasta =0 o

for every ¢ € L5((0,a)). This condition forces h(t) to be Hermitian, i.e.,
h(t) = h(—t)* for almost all points ¢ € (—a,a). Following Krein, the func-
tion h(t) in the representation (8.67) will be called the accelerant and

the following extension problem will be called the accelerant extension
problem (AEP):

AEP(v,h;a): Given h € AP(5), 0 < a < oo, find h € AP (v) such that
h(t) = h(t) for a.e. t € (—a,a).

The symbol A(~v, h;a) will be used to denote the set of solutions to this
problem.

The condition (8.68) for a = oo can be reexpressed in terms of the Fourier
transform h of h.

Lemma 8.36 Let h € L{"P(R). Then the following three conditions are
equivalent:

(1) /OOO o(t)* {(9{’)’)@(1&) + /OOO h(t — S)(,D(S)ds} dt >0 for every
¢ € LY(R.).

(2) /Oo P(p)* {9y —I—ﬁ(u)}fﬁ(u)du >0 for every § € LE(R).

(3) Ry +h(u) >0 for every p € R.

Moreover, the equivalence between these three statements continues to be
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valid if the inequality > 0 is replaced by > §||¢||% in (1), by > 8||@|1% in (2)
and > 01, in (3) for some 6 > 0.

Proof The Plancherel formula implies that the inequality (1) holds for every
© € LB((0,00)) if and only if the inequality in (2) holds for every $ € HY.
But, since the integral in (2) does not change if 5(u) is replaced by e~*%(u),
it is readily checked that the inequality in (2) holds for every ¢ € H} if and
only if it holds for every $ € L. Thus (1) is equivalent to (2). Finally, (2)
is equivalent to (3) by a standard argument. O
Condition (3) of Lemma 8.36 implies that if h € A% 7" (y), then

(V) = 7+ 2 / FMhBdt (A e Cy) (8.69)
0
belongs to CP*P, because

c(p+ ) +c(p+iv)”
2

= m+/ erte I (t)dt

< h
= 9%74—”/ —(? sdu
7)o (a—p) v

- ~
u/ 9%7+Qh(u)2du
™ —oo(u_:u) +v

for v > 0. Moreover, since this last formula can be reexpressed as

(Re)(A) = (Rer) (),

where
()\)—1/00 Lot by R (8.70)
AN = o lu—X 1+ 7 e '
for A € C4, it follows that
c(A) =ia+ci(N) (8.71)
for a constant Hermitian matrix «. Thus, as ¢1(i) = ¢1(i)*, we see that
o= WAL _ S s [Tt —neryan s72)
0

Assertion (3) of Lemma 8.36 implies that %y > 0 if AL P (y) # (. If Ry > 0,
then it is possible to renormalize the data so that v = I,. However, even
in this case, there exist mvf’s h € AL™?(1,) for which AEP(I,; h;a) is not



8.7 The accelerant and helical extension problems 451

solvable; see Section 4 of [KrMAS&6] for an example. Because of this difficulty,
we shall focus on the subclass

Apxp — {h e AP*P(T,,) /Oa p(t)* {go(t) + /Oa h(t — s)go(s)ds} dt >0

for every nonzero ¢ € L5(0,a)} for 0 < a <oco. (8.73)

AEP (h;a): Given h € AL?, find h € AL such that h(t) = h(t) for almost
all points t € (—a,a).

The symbol /((h; a) will be used to designate the set of solutions to this
problem.

If h € AZ?, then the mvf ¢(\) which is defined by formula (8.69) with
v = I, satisfies the following properties:

(1) ¢ is continuous on R.
@)

(3)

(4) c € HY™.

(Re)(p) =1, +E(u) > 0 for every point p € R.
(

C
Re)(u) — I as || — oo,

Thus, c € CP*P. This fact will play an important role in the sequel.

8.7 Connections between the accelerant and helical extension problems

The classes AL™” () and G4 ™7 are connected:

Theorem 8.37 Let g € G&™ enjoy the following properties:
(1) g is locally absolutely continuous on (—a,a) and g(0) = 0.
(2) ¢ is absolutely continuous on (—a,0) U (0,a), ¢'(0+) = —v and
9'(0-) ="
(3) ¢" € LV (~a,a).
Then h = —g" /2 belongs to AL P (). Conversely, if h € AL*P(v), then
(0 { —ty — 2f0t(t —8)h(s)ds  for 0<t<a
g =

g (8.74)
ty +2 [ (t—s)h(=s)*ds for —a<t<0

belongs to G&F and enjoys the properties (1)-(3) and g(t) = g(—t)*.
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Proof See [KrMAS6]. O
If g € G&”P admits a representation of the form (8.74) on some interval
(—a,a), then h is termed the accelerant of g on the interval (—a,a).

Corollary 8.38 Let 0 < a < 0o and suppose that g € G5™P has an accelerant
h € AP(v). Then

A(y,hya) ={-9": g€ G(g;a) and has an accelerant on R}.

Formulas (8.69)—(8.72) imply that if ¢ € G5 admits an accelerant h €
ABSP (), then ¢, € CY™? and

Reg (1) = Ry + ﬁ(u) for every p € R. (8.75)

Conversely, if ¢, € C5*P and (8.75) holds for some v € CP*P and h €
LY*P(R), then g has accelerant h € A" (v).

8.8 Conditions for the HEP(g;a) to be strictly completely
indeterminate

Theorem 8.39 Let g € G5 7 (0) and a < oo and suppose that the HEP(g; a)
1s strictly completely indeterminate. Then:

(1) g(t) = —fotv(s)ds for some v € L5([0,a]) (i.e., g(t) is absolutely
continuous in the interval [0,al, g(0) =0, ¢'(t) = —v(t) a.e. in [0, a)
and v € L5([0,a])).

(2) The px1 muf fg v(t—s)p(s)ds is absolutely continuous on the interval
[0,a] and its derivative

(XVe)t) = o /0 o(t — 5)p(s)ds (8.76)

belongs to L([0,a]) for every choice of v € L5(]0,al).

(3) The operator XV from L5([0, a]) into itself which is defined by formula
(8.76) is bounded.

Moreover, upon defining
v(t) = —v(—=t)*, for almost all points t € [—a,0],

we also have the following additional conclusions:
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(4) The px1 muf [ v(t—s)p(s)ds is absolutely continuous on the interval
[0, a] and the adjoint (XV)* of XV in LE([0,a]) is given by the formula

X = g [ ot = 9ele)is (8.77)

for every ¢ € L5([0,a)).
(5) There exists a 6 > 0 such that the operator YV = XV 4+ (XV)*, which
is given by the formula
d a
ot =5 [ vt shels)ds (3.78)
0

on L5([0,a]), is bounded from below by 81, i.e.,

/Oacp(t)* {;lt/oav(t— S)go(s)ds}dt > 5/Oago(t)*<p(t)dt (8.79)

for every ¢ € LE([0,al).
Proof Let g° € G(g;a) and let

(N = A2 / eMge(t)dt  for A e Cyp.
0

Then, under the given assumptions, the GCIP(eq1,, I,; c°) is strictly com-
pletely indeterminate. The rest of the proof is long and will be divided into
steps.

1. There exists a muf ¢ € C(eqdp, Ip;c®) N CPXP that is meromorphic in C
with 0 € b, and c¢(0) = I,,.

Let A € €N Ursr(Jy) be such that C(A) = C(eqly, Ip; c®), A(0) = I, and
{eadp, I} € aprr(A). A mvf A(X) with these properties exists by Theorem
8.20. Let W = DAY and let s° = Tyy([c°]. Then Ty [SP*] = S(eqdy, Ip; s°)
and Ty [SP*1] N &P*P £ (), by Lemma 7.68. Thus, there exists a number p,
0 < p <1, and an mvf s, € Ty [SP*?] such that [|s,||cc < p. Then

pS(ealy, Ip; Pilsp) C Ty [S"]

and [|p71s,llc < 1. By Theorem 7.48 there exists a mvf W, € U,sr(jpq)
such that Ty, [SP*] = S(eqly, Iy;p's,) and {eqlp, I,} € ap(W,). Since
W, € Urr(jpg) and {e.I,, I,} € ap(W), W, € €™, by Theorem 4.54.
Consequently, W, may be normalized by the condition W,(0) = I,,,. Let
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s € Tw,[0]. Then s = S(eqlp, Iy; p~'s,) and s is a meromorphic mvf in
C with 0 € by and sp(0) = 0. Consequently, the mvf ps; € Ty [SP*] is
meromorphic in C with [|ps)[lcc < p < 1. Moreover, 0 € h,;c and (ps;)(0) =
0.

Let ¢ = Tyg[psy]. Then ¢ € C(A) N CP*P is meromorphic in C with 0 € b,
and c(0) = I,.

2. The muf c that was constructed above satisfies the condition
Roc € HYXP 0 HY*P (8.80)
from which follows that:
(a) c(A) =1, —iX [;F e u(s)ds  for A € Co and some u € LY.
(b) ¢(X) = cz(N), where g € Goo(0) and

() = —tI, — /0 “u(s)ds, 130, (8.81)

(c) The muf’s U(\) and Uy (\) = —iMu(\) belong to HEP.

Since ¢ € CP*P, 0 € b. and ¢(0) = I,, the inclusion (8.80) follows by
elementary estimates; and suffices to justify (a) and (c). Then, since

00 o) t
- (A) = i)\/ ei’\tu(t)dt:i)\/ eM {d/ u(s)ds}dt
0 0 dt Jo

o t
= /\2/ et {/ u(s)ds} dt for A € C1
0 0

c\) =1, + U (\) = —\? / ML dt + 1y (N),
0

and

(b) holds.

3. Ifu(t) is defined as in Step 2, then assertions (1)-(5) of the theorem are
valid for

o(t) = { I, +u(t) for almost all points t € (0,a (8.82)

)
—v(—=t)*  for almost all points t € (—a,0).
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The mvf g € G (0) that was constructed in (8.81) belongs to G(g; a), i.e.,
g(t) = g(t) for t € [0, a]; and formulas (8.81) and (8.82) serve to justify (1).
Moreover, since u,u; € HX?, the connection between the multiplication
operators M| me and Mg, | " with the corresponding convolution operators
in the space L5(R.) justifies assertions (2)-(4) of the theorem and formula
(8.78) for YV = XV + (XV)*. Then (8.79) follows from the lower bound
2Rc(p) > 61, p € R for the mvf ¢(\) considered above , since

YV, 0V)st = 2R(Ppye,1,) M, 0)st = 2{Py(e, 1,)(R) @, ©)st
> 26(p, p)st = 25{¢", ")t

for every ¢V € L5([0,a]). O
Let II, denote the orthogonal projection of H} onto H(eq1,).

Lemma 8.40 If f € HE?, then there exists a locally summable p x p muf
v on Ry such that

FN) = (iN)? /000 ei’\t{/olv(s)ds}dt for X € Cy. (8.83)

Moreover, if v(t) = —v(—t)* for almost all points t € R, then for every
a>0

/0 t ot — 8)p(s)ds and /t "ot — s)p(s)ds

are absolutely continuous for every ¢ € L5([0,a]) and

MW = [ g [ o= oeisa s
and
WP = [ g [ ot = ets)dsyar (5.85)

for every choice of ¢ € L5([0,al).
Proof If f € HZ and 7 > ||f]|o, then s° = f/r belongs to SP*? and

o |Ip 2s° spXp
c® = {O Ip] belongs to CP*P.

Therefore, the GCIP (e, 1, Ip; c°) is strictly completely indeterminate. Thus,
the asserted results follow from the proof of Theorem 8.39. O
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Theorem 8.41 Let v € Lh([—a,a]), 0 < a < 0o, be such that v(—t) = v(t)*
for almost all points t € (—a,a) and properties (2)-(5) in Theorem 8.39 are
in force (property (4) follows from (2) and (3)). Then the muf

t
g(t) = —/ v(s)ds, —a<t<a,
0

belongs to G5*F(0) and the HEP(g;a) is strictly completely indeterminate.

Proof The bounded operator X" defined on L5([0,a]) by formula (8.76)
satisfies the condition

(X)) =T (XY)", 720,
where T;, 7 > 0, is the semigroup of backward shifts on L([0, a]):

[ oet+T1) for0<t<a—T
(Tﬂp)(t)_{ 0 fora—7<t<a.

The bounded operator X in H(e,I,) corresponding to X" that is defined
by the formula

(X2) = (X",
satisfies the conditions 28X > éI and
X Hee_rp=1e_ X*p, @€ Hledp).
Consequently,
XIe,p =1e.Xp, 72>0. (8.86)
Let
)?:XHG\H{; and T =erlpr.

Since Iere,HY = 0 for 7 > 0, the relation (8.86) is equivalent to the
relation

T X,
where T, = Il e_;| 1y - Moreover,
Xlntteary) + (Xlnenr,))” = X + X* > 61

Thus, by Theorems 7.75 and 7.76 with b(A) = eq(A\)1,, CP*P(e,1,, X) # 0
and

Cleql,, X) = C(A) NCP*P
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for some mvf A € U,sr(J,) with {e.1,, I,} € aprr(A). Then, as A € ™™
may be normalized by setting A(0) = I,,,, the assertion of Step 2 in the
previous theorem is valid. The mvf ¢(X) € C(A) NCP*? such that 0 € b, and
¢(0) = I, has the representation (8.80) and ¢ = cg, where g € GhXP(0) has
the representation (8.81). Furthermore, since ¢ € C(ealp, X),

X = HaMC’H;’ i.e.7 XH(1|H§) = H(I,MC|H§’
Thus, upon expressing the operator X in the terms of the mvf v(t), the last
equality implies that
g(t) =g¢(t), for 0<t<aq,

where g(t) = — fo s)ds. Therefore, g € Goo(0) and the HEP(g; a) is strictly
Completely mdetermmate. O

8.9 Formulas for the normalized resolvent matrix for the HEP

In this section we shall apply the general formulas of Section 6 for B-
resolvent matrices for the GCIP (b3, I,;c) in the strictly completely inde-
terminate case to the special setting which corresponds to the HEP(g; a).
Thus, in particular, we shall choose b3 = e, 1), and shall define the time do-
main versions of the operators X and Y that intervene in the formulas for
B(A) directly in terms of g(t) via formulas (8.76) and (8.78).

Theorem 8.42 Let the HEP (g;a) be strictly completely indeterminate and
let

t
g(t) = —/ v(s)ds, 0<t<a, a<oo, (8.87)
0

where v € L5([0,a]) and is extended to the full interval [—a,a] by the recipe
v(—t) = —v(t)* for almost all points t € [—a,a]. Then:

(1) The muf’s fo v(t—s)p(s)ds and [ v(t—s)p(s)ds are absolutely con-
tinuous for every choice of ¢ € LE*P([0,al).
(2) The system of equations
i a
dt

a

o | vt =s)pan(s)ds = —v(t), 0<t<a, (8.89)

v(t —s)paa(s)ds =1,, 0<t<a, (8.88)

for aa and a1 is uniquely solvable in LE*P ([0, al).
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(3) The muf’s
d [e
%)
belong to L5*P([0,a]).

p1(t) = v(t —s)pi(s)ds, j=1,2, 0<t<a, (8.90)

(4) There is exactly one B-resolvent matriz B(X) of the
HEP(g;a) in the class Ny N U(jp,Jp) with B(0) = B; it is
given by the formula

LN Y [“’11@)—@12(” pult) + o))

V2 Jo

BA) =T - —%= pa1(t) — pa(t)  pa1(t) + paa(t)
(8.91)

Proof If the HEP(g°; a) is strictly completely indeterminate, then, by The-
orem 8.20, there exists exactly one mvf A()) that meets the constraints

(a) Ae &EnNUsr(Jp),
(b) {ealp, I} € apri(A),
(c) A(0) = Inm,
such that
{cg: g€ G(g;a)} =C(A).

Moreover, by Theorem 8.3, there exists a mvf ¢® = czo in C(A) such that
c® € CP*P and

Clealy, Ip; c®) = C(A).
Thus, the formulas for the resolvent matrix of a strictly completely inde-

terminate GCIP that were obtained in Section 7.9 are applicable to the
GCIP(b, I); c°) with b = e, 1,:

where
~X* .,
o) = (|77 v xm w]) oo, (399
ko(n) = 2= 0 RK of the RKHS HeaI,), (8.94)

—2mIA
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X = PH(eaIp)MCO |H(€a1p) and Y =X + X* (895)
Thus,
1 [P11(N) @120\)} 1 /a it [@11(75) 9012(75)}
Ko\ = — | ¥ ’ S dt,
o) 27 {9021(/\) ©22(A) 27 Jo ‘ 021(t)  paa(t)

where the @;; are p x p mvf’s with columns in H(e,I,) that are obtained by
first solving the equations

Y@Ql = —27‘(’Xk‘0 and Y@QQ = 27Tk0 (896)
(column by column) for @o; and P9 and then setting
P11 =—X"Po1 and P12 = —X"Poa. (8.97)

The equations in (8.96) are uniquely solvable because Y is strictly positive.
With the help of Lemma 8.40 it is readily seen that (8.96) and (8.97) are
equivalent to (8.88) and (8.89).

Finally the formula for B()\) follows by first substituting the formula for
the kernel Kj(\) into (8.92) to obtain

o [ uw
AR = In ‘X[@xn @NM]’

and then multiplying on the right by 2. O
Corollary 8.43 In the setting of Theorem 8.42,

e A [ [0 (X))
BY=3+75 ), [ o1 (1) a1 }“’ (8.98)

where @1 and @9 are solutions of the equations

a

i | v 9eeds =0 + 1, (8.99)
and

d [ ds —

G | vt seae)ds = vt 1, (8.100)

respectively, in the space L57 ([0, a).
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8.10 B-resolvent matrices for the accelerant case

The B-resolvent matrix B(\) of the HEP(g;a) is uniquely defined by the
conditions

() B eUly,J,), (i) {ealy,I,} € ap(B) and (iil) B(0) = .

Let g € Gi"7(0) have an accelerant h € A5*P (7). Then
¢
g(t) = —/ v(s)ds for —a <t <a, (8.101)
0

where

'y—|—2f0th(u)du for0<t<a
u(t) =

) and h(—u) = h(u)".
_7*—2ft h(u)du for —a <t <0

(8.102)
In this case Theorem 8.39 is applicable and formulas (8.76)—(8.78) may be
rewritten in terms of the accelerant h:

o =5 [z [ i e

t (8.103)
= et +2 [ he = pls)is
o =5 [re [ nerad e
= v o(t) + 2 /fl h(s —t)*p(s)ds (8.104)
=v*p(t) + Q/ta h(t — s)p(s)ds
and
() = (47 o0+ 2 [ e s)e(o)ds, (.105)

where YV > 0, since h € A5 (7).

Lemma 8.44 If h € AP (1,) and YV is defined by formula (8.105) with
v =1,, then

YV, 0)st >0  for every nonzero ¢ € L5([0,a)) (8.106)



8.10 B-resolvent matrices for the accelerant case 461

if and only if there exists a 6 > 0 such that

(YN, 0 > {0, p)st  for every ¢ € L5([0, a)). (8.107)

Proof If (8.106) is in force, then the integral operator YV maps L5([0, a]) in-
jectively into itself, and thus onto itself, by the Fredholm alternative. There-
fore, by a theorem of Banach, YV has a bounded inverse, i.e., (8.106) implies
(8.107). The converse is obvious. O

Theorem 8.45 If g € GY"7(0) has an accelerant h € AL*P(I,), then the
following three conditions are equivalent:

(1) The HEP(g;a) is completely indeterminate.
(2) The HEP(g;a) is strictly completely indeterminate.
(3) h e AP>P.

Proof If (1) is in force and ¢° € G(g;a), then the GSIP(eq 1y, I); s°) based
on §° = Tm[c;;] is completely indeterminate. Therefore, the NP(I") with
I' =T'(e_45°) is completely indeterminate and hence I —I'*I" > 0 by Remark
7.9. But this implies that YV > 0 and hence that (1) = (2). The converse
implication follows from Theorem 7.69. Finally the equivalence of (2) and
(3) follows from Lemma 8.44 and Theorem 8.39. O

Theorem 8.46 If g € GL*P(0) has an accelerant h € AP then:
(1) The HEP(g;a) is strictly completely indeterminate.

(2) The B-resolvent matriz B(\) of the HEP(g;a) can be expressed in

terms of h:
ix [
B\ =T+ — | MB(t)dt, 8.108
() 7, (t) (8.108)
where
—((XY)"1)(t) —((XV)*wa)(t)]
B(t) = 8.109
0= oa(t) (8109
is absolutely continuous on [0,al, @1 and @2 are solutions of the equa-
tions

1(t) + /Oa h(t — s)e1(s)ds = I, + /0 h(s)ds (8.110)



462 Generalized Krein extension problems

and
wa(t) + /Oa h(t — s)pa(s)ds = /0 h(s)ds (8.111)

in L5P([0,a]), respectively, h(—s) = h(s)*, and (XV)* is defined by
formula (8.104) with v = I,,.
Proof (1) and (2) follow from Theorem 8.45 and Corollary 8.43, respectively.
]
Since the operator

K : pe L5(]0,a]) — /Oa h(t — s)p(s)ds

is compact in L5([0,a]) when h € LY""([0,a]), Lemma 7.1 in [AAKT71b]
guarantees that it has the same nonzero spectrum in L5(]0,a]) as in the
Banach space 9B of absolutely continuous p x 1 vvf’s on [0, a] with norm

[l = max [lo(t)]| +/ ' (8)]ldt.
te[0,a] 0

Therefore, since YV > 61 in L5(]0,a]), it also has a bounded inverse in 9B.
Thus, as the right hand sides of equations (8.110) and (8.111) are absolutely
continuous on [0, al, ¢1(t) and 2 (t) are also absolutely continuous on [0, al,
as is B(t), due to formulas (8.104) and (8.109). Consequently,

1, . 1
B(\) =T+ —(e"*B(a) — B(0)) — —
() \@( (a) = B(0)) 7,
where B’ € L{"*™([0,a]) and, in view of formulas (8.104) and (8.109)-
(8.111),

_ @O =21, (0] o) = | e —p2(a)
OB @2(0)] d Ba) [ ) } (8.113)

Lemma 8.47 The muf

MB (t)dt, (8.112)

—ila
an = |© 7 Vo (8.114)
0 I,
belongs to the class M, (j,) "N W™*™(V'), where
V11 V12 v1(a) ©s(a) ] »
V - - d V E uCOTLS .
[vm 'U22:| [Ip —1(0) I, — p2(0) an +(Jp)

(8.115)
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Proof Theorem 7.26 guarantees that 2 € M, (j,,). Moreover, if

ru= |y D] w{me S - s},

then, by a straight forward calculation based on the formulas in (8.113),
F'(u) = 0. Therefore, F(uu) = F(0) =V, as specified in (8.115). Thus,

w-v-5 |

which clearly belongs to W™*™(V'), since B'(t) € L"*™ ([0, a)]. Moreover,

V' € Ueonst(Jp), since A(p) is jp-unitary and lim,je 2A(n) = V, by the

Riemann-Lebesgue lemma. O
The mvf

efi)\(aft)Ip 0
0

/
i Ip] VB (t)dt (8.116)

Bi(\) = BOW)V ™! (8.117)

is also a resolvent matrix for the HEP(g;a) under consideration, since V €
Ueonst(Jp). Moreover, Bj(A) is uniquely defined by conditions (i), (ii) and a
normalization at infinity instead of at zero:
(iii") The mvf

e~ 0
ww =0 wm) (.11

p

tends to I, as p € R tends to co.

Theorem 8.48 If g € GL*?(0) has an accelerant h € AL then there exists
a unique B-resolvent matrixz By (\) of the HEP(g; a) that has the properties
(i), (i) and (i ):

e, 0 ] 1 [

+ 7 M By (t)dt, (8.119)
0

Bl(t):[(Xve)(t) _((XV)*f)(t)] belongs to L1([0,a]) (8120
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and e(t) and f(t) are solutions of the equations

e(t) + /Oa h(t — s)e(s)ds = —h(t — a), (8.121)

£t + /0 " h(t = $)f(s)ds = —h(1), (8.122)

in L7 ([0, a]), respectively. Moreover,
A1 € M, (Jpg) N W™ (1,). (8.123)

Proof The domain and range of the operators XV, (XV)* and YV that
are defined by formulas (8.103)—(8.105), respectively, is now extended from
LE([0,a]) to LE ([0, a]) without change of notation. In view of (8.112), (8.109)
and identification F'(u) = V in the proof of Lemma 8.47,

e Gy GGy LG 12
Let
[e(t) (O] =~[e(t) h(OIVT
Then equations (8.110) and (8.111) guarantee that

(1) + /O "t — 5)g(s)ds = h(t — a)p;(a) + h(t) (I, — 9;(0))

for j = 1,2 a.e. on R and hence that e and f are solutions of (8.121) and
(8.122), respectively. Next, upon differentiating the formula

(X)) = p5(0) 42 [ Bt = )y,
a short calculation yields the formula
(XY)705) (1) = (X7)"@))(t) — 2h(t — a)p;j(a) a.e. on [0,a].
Therefore, since
—2h(t —a)lpi(a)  pa(a)] = =2h(t - a)[I, OV,
the top block row of B;(t) is equal to

[—((X)7e)(®) = 2h(t —a) = (XV)"f)(1)]
=[(XVe)(t) —((XV)'f)(t)] ae. on[0,a]. (8.124)
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Finally, (8.123) is immediate from Lemma 8.47. O
Theorem 8.49 If g € GZ*P(0) has an accelerant h € AL*P, and if B(\) and

B1 () are the B-resolvent matrices for the HEP(g; a) considered in Theorems
8.46 and 8.48, respectively, then

G(g;a) ={g: c5 € Ty, [S"*P]} (8.125)

and the formula

I, + (h)" = Ty, [¢] (8.126)

defines a one to one correspondence between the set of muf’s € € SPxp N
WEXP(0) and the set A(h;a) of solutions h of the AEP(h;a), i.e.,

Tp, [SPP AW P(0)] = T, [SPP) nWP(1,)
and
A(hya) ={h: I, + / eMh(t)dt € Ty, [SPP NWPP(0)]}. (8.127)
0

Moreover, formula (8.127) may be rewritten as

A(h;a) = {E I, + / eMh(t)dt € Tp[SP*P N W_{Xp(fyh)]} . (8.128)
0

SPXP
SCOTIS

where v, € . and is given by the formula

W= ~{Ip = ¢1(0)" HIp — ¢2(0)"} 7. (8.129)

Proof In view of formula (8.119), the entries w;; in the four block decom-
position of the j,-inner mvf W = UB; are entire mvf’s,

e_qwi1 € WpiXp(Ip), w12 € WﬁXp(O), wo1 € WﬁXp(O),
way € WI™P(1,)  (8.130)

and, as follows from Theorem 3.34, the entries s;; in the four block decom-
position of S = PG(W) meet the constraints
easi1 = eo(wh) ™! and sy = wy  belong to WPV (I,), (8.131)

whereas

s19 € SPPAWPP(0)  and  s9y € SPP N WPTP(0). (8.132)
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Thus, if e € SP*P N WE*P(0) and s = Ty [¢], then
s — s12 = s11e(l, — 5215)_1522 belongs to eaWﬁXp(O) (8.133)
and
I, — s*s = sso{l, — so16} *{I, — c*c}{I, — s216} ‘502 on R, (8.134)
which implies that s € SPXP, Thus,
Ty [SPXP N WEZP(0)] € SPXP 0 WPP(0).

Suppose next that e € SP*P and that s = Ty [e] is in SP*P N WE*P(0).
Then s —s12 € WY P(0) and, as the formula in (8.133) is still valid, s —s12 €
ea HE . Therefore, since e, Hi? N WEP(0) = e, WL P (0), another applica-
tion of the formula in (8.133) implies that

eI, — 3215)_1 = wﬁ (s — s12)way  belongs to WﬁXp(O).
Therefore,
(I, — s916) "' = I, + s916(I, — s91) "' belongs to W*P(1,)
and, by Theorem 3.34, I, — so1e inW! ¥ (1,). Thus,
e =¢e(I, — s216) " '(I, — s21¢) belongs to W (0)

and, in view of (8.134), ¢ € SP*P_ This completes the proof that

if e € SP*? and s = Tyy[e], then

5 € SPP AW (0) = & € SP*P NWPP(0).  (8.135)
Next, in view of Theorem 3.34,
Tigl$*7 WD (0)] = 7% WP (1)
and hence, T, [e] = T [Tw [e]],
T, [77 N WEXP(0)] = C7% VWP (1) = Ty, [S7] A WEXP(1).

Formula (8.127) then follows from the results in Section 8.7.

Finally, formula (8.128) follows from (8.127) and the fact that Bj(\) =
B\V L, where V' € Ueonst(jp) is specified in terms of ¢1(¢) and ¢a(t)
evaluated at the end points of the interval [0, a] by formula (8.115): If ¢ €
SP*r N WE*P(0), then, since V1 = j,V*j, and

det {—vi5e(A) +viy} #0 for A € C; U {0},
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Ty :e€SPPAWP(0) —
(0116 — v31) (—vTae + v39) ™" € SPP AWEP (—v3, (uv35) 7).

The proof is completed by invoking the formulas Tp, [e] = T[Ty -1[e]] and
(8.115). 0

Theorem 8.50 Let Bi(\) be any m x m muf that satisfies properties (i)
and (i) and is such that

—tap |
A (p) = [e 0 I 2)] VB (u) belongs to W™ ™ (I,,).

Then

Ty, [0] = I, + (h)", where h € ALXP
and By is a B-resolvent matriz of the HEP(g;a) based on the muf g €
GL*P(0) with accelerant h equal to the restriction of h to the interval [0, a].

Proof Under the given assumptions, the mvf A = B0 belongs to £ N
Ursr(Jy), since By € HI*™ and (eq1,,I,) € aprr(A), thanks to Corollary
4.55. Thus, in view of Theorem 8.21, B; is a B-resolvent matrix of the
HEP(g;a) in the statement of the theorem. The rest follows easily from
the proof of Theorem 8.49, since the blocks w;; of W = UB; and s;; of
S = PG(W) have the properties stated in (8.130)—(8.132). O
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Most of the material in this chapter is adapted from [ArD98]. Each positive
kernel of the form (8.1) can be interpreted as the metric function

k(t,s) = E{z(t+r) —xz(r)H{z(s+ 1) — z(r)}"]

of a p-dimensional stochastic process x(t) with weakly stationary increments;
see [Kr44b] and [GoGo97]. Theorem 8.1 was established by M. G. Krein
[Kr3] for the case p = 1. It is easily extended to the matrix case. The
integral in (8.3) also arises in the study of characteristic functions of infinitely
divisible random variables; see e.g., [GnKo68]. The statement of Theorem
8.3 is adapted from pages 217-218 of N. I. Akhiezer [Ak65].

M. G. Krein [Kr44a] exploited the connection (8.7) between the classes
CP*? and GEP(0) extensively to solve the HEP. He also discovered a refor-
mulation of the HEP in the class CP*P that is equivalent to the identification
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(8.8). Krein obtained his results on the HEP as an application of his theory
of entire symmetric operators and their selfadjoint extensions; see [Kr44b]
and [GoGo97]. The description of the set G(g°;a) was obtained by other
methods in this chapter.

The matrix version of Theorem 8.22 is easily deduced from the better
known scalar version; see e.g., [Kr49] and Chapter 3 of [GoGo97].

The problem of extending positive definite functions was first investigated
in the scalar case p = 1 by M. G. Krein [Kr40] in the late thirties and
subsequently by other methods (based on viewing this extension problem
as a continuous analogue of the trigonometric moment problem and iter-
ating a sequence of such moment problems) by his graduate student, A.
P. Artemenko [Art84]. This problem was also studied by [KoPo82] using a
fundamental matrix inequality that was developed by Potapov in his study
of J contractive functions; see also [MiPo81], [Kat84a|, [Kat84b], [Kat85al,
[Kat85b] and [Kat86]. This class of problems has interesting applications in
the theory of stochastic processes. In particular, every function f € PLx!
with £(0) = 1 can be interpreted as the characteristic function f(t) = E[e"¥]
of a random variable X. The first example of two different characteristic
functions which agree on a symmetric interval about zero was proposed by
B. V. Gnedenko in 1937 [Gn37]. Another and perhaps more significant con-
nection with the theory of stochastic processes rests on the interpretation of
f € PX? as the correlation matrix

f{t =) = Elz(t)z(s)"]

of a p-dimensional weakly stationary stochastic process x(t) with zero mean
and finite variance.

The first four lemmas in Section 8.4 are adapted from [Ar93]. The con-
nection between the solutions of a completely indeterminate PEP and a
completely indeterminate HEP was exploited in [Ar93] to obtain a char-
acterization of resolvent matrices for PEP’s from corresponding results for
HEP’s. A similar strategy was used by Krein and Langer in [KrL85], but in
the opposite direction.

The proofs of Lemmas 8.26-8.29 may be found in [Ar93] and in [ArD98].

If @ = oo, the representation (8.48) is known as the Bochner-Khinchin
formula. For a < oo the theorem was established by M. G. Krein.

To the best of our knowledge, Krein [Kr54], [Kr55], [Kr56] was the first
to observe the deep connections between the solutions of the accelerant
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extension problem and the solutions of inverse spectral problems for differ-
ential systems with potential and for the Schrédinger equation. This line of
research was continued in assorted forms in a number of papers: see e.g.,
[KrMAG68], [KrMA70], [KrMAS84], [DI84], [KrL85], [KrMAS86], [Dy90], and
was discussed in greater detail in [ArD05c| and [ArD07]; see also [Den06].

The AEP(h; a) was considered in the general context of band extensions in
[DG80]. A resolvent matrix Bj for the AEP (h; a) was obtained in [KrMAS6],
and then by other methods in [Dy90] and [Dy94b]. More information on the
accelerant extension problem, its resolvent matrices and connections with
the Krein method for solving inverse problems for Dirac and Krein systems
is supplied in [ArDO05c] and [ArD07]. This method is applicable to the study
of a number of bitangential direct and inverse problems (monodromy, scat-
tering, impedance, spectral) for integral and differential systems using the
results of the previous chapters; see [ArD05b] and [ArD07b] for a survey and
the discussion in Chapter 1 of this monograph.
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Darlington representations and related inverse
problems for J-inner mvt’s.

As noted earlier,
Z/{(J) C HTVI,XT",

for every m x m signature matrix J. Consequently, every p x ¢ submatrix
of a J-inner mvf belongs to the class I[1?*9. Conversely, in Section 9.5 it will
be shown that every mvf w € IIP*9 is the block wiz of a jy,-inner mvf W
and the set of all such W will be described. A better known result, related
to the inverse scattering problem, will be presented in Section 9.2, where we
will prove that every mvf s € IINSP*? is the block s19 of an inner n x n mvf
S for some n. Moreover, the set of all such mvf’s S with minimal possible
size n for a given mvf s will be described. The Potapov-Ginzburg transform
W = PG(S) for such a mvf S is well defined if and only if

I, —s(p)*s(p) >0 a.eonR. (9.1)
If s € II N SP*? satisfies condition (9.1), then n =m =p+ g,
s =Tw[0pxe] and W €U(jpy); (9.2)
if not, then it admits a representation of the form
s=Twyle] for some W € U(j,,) and e € SE4.. (9.3)

Analogous representations hold for the class II N CP*P. In section 9.3 it
will be shown that a mvf ¢ admits a representation of the form

c =Tyl with A e U(J)) (9.4)
if and only if ¢ € I N CP*P and
A(p) = (Re)(n) >0 ae. on R. (9.5)

470
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Moreover, the set of all mvf’s A that are related to the given ¢ by (9.4) will
be described. If the given ¢ € II N CP*P does not satisfy the condition (9.5),
then

c=Ty[r], forsome A €U(J,) and 7€ CL? (9.6)

const*

is valid too. Another representation of mvf’s ¢ € II N CP*P will be given in
Section 9.7.

The inverse impedance (resp., inverse spectral) problem, of describing the
set of all mvf’s A € U(J,) that are related to a given mvf ¢ (resp., A) by
formulas (9.4) (resp., (9.4) and (9.5)), is connected with the inverse problem
of describing the set of all mvf’s A € U(J,) with given bottom p x 2p block
row [ag; age], or equivalently with given mvf’s

E_=ay —ax and FE; =ag + as, (97)

which is considered in Section 9.4. The mvf’s E_ and E. are solutions of
the factorization problems

A(p) = E_(u) *E_(u)”"  ae. on R with p; {(EF)"' e HY?, (9.8)
and

A(p) = E(p) "By (0)™"  ae. on R with p; ' BT € HY*P. (9.9)

9.1 D-representations of mvf’s s € II N SP*4

Theorem 9.1 A muf s € SP*? is a block of some inner n x n muvf if and
only if s € TN S,

Proof Since §)*" C II"*", one direction of the theorem is obvious. It
remains to prove that if s € II N SP*Y) then it is a block of some mvf
S € 8" ", Four possible cases will be considered.

1.s ¢ anXp: Take S = s.

2.se€1ln Sf;lxq with ¢ < p: Let

g(\) =1, — s(\)s*(\) and 7, = rank g. (9.10)
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Then g € ITP*? and I, > g(p) > 0 a.e. on R. By Theorem 3.110, applied to
the mvf g(—\), the factorization problem

g(p) = b(p)p(p)*  ae. on R with ¢~ € ¢ 7 (9.11)

has an essentially unique solution . Moreover, 1y € IIP*"s and, by the
Smirnov maximum principle, ¥~ € S, ", Since s(u)*s(u) = I, a.e. on R,

g(p) is an orthogonal projection of rank r, = p—q a.e. on R. Thus, the px p
mvf

SN =) s(V)]

belongs to SL7, since S € HE™? and

S(p)S(w)* = b(w)(p)" +s(p)s(p)” =1, ae onR.

This exhibits s(A) is a block of S € S/ *" with n = p. It is clear that n = p
is the minimal possible n for a mvf S € S)*" with block s. The set of all
mvf’s S with these properties is described by the formula

S(A) = [w(A\)b1(A)  s(N\)], where by is any mvf in S, ? Ty (9.12)

m

and 1) is a solution of the factorization problem (9.11).

3. s e IINSY*? with p < ¢: Since s € INSY*? «—= s~ € IINST*?, this

*1N *9M in
case can be reduced to the previous case, i.e., if

fO) =1, —s*(\)s(\) and r;= rank f, (9.13)

then there exists an essentially unique solution ¢ of the factorization problem

o(u)*o(p) = f(p) ae. onR, where p e N/ (9.14)

The mvf ¢ € I N S/ % and the minimal possible size of a mvf S € Spxr

out

with s as a block is n = ¢. The set of all such mvf’s S is described by the
formula

s(A)
S = waw

m

} . where by is any mvf in S,/ "/ (9.15)
and ¢ is a solution of the factorization problem (9.14).

4. s € IINSP*4 and s € SP"7 s ¢ 8% As above, consider a solution ¢

m *1MN

of the factorization problem (9.14), where f is defined by formula (9.13).
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Then

o S()\) (p+rp)xqg . TEXTy
SQ()\) = I: bz()\)QD()\) ] € HﬁSm if by € Sm

P X

and p+r; > ¢, since s ¢ S, 7 by assumption. Therefore, by the analysis of

Case 2, there exists a mvf
S(N) = [S1(A) Sa(N)] € ST xwrrs)

Thus, s(\) is the 12 block of an n x n inner mvf S(X\) with n = p+7¢, which
is the minimal possible size. O

Remark 9.2 In the proof of the preceding theorem, descriptions of the set
of muf’s S € 8" with minimal possible n such that s is a block of S are
furnished in Cases 1-3. In these three cases n = max{p,q}. In Case 4, the
embedding

S11 S XN
S = e S for some n
S21 S22

yields the equalities

s22(p) s22(p) = Iy — s(u)"s(u) = f(p) ae. on R,

which imply that n — p > ranksss = ry. Therefore, n =p+ry = q+ry is
the minimal possible n.

An n x n inner mvf S(\) with a block equal to s(\) and n as small as
possible is called a scattering D-representation of s(\).
Theorem 9.3 Let s € TI N SP*? and suppose that s & Sipnxq and s & Sf;q.
Let v and o be the essentially unique solutions of the factorization problems
(9.11) and (9.14), based on the muf’s g = I, — ss* and f = I, — s*s,
respectively. Then the set of all muf’s S € SI*" of minimal size n that
contain s as a 12 block is given by the formula

s0=[8 nin) iy o] [ 7] o

where h € 1" ™" is the unique solution of two equivalent equalities

RAPF(A) = —p(N)s™ (V) (9.17)
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or

#" (VA = =sF (Ve (N) (9.18)
and the pair {be, b1} is a denominator of h.

Proof The existence of a mvf S € SO*" with s;9 = s and n = p + ry was
established in Theorem 9.1. The fact that p + r; is the minimal possible
choice of n was discussed in Remark 9.2. Let

_[su(n) s
o _[8210\) 592(\)

with n = p + r; be any such D-representation of s(\). Then

] e S

si(p)si(p)” =g(p) ae onR, s €87, (9.19)

Soo(p)*s22(p) = f(n) a.e.on R and s99 € "7 7. (9.20)

Consequently, in view of Theorem 3.74, s;1 = ¥b; and s90 = bop for some

choice of b; € S:fl *"5 and by € SZ/; T , where 1 and ¢ are solutions of the

factorization problems (9.11) and (9.14) based on the mvf’s g = I, — ss*

and f = I, — s s, respectively. Moreover, since S € S/,

591(A)sTL(A) + s22(A)sT (A) = 0 (9.21)
and
s (A\)sa1(A) + 57 (A)s11(A) = 0, (9.22)
the mvf
h(\) = ba(A) " tsar (A) br(A)7! (9.23)

is a solution of equations (9.17) and (9.18) that belongs to II"/*"s  and the
pair {b2, b1} is a denominator of h.

The next step is to check that a mvf h € LI is a solution of the
equation

h(p) ¥(p)" = —¢(p) s(p)* a.eonR (9.24)

if and only if it is a solution of the equation

(1) k(1) = —s(u)" (1) ae. on R, (9.25)
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Indeed, if h € L™ is a solution of equation (9.24), then

e(p) M) = —p(u) e(p)s(p)" = —(I; — s(p)*s(p))s(n)*
= —s(u)"(Ip — s(u)s(p)”) = —s(u)" () (u)*
{e(r)"h(p) + s(w) Y (W) }b(u)* =0 ae. onR.
But this in turn implies that

() h(p) +s(p)p(pn) =0 ae. on R,

since * L5 = Ly’, because ¢~ € 8¢, Thus, h is a solution of equation

(9.25). Conversely, if h € L™ is a solution of equation (9.25), then

() {h(p)b ()" +p(u)s(p)} =0 a.eonR

SH17 b is also a solution of equation (9.24). Moreover,

T XTg
00 .

and hence, as ¢ €

since ¥* L5 = Ly, equation (9.24) has only one solution h € L

The preceding analysis shows that equation (9.24) has exactly one solu-
tion h € Lot™" which is also the one and only solution of equation (9.25).
Moreover, formula (9.23) implies that this solution h(u) is the nontangential
limit of a mvf h € II"f*"s. Consequently, both equations (9.17) and (9.18)
have exactly one and the same solution h € IT"/*"s. It is also shown that
any mvf S € S/ " with block s;2 = s and n = p + ry may be obtained by
formula (9.16), where {b2, b1} is a denominator of the mvf h.

Conversely, if S is defined by formula (9.16), where {b2, b;} is any denom-
inator of the mvf h, then S € H", s;2 = s and n = p + 7. It remains
only to show that S(u)*S(n) = I,, a.e. on R. In view of (9.25) and (9.14), it
suffices to check that

V() () + h(p) h(p) = I, a.e. onR.
However, since *L5 = ng, this is equivalent to the equality
{(w) () + h(p)*h(p) = I, } ()" =0 ae. onR,
which holds, because, in view of (10.13) and (10.19),

{Wlﬁ +h*h — I?‘g}w* = 7;[)*{[]) - S 3*} + h*{—gp 5*} - @Zj*
= —{¢Y*s+ h*p}s* =0.
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Remark 9.4 In [Ar79] it is shown that equations (9.24) and (9.25) each
have ezactly one and the same solution h € L™ " for any muf s € SP*1
for which the two factorization problems (9.11) and (9.14) are solvable, even
if s & TIP*4. If both of these factorization problems are solvable for a muf
s € SP*9 that does not belong to TIP*Y, then s can not be represented as a
block of a muf S € S} " for some n. However, it can be represented as a
block of a bi-inner operator valued function S(\) with values that are linear
contractive operators that act from the Hilbert space U & CY into the Hilbert
space CP @Y for some infinite dimensional spaces U and Y ; see [ArSt??].
The scalar function

SO = 1/(A+1)'/?
SETVES as an emample.

A scattering D-representation S € 8" of a mvf s € II N SP*7 such that

s ¢SP4 and s ¢ SL 7 is said to be minimal if the implications

[Ip 0

-1
0 u(/\)] S e S = u(N) is a constant unitary matrix

and

—1
IS [U(O)\) ?] € 8" = v(\) is a constant unitary matrix
q

hold for every u € 81! and v € SI7.

Theorem 9.5 Let s € II N SP*? and suppose that s ¢ SP*? and s ¢ SP.
Then a D-representation S of the muf s that is obtained by formula (9.16)
is minimal if and only if the denominator {ba, b1} of the muf h considered

in this formula is a minimal denominator of h.

Proof The theorem is an immediate consequence of the definitions of min-
imal D-representations and minimal denominators. O

A scattering D-representation S € SY¥ of amvf s € II N 8P with p > ¢
is said to be minimal if the implication

-1
S(A) [U(O)\) I(j € SI"P = v()\) is a constant unitary matrix

holds for every v € Sﬁf P 1t is easy to see that a scattering D representation

S € 8P of a mvf s that is obtained from formula (9.12) is minimal if and
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only if the mvf b; considered in this formula is a constant 74, X 7, unitary
matrix.

A scattering D-representation S € anxq of amvfsellN Sfiflq with ¢ > p
is said to be minimal if

-1
[Ié) u(())\)] S(A) € 81 = u()) is a constant unitary matrix

It is easy to see that a scattering D-representation S € anX ? of a mvf s
that is obtained from formula (9.15) is minimal if and only if the mvf by
considered in this formula is a constant 7 X ry unitary matrix.

Let s € IINSPX? and assume that s ¢ S?™? and s ¢ SP*7. A scattering

m *M

D-representation S of mvf s is called optimal if 595 € SZ{;ZQ and x-optimal
if 571 € Soe !
The optimal (resp., *-optimal) scattering D-representation S of a mvf

s may be obtained from formula (9.16) with by = I, (resp., by = I,.,).

Theorem 9.6 Let s € II N SP*? and suppose that s ¢ SP*? and s ¢ SP.
Then:

(1) There exists a minimal optimal scattering D-representation S, of s
which may be obtained from formula (9.16) by setting by equal to a
constant ry x ry unitary matriz and setting by equal to a minimal
right denominator of the muf h.

(2) There exists a minimal x-optimal scattering D-representation Se of
s which may be obtained from formula (9.16) by setting by equal to
a constant vy X vy unitary matriz and setting be equal to a minimal
left denominator of the muf h.

(3) The two D-representations S, and Se are uniquely defined by s up to
a constant unitary left multiplier diag {I,,v} and a constant unitary
right multiplier diag {u, I,}, respectively.

Proof The proof is immediate from the definitions. O

Theorem 9.7 Let s € IINSP*? and let S € 8" be a minimal scattering

m
D-representation of s. Then v is a minimal scalar denominator of s if and

only if v is a minimal scalar denominator of S¥ .
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Proof It is clear that if s is a block of a mvf S € S!*", then
Sell™ "1, v) = s e IIP*(1, v)

It remains to show that the converse implication is in force if n is minimal
possible size and the D-representation S of s is minimal. There are four
cases to consider, just as in the proof of Theorem 9.1.

1.5 € anXp : § = s is the only D-representation of s and the assertion is
self-evident.

2.5 € HﬂSian ? with p > ¢: All minimal D-representations S of s are given by
formula (9.12) with b; () equal to an 74 X 7, unitary constant matrix. Thus,
if s € IIP*4(1, v), then g € II?*P(v, v) and by Theorem 3.110 a solution 1 of
the factorization problem (9.11) belongs to the class IT’*"7 (1, v). Therefore,
s11 = by € IIP*79 (1, v) and, consequently, S € II"*"(1, v).

3.5 € HﬂSf;Lq with ¢ > p: All minimal D-representations S of s are given by
formula (9.15) with by () equal to an 7 xr; unitary constant matrix. Conse-
quently, if s € TIP*9(1, v), then f € 117*%(v, v) and, by Theorem 3.110, a so-
lution ¢ of the factorization problem (9.14) belongs to the class IT"f *4(1, v).
Therefore, sy9 = by € II"7*9(1, v) and consequently S € I19%(1, v).

4. s e INSP*, s ¢ 8P and s ¢ S Let So € '™ be a minimal

*iN in
optimal scattering D-representation of s with block decomposition

5] s
So=1 4 o |-
So1 S22

Then 53, € S,/ Y and, since it is a solution of the factorization problem

(9.14) and f € I17*%(v, v), Theorem 3.110 guarantees that s5, € II"f*%(1, v).
Thus, the mvf

Sy = [sf’ } belongs to S NII™*4(1, v),
22

L X
and Sy ¢ S 7. Moreover,

*1N

So =[S S with Slz{sﬂ
521
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is a minimal scattering D-representation of Ss. Thus, by Case 2, S, €
Im>m(1, v), and hence s§; € IP*"s (1, v). Therefore, since S, is a minimal
optimal scattering D-representation of s, it may be obtained from formula
(9.16) with b; equal to a minimal right denominator dp of the mvf h and by
a constant 7y X ry unitary matrix. Thus, s7; = ¢dg, where 9 is a solution
of the factorization problem (9.11). Consequently, ydr € IIP*" (1, v).

Now let S be a minimal scattering D-representation of s. The mvf

g [811 5 }

S21 S22
may be obtained from the formula (9.16) with some minimal denominator
{by, b1} of the mvf h. Then b; is a minimal right denominator of boh and dp
is a right denominator of boh. Consequently, bl_ld R € S;‘L’ *"s which together
with the already established fact that ¢dp € IIP*"7 (1, v) implies that ¢¥b; €
17> (1, v), i.e., s11 € IIP*"9(1, v). Moreover, since S is a minimal scattering
D-representation of the mvf [s;1  s] and [s1;  s] € INSY ™, Case 3 implies

that S € II™*™ (1, v). O

Lemma 9.8 Let s € IINSP*Y, let S € S)*" be a muf with s12 = s and sup-
pose that the ranks ry and vy of the muf’s g and f defined by formulas (9.10)
and (9.13), respectively, are both positive. Then the following conditions are

equivalent:
(1) The muf S is a D-representation of s, i.e., n.=p+7y.
(2) st L5 = ng'
(3) SQQLg = L;f .

Proof Let S € 8" with s;2 = s and diagonal blocks s1; and s99. Then

m

n > p+ry = q+r, and, by Theorem 3.73, the mvf’s 511 € S§p*(n=4) and
S99 € S(M=P)X4 admit factorizations of the form

s;1 = by where ¢~ € 87" and by € Signx(n—q)
and
a2 = bipy where € S and by € SO

since ¢ and s1; are both solutions of the factorization problem (9.11),
whereas ¢ and s are both solutions of the factorization problem (9.14).
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Suppose now that (1) holds, i.e., that n = p+ry = q+74. Then b; € S,;ZXTQ
and by € S/ " and hence

m

siiLh = b * Ly = bj(v*Ly) = bi Ly’ = Ly’
and
21§ = bopL§ = by(pLf) = b Ly = L.
Thus, (1) = (2) and (1) = (3).
Suppose next that n > p+ry = ¢ + ry. Then by € 87'”X(Tl_q), but the

*iM
vvf hi = p;t(I—q — bb1)¢ has positive norm in Ly~ ? for some ¢ € C" 9.
Moreover,

st () = Bb ) g~ ()b ()} > =0 ae on R,

Pi

i.e., hy is orthogonal to si; LY. Thus (2) fails and consequently, (2) = (1).
Much the same sort of argument shows that (3) = (1). O

Remark 9.9 If S € 8" and s12 = s, then the following implications hold:
(1) Ifry >0 and rp =0, then n = p <> s§, L5 = L.
(2) If g =0 and ry > 0, then n = g <= sy L3 = Lgf.

If S € 8" is a rational D-scattering realization of s = s19, then S(1/)) =

m
Sg(A) is the scattering matrix of a simple (and hence minimal, since

B = iC*D) conservative scattering system & = (A, B,C.D;C™, C",C")
with m = deg .S and

Se(A) =D+ C(\ —A)"'B for A € p(A).

If rg > 0and r, >0, then B, C'and D have block decompositions
B=[x B, C= [Cl] and D = [* Dl}
* x ok
with respect to the decompositions

C'=C"@C! and C"=C@C"

of the input and output spaces of & corresponding to the four block de-
composition of S. The system &, = (A, By, Cy, D1; C™,C%,CP) is a passive



9.2 Chain scattering D-representations 481
scattering system with scattering matrix
Se,(A) = D1+ Ci(M — A1) 7' By = s(\).

This is a minimal passive scattering realization of s(\) if and only if S()\) is
a minimal scattering D representation of s(\). Moreover, the system & will
be a minimal optimal (resp., *-optimal) passive scattering system if and only
if S(A) is a minimal optimal (resp., *-optimal) scattering D-representation
of s(A).

9.2 Chain scattering D-representations
If Se 8" withn=p+rp(=q+ry) is a mvf with s;o = s, then:
rg =p =15 =q <= 511(\) Z 0 <= det s22(\) 0. (9.26)

The Potapov-Ginzburg transform W = PG(S) of the mvf S is well defined
if and only if the four equivalent conditions in (9.26) are satisfied. In this
case the scattering D-representation of s as the 12 block of S is equivalent
to the representation

s =Tw[0pxq], where W € U(jpq)- (9.27)

The analysis that was carried out in the previous section yields the following
results.

Theorem 9.10 Let s € SP*1. There exists at least one muf W such that
(9.27) holds if and only if s € TIP*? and

g(p) = I, — s(u)s(u)* >0 and f(p) =1, —s(u)*s(p) >0
a.e. on R, (9.28)
i.e., if and only if rg = p and ry = q. If these conditions are satisfied, then

the solution 1 (resp., ¢) of the factorization problem (9.11) (resp., 9.14)
belongs to TIN SE7P (resp., TN SL5Y), the muf h considered in (9.17) may

be defined by theo;%rmula -
h(X) = =p(\)s” (NPT (N1 = =) 71 (N)sT (AN (9.29)

and the set of all muf’s W € U(jpq) such that (9.27) holds is described by
the formula

W) =W°(\) [blfﬁ) b, (g)_l] , (9.30)
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where

T o B ) B

belongs to My(jpq) and {bz, b1} is any denominator of the muf h.

Proof The theorem follows from Theorem 9.3 and formula (4.40) for the
Potapov-Ginzburg transform. O

A representation of a mvf s in the form (9.27) is called a chain scattering
D-representation of the mvf s. Thus, Theorem 9.10 gives a criterion for
such a representation to exist and a description of the set of all chain scat-
tering D-representations of the given s.

Corollary 9.11 If W € U(jpq), then Tyw [0] = 0 if and only if it can be
expressed in the form

W(A) = [ u(o)\) v()f))l ] ,  whereu € SV*Y and v € SI. (9.32)

m
A chain scattering D-representation (9.27) of a mvf s is called minimal
if the implication

W)™ €U(fpg) = W € Ueonst (ipg) (9.33)

for every mvf W € U( Jpq) such that Tj[0] = 0. In this case W is also called
minimal.

Theorem 9.12 A chain scattering D-representation (9.27) of s is min-
imal if and only if the scattering D-representation S = PG(W) of s is
minimal, i.e., if and only if the pair {by, b1} considered in formula (9.30)
is a minimal denominator of the muf h defined by formula (9.29).

Proof This follows easily from Theorem 9.10. O
A chain scattering D-representation (9.27) and the mvf W in it is called
optimal if W € N/ and *-optimal if W# € N["*™. The mvf’s that
are considered in minimal optimal and minimal *-optimal representations
will be denoted W, and W,, respectively. They are the PG transforms of
the mvf’s S, and S,, respectively, that were introduced in Theorem 9.6.

Theorem 9.13 Let s € 1N SP*Y and assume that det{l, — s7s} # 0. Let
W € U(jpq) be a minimal chain scattering D-representations (9.27) of s and
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let v be a minimal scalar denominator of the muf h that is defined by formula
(9.29). Then:

(1) v is a scalar denominator of both W and W¥ , i.e.,

W e ™™ (v, v). (9.34)

(2) v is a minimal scalar denominator of We and Wjé, where We is a
minimal x-optimal and Wo is a minimal optimal chain scattering D-
representation of s.

Proof If {b2, b1} is a minimal denominator of the mvf h defined by formula
(9.29), then, in view of Theorem 9.12, formulas (9.30)-(9.31) define a minimal
mvf W. Let g = I, — ss?, f = I, - s7s, and let

hy=stg !t = fls7. (9.35)
Then

h = —phiy, (9.36)

where ¢ and 1) are solutions of the problems (9.14) and (9.11), respectively.
Since ¢ € NI? and o € NP)P, the functions h and h; have the same

ut ut
minimal scalar denominator v. Since

I, + shy = g*1 and I, + his = fﬁl,

I and f~!. Moreover, since b;

v is a scalar denominator of the mvf’s g~
is a minimal right denominator of the mvf bsh and by is a minimal left
denominator of hby, the function v is a scalar denominator of the mvf’s by *
and by '

Let w;; be the blocks of the mvf W. Then

vwy; = v b = (vg~ V)b € ./\/'_pr,
vwiy = s H(vby ') € NTXY
vwy] = —vs#¢_#b1 = —go_l(vh)bl € /\/‘JZXP,

vwyy = wp thyt = —p H(vby ') € NI
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ie., W e N"™*™(v). Furthermore,

vwl, = (b7 Y~ e NP,

vwly = vbap s = bap(vhy) € N,
Uwz#l = —(vbfl)l/zfls S /\/'_fxqa

vw;é = by (vgo_#) = b280(vf_1) S Nixq’

ie., W# € N™*™ (). Thus, W € II"*™ (v, v).

If W = W,, then b; is constant and, consequently, v is a minimal scalar
denominator of ws1, since vws; = =1 (vh)b; and ¢ € N, fuxtq. Therefore, the
denominator v for W, is minimal. Similarly, if W = W, then by is constant
and v is a minimal scalar denominator of wf;, since vwf; = bap(vhy) and
¢ € N?%4_ Thus the denominator v of W is minimal. O

[

Theorem 9.14 A muyf s € SP*? admits a representation of the form (9.3)
with some € € SY*4 if and only if s € IIP*4. If this condition is satisfied,

const
then, in the considered representation,

rank ([, —ee*) =rank(l, — ss*) and rank(l, —c*ec) =rank(l, — s*s).

Proof See [Ar73]. O

9.3 D-representations in the class CP*?
Analogues of the representations (9.27) and (9.3) with ¢ € Sh»% exist for
mvf’s ¢ € IINCP*P:
Theorem 9.15 A muf ¢ € CP*P admits a representation of the form

c="Talr] with A€U(J,) and T € CLP, (9.37)
if and only if ¢ € TIP*P. Moreover, for any such representation,

rank BT = rank Rc.

Proof Since

cECPP = Tygle] € S”P and A € U(J,)) = VAT € U(j,), (9.38)

the assertion follows from Theorem 9.14 with s = Ty;[c] and W = DAY
because in the representation (9.3) € may be chosen in D(Tg;). O
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Theorem 9.16 A muf ¢ admits a representation of the form
¢ =Tull,] with A € U(Jp) (9.39)
if and only if
celINCP*?  and rankRe = p. (9.40)

If this condition is satisfied, then the set of all muf’s A € U(J,) such that
Tallp) = c is described by the formula

A(N) = B°()) [bl((ﬁ) bg(g)—l] 2, (9.41)
where
oy L[ = NaF (N Nz (V)
B“)‘ﬁ[ A0 mo) ] 042
and

(1) z1(A\) and z9(X) are essentially unique solutions of the factorization
problems

o1 (w)x(p)* = {(Re)(w)} ' ace. on R and xy € NPXP, (9.43)

out

o(p)za(p) = {(Re) ()} ' a.e. on R and o € NPXP. (9.44)

out
(2) x1 € IIP*P and x4y € TIP*P.
(3) {b2,b1)} is a denominator of the muf
O(N) = 27 (N)za (W) = (V) (). (9.45)

Proof The theorem follows from Theorem 9.10 and formula (9.37), since
(I, + 5) € NP7 and {bo, b1} € den h <= {b2, b1} € den 6, because the

mvf’s h and 6, considered in (9.29) and in (9.45) are connected by the
relation

O(A) = h(N) = a7 (W {Lp + s(\)}ay ' (N),

where the right hand side belongs to N2 by Lemma 3.54. O

out

Remark 9.17 If ¢(\) = I,, then z1(A) = z2(A\) = I, B°(A) = U and
O(\) = I,. Consequently every pair {ba,bi} of mvf’s bi,by € SV7 is a
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denominator of the muf 6 = I, and the formula

by 0

A°(\) =0 [ 0 B!

} U, where by, by € SZLXP, (9.46)

gives a description of the set of muf’s A° such that
A° eU(Jy) and I, =Tyo[l,].
A D-representation (9.39) of ¢ is said to be:
(a) minimal if the implication
ANA N eU(T) = A° € Uponsi ()

holds for every mvf A° of the form (9.46). In this case, A is also said to
be minimal.

(b) optimal if A € N7"*™; in this case, A is also said to be optimal.

(c) x-optimal if A% € N7"*™; in this case, A is also said to be *-optimal.

If ¢ € IINCP*P and Re(p) > 0 a.e. on R, then there exist minimal optimal
and minimal x-optimal mvf’s A, and A, for c¢. They are connected with
minimal optimal and minimal x-optimal mvf’s W, and W, for the mvf s =
Tiy;(c] by the relations

Ao(A) =B Wo(\)T and  A(\) =T Wa()\)D. (9.47)

Thus, Ao(A) may be obtained from the general formula (9.41) with by(\) =
I, and b1(\) = dr(X), where dr(\) is a minimal right denominator of the
mvf 6, and A, may be obtained from formula (9.41) with b;(\) = I, and
ba(A) = dr (), where dr(\) is a minimal left denominator of the mvf ().

9.4 Inverse problems for de Branges matrices and spectral functions

In this section two inverse problems for J,-inner mvf’s will be studied.

The inverse de Branges matrix problem: Given a p x 2p muf ¢(\) =
[E_(X) EL+(X\)], describe the set of muf’s A(X\) such that

¢N) =v2[0 LJAND and AecU(J,). (9.48)
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In view of formula (5.131) this problem can be reformulated as follows: Given
two p x p muf’s az (N) and ag(X), describe the set of all muf’s A € U(J,)
such that [as1 ag2] is the bottom block row of A, i.e.,

[a21(A) ae(N)] =[0 LJA(N). (9.49)

The inverse spectral problem: Given a p x p muf A(u) on R, describe
the set of all muf’s A € U(J,) such that

A(pn) = Re(p)  a.e. on R when ¢ =Ty[l), (9.50)

i.e., A(p) is the spectral density of the component c, in the decomposition
(3.14) of the muf ¢ € CP*P considered in (9.50).

The inverse de Branges matrix problem is connected with the inverse
spectral problem because if formulas (9.50) and (9.48) hold for the same
mvf A € U(J,), then

Ap) = Ex () By (p)~' = E-()"E_(n)"" ae.onR.  (9.51)

The solutions of these inverse problems will be obtained on the basis of
the solution of the inverse impedance problem considered in Theorem 9.16.

Theorem 9.18 Let ¢ = [E_  E.]| be a given p x 2p muf. Then there exists
a muf A € U(J,) such that (9.48) holds if and only if € is a reqular de
Branges matrixz. Moreover, if € is a reqular de Branges matriz, then:

(1) There exists a muf ¢ € CP*P with
Re(p) = B () *Er(n)™" ae onR (9.52)

and every such c belongs to 11 N CP*P.

(2) The set of all muf’s A € U(J,) such that (9.48) holds is described by
formula (5.132).

(3) The parameter ¢ in formula (5.132) can be recovered from A by the
formula ¢ = Ty[L,)].

Proof If A € U(J,), then € =+/2[0 I,]AY is a regular de Branges matrix
by Theorem 5.71. Moreover, the mvf ¢ = T4 [I,] belongs to the class IINCP*P
and formula (5.132) holds, thanks to (9.41), (9.42) and (9.48).

Conversely, if ¢ = [E_  E.]isaregular de Branges matrix, then E;*E;l €
LP*? Therefore the mvf ¢, defined by formula (5.134) satisfies the condition
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(9.52). Moreover, every mvf ¢ € CP*P for which (9.52) holds may be written
PXPp

sing and cq 18 defined by formula

as ¢ = ¢5 + ¢q, where ¢, is any mvf in C

(5.134. The mvf

ca(p) = —ca(p)* +2E, () "By (1)~ ae. onR

is the nontangential boundary value of the mvf —cff (\)+2E, (\)~# E, (A\)~L,
which belongs to the class of meromorphic mvf’s f in C_ such that f# €
NP*P_ Therefore, ¢, € IIP*P; and, since the inclusion ¢, € IIP*? is always
true, it follows that ¢ € IIP*P,

The final step is to obtain the description (5.132) from Theorem 9.16. Since
det B4 (\) # 0 and det Ef&(/\) # 0 and the mvf’s E;l and E-7 belong to
NT*P_ they admit factorizations of the form

E-'=byp and E-" = by,

where
bl e8P byeSP, pe NP and ¥e NDP.

out out

Moreover, 1 = ¢~ ! and x5 = 1! are solutions of the factorization problems
(9.43) and (9.44), respectively, and {bs,b;1} is a denominator of the mvf
defined in (9.45), since

0=a'al = =0 EL B = by

and x € 8PP, Thus, Theorem 9.16 is applicable to this choice of by, by and
¢ and formulas (9.41) and (9.42) are equivalent to (5.132). O
The solution of the inverse spectral problem is given in the following the-

orem.

Theorem 9.19 The inverse spectral problem for a given p x p muf A(p) on
R admits a solution A(N) if and only if (1) A € f/fxn; (2) A(p) >0 a.e. on
R; and (3) A(n) is the nontangential boundary value of a muf A € TIP*P.
Moreover, if these three conditions are satisfied, then formulas (5.133) and
(5.184) (with A(u) in place of EZ*(pn)E7" (1)) define a muf ¢ € LN CPXP
with Re(pw) = A(u) > 0 and the set of solutions A(X) of the inverse spectral
problem for A(u) coincides with the set of solutions of the inverse impedance
problem for ¢ described in Theorem 9.16.

Proof In the proof of Theorem 9.18 it is shown that if A is obtained from a
mvf A € U(J,) by (9.50), then A has the three listed properties. Conversely,
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if the mvf A(u) has these three properties, then formulas (5.133) and (5.134)
(with A(y) in place of EL*(u)E; (1)) define a mvf ¢ € I N CP*P with
A(p) = Re(p) ae. on R. O

9.5 The inverse 12 block problem for j,,-inner mvf’s

In this section we consider a third inverse problem:

IP3 Given a p X ¢ muf w, describe the set of all muf’s W such that

(9.53)

W eU(jy,) and W:[Wlw ]

w21 W22

The next theorem provides a solution of this problem.

Theorem 9.20 Let w(A) be a p X ¢ muf that is meromorphic on C. Then:

(1) There exists a muf W such that (9.53) holds if and only if w € IIP*9.
(2) If w € IIP*1, then the set of muf’s W such that (9.53) holds is de-
scribed by the formula

I, 0 ¥ w] [br 0
G R
[0 b21 <P2w#901 ! 2| [0 I, ( )
where 1 and @y are solutions of the factorization problems
e N1V = I +wNw? (\)  with 1 € NEXP, (9.55)
o8 Nea(N) = I +wh (Nw(h) - with g € NGE*, (9.56)

respectively, and by and by are right denominators of the muf’s
w#cpl_1 and w<p2_1, respectively.

Proof The details are left to the reader since the proof is similar to the
proof of Theorem 9.3. O
A solution W of IP3 is said to be minimal if v € anxq, u € anXp and

-1 -1
I, 0 u 0 .
8] s ) e

implies that both v(A) and u(\) are constant unitary matrices.
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Theorem 9.21 Let w € IIP*. Then there exists a unique minimal solution
W of IP3, up to left and right constant unitary multipliers of the form

I, 0 u 0
6] e 5 2]
respectively. A minimal solution W of IP8 may be obtained from formula

(9.54), where by and by are minimal right denominators of the muf’s w cpfl
and wgpg_l, respectively.

Proof The proof is similar to the proof of Theorem 9.5. The details are left
to the reader. O

9.6 Inverse problems in special classes

This section focuses on solutions of the inverse problems considered above
in one or more of the following special classes:

(1
(2
(3
(4) symmetric mvf’s f in the sense that f(A\)” = f(\) and symplectic mvf’s
in the sense that f7(A)J,f(A) = Jp.

rational mvf’s.

entire mvf’s.

)

)

) real mvf’s f in the sense that f(—\) = f(\).
)

These classes are important in a variety of applications in physics and engi-
neering.

The inverse scattering problem

Let s € IIN SP*4 let f,g,rf and ry be defined by formulas (9.13) and
(9.10) and assume that ry > 0 and r, > 0. This corresponds to Case 4 in
the proof of Theorem 9.1. Cases 2 and 3 are simpler and may be analyzed
in the same way as Case 4; Case 1 is not of interest, because then S = s.

Let ¢ and 1 be the unique solutions of the factorization problems (9.14)
and (9.11) that are normalized by the conditions

o(iv)Rys [Igf] >0 and [I,, O0]Ly(iv) >0 for some v >0, (9.57)
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where Ry and L, are appropriately chosen permutation matrices that de-
pend upon f and g, but are independent of v. Let h be the unique mvf that
is defined by the relation (9.17).

In the next theorem, the given mvf s will be considered as the block s1;
of the mvf S € S§"*™, instead of as the block si. This identification is
convenient if s is symmetric. Then, in view of Theorem 9.3, the set of all

mvf’s S € S/ " of minimal size with s = s11 is given by the formula

s 0] .o I, 0
s=[t Oy 9] w50
where
o [s 4
S° = P h} (9.59)

Theorem 9.22 Let s € II N SP*? and assume that 4 > 0 and ry > 0.
Then the set of all scattering D-representations S € Si*" with s;1 = s is
described by formula (9.58), where S° is uniquely specified by formula (9.59)
and {be, b1} is an arbitrary denominator of the muf h.

Suppose further that s is subject to one or more of the extra constraints that
are presented in the first column of Table 8.1. Then the muf’s S°, S, by and
by that are considered in formulas (9.58) and (9.59) satisfy the conditions
that are displayed in the remaining columns of the table.

s S minimal S S {bs b1}
So and
real real Se may real <= b; and bs
be chosen real are real
symmetric | is chosen - symmetric <= by = b]
symmetric
rational rational rational rational <= b; and be
are rational
entire of entire of
exp type exp type
Table 9.1.

Thus, for example, if s € SP*? is a real rational mvf such that ry > 0
and vy > 0, then the muf S° defined by formula (9.59) with normalized
¥ and @ is also a real rational muf and the scattering D-representation S
with s11 = s defined by formula (9.58) is a real rational muf if and only
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if the denominator {by,b1} of the muf h is chosen to be real and rational.
Moreover, every minimal scattering D-representation S of s is rational. The
minimal optimal and minimal x-optimal D representations S, and S, may
be chosen real. If s is also symmetric, then we may choose L, = R} in the
normalization condition (9.57). Then S° will be symmetric too and then S is
real symmetric and rational if and only if b = by and by is real and rational.

Proof For the sake of simplicity, the proof will be organized in tabular form,
that serves to justify Table 8.1.

[}

s [ ¥, ¢ h S
real both real both real real real
symmetric | f7(A) = g(\) YT = symmetric | symmetric
rational both rational | both rational rational rational
entire of both entire both entire
exp type of exp type of exp type

Table 9.2.

The statements in the second column of Table 8.2 follow easily from the
constraints imposed on s in the first column and the formulas for f and g.
Then the uniqueness of the normalized solutions of the factorization prob-
lems guarantee the validity of the first two entries in the third column, since
Ry and L, are both real and may be chosen with L, = R} when s = s7.
The last two entries follow from Theorem 3.70.

Next, the uniqueness of the solution h of equation (9.17) serves to justify
the first two entries in the fourth column. The third entry in this column
also follows from (9.17), because s, ¢, and ¥7 are rational mvf’s and the
rg X p mvf Y# has a rational right inverse, since rank )% = ry. The entries
in the fifth column of Table 8.2 follow from the entries in columns one, three
and four. This yields the second column of Table 8.1, and hence by formula
(9.58), justifies the equivalences between the fourth and fifth columns of
Table 8.1. The last conclusion depends upon the formulas

s12 =vby and s91 = byp.

If ST = S, then 9" = ¢ and hence, by the essential uniqueness of the
inner-outer factorization of so1, it follows that

8{2 = S91 <~—~ b71— = bg.
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If s is rational or real, then since the p x r, mvf ¢ has rank rg, it has a left
inverse that is real if ¢ is real and is rational if v is rational. Therefore si9
is real or rational if and only if b; is real or rational, respectively. Similar
conclusions hold for s9; and bs.

The verification of the entries in the third column of Table 8.1 follows from
Theorem 9.7, which guarantees that if S is a minimal D-representation of a
mvf s € SP*4 N IIP*9(1,v), then S € II"*"(1,v). If s is a rational mvf, then
a minimal scalar denominator v of s¥ is a rational inner function, i.e., v is
a finite Blaschke product and hence S is rational mvf, since vS~1 € SI*".
If the mvf s is entire of exponential type a , then v = e, and, consequently,
eaS™! € SI*". Therefore, by Lemma 3.98, S is an entire mvf. Finally, the
verification of the first entry in the third column of Table 8.1 is obtained
from formula (9.58) with by = dg and by = I,, for S, and b = I, and
by = dy, for S,, where dg and dj are minimal right and left denominators of
the mvf h. Since S° is real in this setting, it suffices to show that dg and dj,
may both be chosen real when A is real. The mvf’s dr(\) and dz(\) may be
uniquely specified by imposing the normalization dg(iv) > 0 and dz, (iv) > 0
for some v > 0. Then, if h is real, dg(—\) and dg(\) are both minimal right
denominators of h that meet the same normalization condition. Therefore

dr(—=A) = dg()), i.e., dr is real. Similar considerations serve to establish
the existence of a real minimal left denominator of h. O

The inverse chain scattering problem

The next theorem focuses on special properties of the mvf W in the chain
scattering D-representation (9.27) when the given matrix s is subject to one
or more of the extra constraints that are under consideration in this section.

Theorem 9.23 Let s € IINSP*Y, assume that ry = p and ry = q and let
the set of muf’s W such that

W eU(jpy) and s=Twy|0]

be described by formula (9.30) , where W° is uniquely specified by formula
(9.31) and the muf’s by, by are defined by s as in Theorem 9.10.

Suppose further that s is subject to one or more of the extra constraints that
are presented in the first column of Table 8.83. Then the muf’s W°, W, by
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and by that are considered in formulas (9.530)-(9.31) satisfy the conditions
that are displayed in the remaining columns of the table.

s we minimal W w {bs b1 }
W, and
real real We may real <= b; and bs
be chosen real are real
symmetric is chosen - symplectic <= by = b}
symplectic
rational rational rational rational <= b; and bo
are rational

Table 9.3.

Thus, for example, if s € SP*P is a real rational muf such that ry > 0
and rg > 0, then the muf W° defined by formula (9.81) with normalized v
and ¢ is also a real rational muf and the muf W in the chain scattering D-
representation s = Ty [0] is a real rational muf if and only if the denominator
{ba, b1} of the muf h is chosen so that by and by are real and rational.
Moreover, every minimal W in the chain scattering D-representation of s is
rational. The minimal optimal and minimal x-optimal muf’s W, and We may
be chosen real. If s is also symmetric, then W° may be chosen symplectic
and then W is real symplectic and rational if and only if b5 = by and by s
real and rational.

Proof Let S be a scattering D-representation of s with block s;; = s as in

Theorem 9.22 and let
~ 0 I S11 S
S 4 = | = - . 9.60
[Ip 0} [521 522] (960

The PG transform W = PG(S) defines a one to one correspondence between
the mvf’s S and the mvf’s W in the chain scattering D-representations
(9.27). Moreover,

I
N

W is real S is real

W is symplectic S is symmetric
W is rational S is rational
S is minimal

S=85 and W =W,<— §=25,.

W is minimal

W:Wo

rvrtree
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Thus, as W° and S° are related in the same way as W and S, the theorem
follows from Theorem 9.22. O

Remark 9.24 The third column of Table 8.1 guarantees the existence of a
real S when s is real and a rational S when s is rational. If s is symmetric,
then a symmetric S may be obtained from formula (5.132) with by = dg and
by = df, where dg is any minimal right denominator of h.

Theorem 9.25 Let s € SP*? and let vy = p and vy = q. Then the muf s
admits the representation

s = Ty [0] with some W € € NU(jpq) (9.61)
if and only if the following conditions are satisfied:

(1) The muf s is meromorphic in C.

(2) The muf
fO) =1, — s (M)s(\) (9.62)
has the properties
det f(A) #£0, Indet f € L. (9.63)
(3) The muf
hi(A) = F) s (A) (9.64)

is entire of exponential type.
Moreover, if these conditions are satisfied, then:

(i) The set of all muf’s W such that (9.61) holds is described by formula
(9.30) with entire inner muf’s by and bs.

(ii) The muf W*° that is defined by formula(9.31) is entire.

(iii) Every minimal W in the chain scattering D-representation s (9.27)
18 entuire.

(iv) If, in addition to (1)-(3), a muf s is also (a) real or (b) symmetric or
(c) real and symmetric, then the muf W in the representation (9.27)
of s may be chosen to be (a) real and entire, (b) symplectic and entire,
(c) real, symplectic and entire, respectively, by appropriate choices of

b1 and bs.
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Proof Let s admit the representation (9.61). Then (1) is obvious and (2)
holds, since

FO) = w0 wm (V)7
Moreover, (3) holds, since
I () = wr(Mwjh (M)

and the mvf W is assumed to be entire of exponential type.
Conversely, if properties (1)—(3) are in force, then the mvf’s f~! and g~
are both entire of exponential type, since

1

I+ hN)s) = F)™ and fFO) = FON),

I +s(\hi(A) = g(\) " and g7 (N) = g(N)

and hj is an entire mvf of exponential type.(Since s is meromorphic in C and
bounded in Cy, it can not have poles on R.) Moreover, since f~! € LI*9,
the bound

0 ] + © ] -1 0 1 —1
[, [, e )
e L+ p? S e

implies that h; satisfies the Cartwright condition. Therefore, by Theorem
3.108, hy € ENTIYP, f~1 € ENTIY* and g~ ! € £NIIP*P,
By Theorem 3.111, the solutions ¢; and @2 of the factorization problems

FEO) = oVl (V) with o € N2 (9.65)
and
97 ) = 0 (N@a(N) with o € NEIP (9.66)

are entire mvf’s of exponential type that satisfy the Cartwright condition,
ie., o1 € ENTII*? and @y € & NIIP*P. Moreover, the mvf’s ¢1 and 9
are uniquely defined by s and the normalization conditions ¢1(0) > 0 and
©2(0) > 0. Thus, the mvf W° defined by formula (9.31) may be written in
terms of the mvf’s ¢; and 9 and s:

o 802 s
We = . (9.67)
[s#ﬁ 1 ]
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The mvf’s se; and s#gpf are holomorphic and have exponential growth in
C. and C_, respectively. Moreover, since

spr=hT e and s*gd = b,

the mvf’s sp; and s7 gp# are holomorphic and have exponential growth also
in C_ and C., respectively. Consequently, the mvf’s s and s7 (p# are both
entire of exponential type. Thus, the mvf W°, defined in (9.67) is entire of
exponential type. Moreover, W° € £ N II"*"™,

The mvf’s h and h;, that are defined by formulas (9.29) and (9.64) re-
spectively, are connected by the relation

h=—¢hy, (9.68)
since
h=—pst P =1 = —pst g™l = —pf s = —phyy.

Since hq is an entire mvf, its minimal scalar denominator is entire, i.e., it is
€q, a > 0. Formula (9.68) implies that e, is a minimal scalar denominator of
the mvf h too, since ¢ and v are outer. Let {bo, b; } be a minimal denominator
of the mvf h. Then by is a minimal left denominator of the mvf Ab;. Since e,
is a scalar denominator of hby, it is a scalar denominator of b, ! Therefore,
bo is an entire mvf, by Lemma 3.98. In the same way, it can be shown that
the mvf b; is entire. Thus, all minimal W are entire, since W° is entire
and b; and by are both entire, since {b2,b;} is a minimal denominator of
h. Moreover, formula (9.30) implies that the mvf W in a chain scattering
D-representation (9.27) is entire if and only if the mvf’s b; and by, that are
considered in formula (9.27) are both entire. The rest of the theorem follows
from Theorem 9.22. O

The inverse impedance problem.

The next two theorems on the inverse impedance problem are analogues
of the preceding two theorems.
Theorem 9.26 Let ¢ € ITNCP*P, assume that
det {c(\) 4+ ¢ (\)} £ 0,
and let the set of muf’s A such that
AecU(jpy) and c=Tyll,]
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be described by formulas (9.41) and (9.42). Suppose further that c is subject
to one or more of the extra constraints that are presented in the first column
of Table 8.4. Then the muf’s B°, A, by and by that are considered in formu-
las (9.41)—(9.45) satisfy the conditions that are displayed in the remaining
columns of the table.

c é minimal A A {bs b1 }
A, and
real real Ao may real <= b and by
be chosen real are real
symmetric is chosen - symplectic <= by = b]
antisymplectic
rational rational rational rational <= b; and by
are rational

Table 9.4.

Thus, for example, if ¢ € CP*P is a real rational muf, then the muf B°
defined by formula (9.42) with normalized x1 and x2 is also a real rational
muf and the muf A in the D-representation of ¢ defined by formula (9.41)
is a real rational muf if and only if the denominator {bs, b1} of the muf
h is chosen to be real and rational. Moreover, every minimal A in the D-
representation of c is rational. The minimal optimal and minimal x-optimal
muf’s A, and Ae may be chosen real. If ¢ is also symmetric, then B° may
be chosen antisymplectic and then A is real symplectic and rational if and
only if by = by and by s real and rational.

Proof The theorem follows from Theorem 9.23 applied to the mvf s = Tiy|c],
since the mvf’s A and B° are connected by the relations

A=W QY and B°=9gW°

and the matrix % is real and antisymplectic: U™ 7,0 = —7,. The mvf’s b;
and by in formulas (9.41) and (9.30) are the same. O

Theorem 9.27 A muf ¢ € CP*P has a D-representation (9.39) with an entire
muf A if and only if the following conditions are satisfied:

(1) The muf ¢ is meromorphic in C and has no poles on R.

(2) detfc(A) +c#(A\)]£0  and IndetRe e L7,
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(3) The muf

-1
c(A) + c#(A)] (9.69)

() = |2
is entire of exponential type.

If these conditions are in force, then, in formula (9.41), the muf A° €
ENII™*™ and every minimal A in the D-representations (9.39) is entire.
Moreover, if, in addition, c is (a) real, (b) symmetric, or (c) real and sym-
metric, then the muf A° may be (and will be) chosen (a) real, (b) symplectic,
or (c) both real and symplectic, respectively, and after such a choice of A°:

(i) A is a real entire myf <= by and be are both real entire muf’s.
ii) A is a symplectic entire muf <= by = b7 and by is an entire muf.
ymp 1
iii) A is a real symplectic entire muf <= by = b7 and by is a real entire
Y 1
muf.

Proof The theorem follows from Theorem 9.25 applied to the mvf s =
Tisc], from the connections between the mvf’s B° and W°, and A and W,
mentioned in the previous theorem and the connections

h(A) = —eNhi(Ny(A)
= —vjz1(N)THL + s(\) e (\) 75 + vfzi () T he(M)z2 (V) 71,
between the mvf’s h, hy and hy defined by formulas (9.29), (9.64) and (9.69).
In the preceding equality, v; and vy are p X p unitary matrices such that
{I, + s\ }eN) T =zo(Nvr and  p(N)HI, + s(A)} = vama(N).

O
9.7 J,,.-inner Sl-dilations of ¢ € IIN CP*P

There is another representation of a mvf ¢ € ITN CP*P, as the 22 block of a
Jp-inner mvf © in C, where

Jpr = [IT 0] ifr>0 and J,0=J,ifr=0, (9.70)
and © has the block decomposition
b1 b2 O
0= (921 922 Ip (971)
0o I, 0

that is conformal with J, .
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It is easy to verify the equivalence

ce Cfiflz —= 0= [j_p I](ﬂ belongs to U(J,). (9.72)
Moreover, if ¢ € II N CP*P, then
fe=c+ c" belongs to IIP*P (9.73)
and, by Lemma 3.109, the number
re =rank f.(A) (9.74)

is constant on by, , except possibly at a set of isolated points (where rank
fe(A) <r¢), and rank f(u) =, a.e. on R. Clearly,

re=0<= ceC*P

sing*
A J, ,-inner mvf of the form (9.71) with 622 = c will be called a J,, ,-inner
SI (scattering-impedance)-dilation of the mvf c¢. We shall show:

(1) If ¢ has a J, ,-inner Sl-dilation, then ¢ € IINCP*P and r > 7.
(2) If c € IINCP*P, then there exists a J,, ,-inner Sl-dilation of ¢ with r = r..

Let ¢ € TINCP*P, let r = r. and assume that r. > 0. Then, by Theorem
3.110, the factorization problems

(u)p(p) = fe(n) ae onR (9.75)

and
YY) = fe(p) ae. onR (9.76)

admit an essentially unique pair of solutions ¢ = ¢, and ¥ = 1. such that
¢e and 97 are outer mvf’s that belong to N ;7. Since f. € s *P Theorem
3.110 also guarantees that

p;tpe €TIN Hy? and  p; e € TN HY.

Lemma 9.28 Let ¢ € IINCP*P, let r = r. and suppose that r. > 0 and let
e and P, be solutions of the factorization problems (9.75) and (9.76) such
that p. and 7 belong to N . Then there exists a unique muf s. € TI"%"
such that

sl = .. (9.77)

Moreover, s. has unitary nontangential boundary values s.(p) a.e. on R.
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Proof If r = p, then it is readily seen that

se = ()~ (9.78)

meets the stated requirements.

If r < p, then there exists an r x r submatrix of f. with rank equal to r
a.e. on R. Suppose first that the upper left hand r x r block of f. is such
and consider the corresponding block decompositions

pe=[p1 @] and o7 =[] 3]
with blocks 1 and 1 of size r x r. Then the formulas
#
1 [1/11} # #
©1 2] = (CHEN
[ﬁ] o1 pl = || wF uf]
imply that

@) = () and  ¢f o = vivd

and hence that

o1 (7)Y = ()] = (0] ) el 2 = a.
Thus, the mvf
se =1 (¥])7! (9.79)

meets the stated requirements.

If the upper left-hand r x r block of f. is degenerate, then there exists
a p X p permutation matrix K such that the rank of the upper left-hand
r X r block of K7 f.K is equal to r. Then the preceding argument may be
repeated for the block decompositions

p K = [‘Pl 902] and YK = [1/}{ ¢5]

The equality (9.77) defines s. uniquely, because the specified mvf’s ¢, and
1/1# are both outer. O

Lemma 9.29 Let ¢ € IINCP*P, let r. > 0 and let

Se e O
Oc= | % ¢ I, (9.80)
0 I, O
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be defined in terms of the muf’s @., Y. and s. that were introduced in Lemma
9.28. Then

0, e N +2>x0+20)  yng 0% J,,0, = J,, = 0.J,,0F. (9.81)

Proof The inclusion in (9.81) is self-evident, since all the blocks of © belong
to IT"*¢ for appropriate choices of k and ¢£. The first identity in (9.81) is
justified by a straightforward calculation; the second is immediate from the
first. O

Theorem 9.30 If a p x p muf ¢ admits a J, -inner Sl-dilation, then c €
IMINCP*P and r > r.. Conversely, if c € IINCP*P and r. > 0, then c admits
infinitely many Jp, ,-inner Sl-dilations © with r = r. and all of them may be
obtained by the formula

by 0 0 by 0 0
e=|0 1, 0|60 I, 0], (9.82)
0 0 I, 0 0 I,

where O, is defined by formula (9.80) and {b1,b2} is a denominator of s,
i.e.,

bi eS8, bpeS" and biscby € S (9.83)
Proof If © is a J, ,-inner Sl-dilation of ¢, then ¢ = ©3 belongs to ITP*P,
since © € U(J,,) and U(J,,) C TIU+20)*(+2p) Moreover, as
O TprON) < Jpr om b
with equality a.e. on R, it is readily seen that
011(\)*011(\) < I, and 2(Rc)(A) > 012(A)*012(N) on b (9.84)
with equality a.e. on R and

07, (\) = 07, (V)12 (). (9.85)

The bounds (9.84) guarantee that 611,612 and ¢ = 22 have holomorphic
extensions to all of C; and that the extensions

01 € S and ¢ € CP*P.

wm

Thus, ¢ € IINCP*P, and the supplementary identity
07,012 = f. (9.86)
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implies that » > r.. The second inequality in (9.84) implies that the mvf
F(A) = pi(\)7012(N) is subject to the bound

ok ) (Re)(a + ib)
<
fla+1ib)* f(a+ib) < 372 a1 (b= 17
for every choice of a + ib with a € R and b > 0. Thus, the inequality (3.19)
implies that

& 1
/ Fla+ib) f(a+ib)da < ~(e)(i)
oo ™
for every b > 0, and hence that
p;t0s € Hy P (9.87)
In view of (9.86) and (9.87),
019 = blgoc, where by € Sirnxr. (988)

Similar considerations based on the fact that
O(N)Jp, ON)* — Jp, <0 in b
with equality a.e. on R lead to the inequality
2(Re)(A) = 021 (\)b21(N)" on b

with equality a.e. on R. Consequently, 621 has a holomorphic extension to
all of C,, and this extension, which we continue to denote by 651, has the
following properties

p7 02 € HY" and 0910, = f.. (9.89)

Thus,
921 = wch, where by € Srxr (9.90)

m

and hence, upon substituting (9.88) and (9.91) into (9.85), it follows that
bt = 07 brpe, or (as 07,01 = 1) T 06707 = ..
Consequently, by Lemma 9.28, b#@llb# = S, i.e.,
b1scbo = 011. (9.91)

Therefore, since 611 € S ", {b1, b2} is a denominator of s.; and, the system

of equalities (9.88), (9.90), (9.91) and 622 = ¢ is equivalent to the equality
(9.82).
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Now let ¢ € IINCP*P and r, > 0, let {b1, ba} be any denominator of the mvf
sc and let ©, be defined by formula (9.80). Then, since ©, € I1(7+2P)x(r+2p)
and is Jp,, unitary a.e. on R with r = r., by Lemma 9.29, it follows that the
mvf © that is defined by formula (9.82) has the same properties. Therefore,
the PG transform

I/I" J).?"
S=(PO+Q)(P+QO)", with P= ”Pfﬂ A

belongs to II"+2P)%(1+2P) and is unitary a.e. on R. Thus, in order to complete
the proof that © is a J, ,-inner Sl-dilation of the mvf ¢, it remains only to
check that © € U(J,,), or equivalently, that S = PG(©) belongs to the class

SUFIXH2) e verification makes use of the fact that bis.by € ST,

in in
since {b1, by} is a denominator of s., and

1
(I, + 50)_1 =1, + TQ?[%] belongs to HYP, since T‘B[%] SR
By direct calculation,
s si2 0
S=lo0o o 1I,]|,
s31 s32 0
where:
839 = (Ip — %c) (Ip + %c)_l belongs to SP*P, since %c € Cpxp,
si2 =bige (I + %C)_l belongs to N .
S31 = — (Ip + %c)f1 1:by belongs to ./\/'fr’xr.

s = buseby — ybithe (I + %C)_l Yeby belongs to <"

Consequently, S € ./\/’J(:'JFZP)X(THP ) and, by the Smirnov maximum principle,

S e 8. Thus © € U(Jp,).

~in
If © is a Jy,-inner Sl-dilation of ¢ with » = r, and if v € S " and

v e S X" are two inner m x m mvf’s, then

w 0 01 [v 0 0
©e=|01, 0|6|0 I, 0 (9.92)
0 0 I, 00 I,
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is also a J) ,-inner Sl-dilation of ¢ with r = r.. A J, -inner Sl-dilation ©
of ¢ with r = r. is said to be minimal if in every factorization of the form
(9.92) the mvf’s u and v are constant unitary r X r matrices. O

Theorem 9.31 If a J,,-inner SI-dilation © of ¢ with r = r. is expressed
in the form (9.82) then it is minimal if and only if {b1,b2} is a minimal
denominator of the muf s..

Proof This follows easily from the definitions and formula (9.82). O

Theorem 9.32 Let ¢ € CP*P with r. > 0 be a rational muf. Then every
minimal Jp, . -inner SI-dilation © of ¢ with r = r. is a rational muvf. Moreover,
the muf’s © and ¢ have the same McMillan degree.

Proof The solutions ¢, and 1. of the factorization problems (9.75) and
(9.76) are rational, by Theorem 3.110. Thus, the mvf s., that is defined
by formula (9.77) is rational, since it is given explicitly by formula (9.78)
if r. = p, and by formula (9.79) if 0 < r. < p. If {b1,b2} is a minimal
denominator of a rational mvf, s., then b; and by are rational mvf’s by
assertion (1) of Theorem 3.70. Thus a minimal © is a rational mvf, since
all the mvf’s in formulas (9.82) and (9.80) are rational. The proof that the
McMillan degrees of © and ¢ coincide may be based on Kalman minimal
realization theory for systems and will not be presented here. O

Theorem 9.33 If c € CP*P is an entire muf of exponential type, then
(1) ceIINCP*P,

(2) Every minimal J,,-inner SI-dilation of ¢ with minimal left or right
denominators of s. is an entire muf.

Proof Let ¢ € £ N CP*P. Then ¢ € TIP*P if and only if ¢ is an entire mvf
of exponential type, since CP*? C NP*P and, consequently, Theorem 3.108
is applicable to the entries of the mvf ¢. Let ¢ € II N CP*P be an entire mvf.
Then r. > 0, except in the case when ¢(\) = i — i, o = a € CP*P and
G >0, € CPP Let r. > 0. Then f. is an entire mvf and, by Theorem
3.111, the mvf’s . and v, are entire. Let r = r, and let b be a minimal right
denominator of ¢#. Since I € IIP*™ is entire, b is entire: b € £ N sinxm,
by Theorem 3.70, and hence 1) = p'b € & NNP*™. Moreover, 1) = a1 is a
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solution of the factorization problem (9.76). Consequently,
= 1)cby  for some by € S <™.

Therefore,

Pe = bb#@bf
and hence, bb;éé = S, since s, is the unique solution of equation (9.77). Since
b = scby € SI™, by is a right denominator of s.. Moreover, if dp is a

minimal right denominator of s, then s.dgr € /", u = dj'by € S;*" and
bu~! = s.bhyu~! = s.dpr belongs to NX". Thus, bu~l e SI*" and

pibu™! = pebyu! = Yedp € NV

Therefore, since b is a minimal right denominator of gofk, u must be constant.
Thus, by is a minimal right denominator of s.. By Theorem 9.31, the mvf ©
with blocks

011 = scb2, 12 =1, ba1 =ty and O =c
is a minimal J), ,-inner SI-dilation of c. But
sy =be &, @, €&, ahby = be EPXT and ce EPXP,

Thus, © is an entire mvf.

In the same way it may be checked that if d is a minimal left denominator
of 1/12‘7é and p = d@bf , then ¢ = b1p., where b; is a minimal left denominator
of s, and that a mvf © of the form (9.71) with

011 = b1se, 012 =bipe, b1 =%, and 6O =c

is an entire minimal J, ,-inner SI-dilation of c. O

9.8 Rational approximation of mvf’s of the class II N HZ X1

In this section an application of D-representation to the solution of a rational
approximation problems for mvf’s of the class II N HXY will be presented.

A mvf f € TI N HE is called quasimeromorphic if a minimal scalar
denominator v of f# is a Blaschke product, i.e., if

f=vg_, where g¢" eIlNHLX (9.93)
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and
= [Tl =20/ =201, (9.94)

where the )\, are poles of f of orders my, and the ~, are constants with
|7k| = 1 that are chosen so that the Blaschke product converges if 7 = oc.

If Ay # 0 for all k > 1 and A\ = 0 is not a limit point of the sequence {\;},
i.e., if 0 € by, then 7, may be chosen such that

[(1 =X/ 2%) /(1= X/ Ap)]™, (9.95)
k:l
The Blaschke condition
" mi I\ . .
> W) <oo, where N\ #JX; if k#3j, (9.96)

is necessary to insure that there exists a quasimeromorphic mvf f € IINHE?
with poles A\, of orders my, k > 1.

Theorem 9.34 Let the sequence { )\, my},k > 1, of complex numbers \j, €
C_ and integers my, k > 1, satisfy the Blaschke condition (9.96). Let f €
LPXY be such that

flp) = nh—{%o fa(p) a.e. on R (9.97)

where {f,}, n > 1, is a sequence of rational p x q muf’s with properties:
(a) The poles of fn are contained in the set {A}, k> 1, and the order
of each pole \; of f, is at most m;.
(b) The sequence of muf’s f, is uniformly bounded in C,, i.e.,
| falloo <, m>1, for somec> 0. (9.98)

Then:

(1) The muf f is the nontangential limit of a quasimeromorphic muf that
will also be denoted f.

(2) The poles of the quasimeromorphic muf f are contained in the set
{\c}, k > 1, and the order of every pole \; of f is at most mj, i.e.,
the Blaschke product v()\), defined in (9.94) is a scalar denominator
of the muf f#.
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(3) The muf f is the limit of the sequence f, in the complex plane, i.e.,
FO) = lim fu(A) for A€ T\ {NJ5°. (9.99)

Moreover, f is the uniform limit of the sequence f,, on every compact

set K C C U (C_\{\}>)1.

Proof Let f € LE? and assume that the sequences {\r,mi}, k> 1, and
{fn}, n > 1, satisty the conditions of the theorem. Let

f(p) Ju(N)
F(up) = d F,(\)= :
Then F € LY N LA™Y F, € HY™ N HE'? and F(p) = lim,—o Fiu(p) ace.
on R. Moreover, since

1 [ _
FY(t) / e "M B, (u)dp =0 for every t <0

:ﬂ .

and
c

p?+1’

Lebesgue’s dominated convergence theorem implies that

[ ()|l <

1 R
FY(t) / e E(u)dpu =0  for every t < 0.

:% .

Consequently,

(0.0
F(p) :/ e FY(t)dt, with FY € LY*I(Ry);
0

i.e., F' is the nontangential limit of a mvf from HY *4 that will also be denoted
by F. Thus, f(u) is the nontangential limit of the mvf f(A\) = (A +i)2F(\),
that belongs to N?™. Since f € L&Y, the Smirnov maximum principle
guarantees that f € HEY,

Similar arguments applied to the mvf g(u) = v(p)f(p)* and the sequence
gn(A) = v(N) f#()\) imply that g(u) is the nontangential limit of a mvf in
HL® that will also be denoted g. Thus, f € HE? and

f(p) =v(w)g*(pn) a.e. on R, where g € HLP.

This means that f € II N H5'? is a quasimeromorphic function and v is a
scalar denominator of f#.



9.8 Rational approzimation of muf’s of the class IT N HPX 509
It remains to prove assertion (3) of the theorem. The Cauchy formula
(CESACNNE Ry (MRS AT
(A +1)? 21t oo (4 1)2 (e — )
yields the bounds

£ = fa (V2

4 1 < du () = fap)]?
< Dt | ose L G
_ ’)‘+i‘4 OOHf(:UJ)_fn(M)HQ
© AmoA /_oo (p? + 1) 4

Thus, as the Lebesgue dominated convergence theorem guarantees that the
integral on the right hand side of the last inequality tends to zero, it follows
that f(\) is the uniform limit of the sequence f, () on every compact set
K, C C;. By the same arguments g(\) is the uniform limit of the sequence
gn(A) on every compact set Ky C C,. Since

FO)=vNg"(\) and  fu(A) = v(N\)gi (),

the mvf f(A) is the uniform limit of the sequence f,,(\) on every compact set
K3 C C_\{A\¢}5°. Thus, f()) is the uniform limit of the sequence {f,, (\)}$°
on every compact set K C Cy U (C_\ {\;}5°). O

u for A e C,.

Theorem 9.35 Let f ¢ INHEY, f#0, be a quasimeromorphic function.
and let v(\) be the minimal scalar denominator of f# with poles N in C_
of orders my, k > 1, that is defined by formula (9.94). Then there exists a
sequence of rational muf’s f, such that:

(1) The poles of each muf f, are contained in the sequence {\;}7, and
the order of each pole \; of f, is at most m;, i.e., v is a scalar
denominator of ff.

(2) f(A) = limpyjeo fu(A) for A € C\ {Ne}", M < oco. Moreover, the

convergence is uniform on every compact set K C C\ {\}7_, and

k=1
f(p) =lim f,(n) a.e. onR.

nToo

(3) Ifullse < 1l
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Proof Let the mvf f satisfy the conditions of the theorem and let s =
f/Nfllco- Then s € IINSP*Y, ||s]loc = 1 and a minimal scalar denominator
v of s* is a Blaschke product. Let S € S!*" be a minimal scattering D-
representation of the mvf s with s;9 = s. Then, by Theorem 9.7, v is a
minimal scalar denominator of the mvf S#. Therefore, by Theorem 3.88, S
is a BP product. If S(A) is rational, then s(\) is rational and there is nothing

to prove. Suppose therefore that

S =TI B,
k=1

is an infinite product of elementary BP factors and let

SmN) =[] Bx(V)
k=1

be the partial products. Then
S(A) = lim S, (\)

m—00

and the convergence is uniform on every compact set K C C\ {\;}5°, by
Theorem 4.9. Since v()\) is a scalar denominator of mvf S# and S;,'S €
ShX", v is a scalar denominator of every mvf S%. m > 1, ie., the set of
poles of every mvf S,, is contained in {)\;} and Xj is a pole of S, of order
at most m;. The 12 blocks s,, () of the mvf’s S;,,(\), m > 1, are rational
mvf’s such that:

(1) The mvf s(\) is uniform limit of the sequence s,,(\) of every compact
set K C C\ {\}5°.

(2) The poles of s, are contained in the set {Xk}fo and a pole Xj of s,, has
order at most m;.

3) Ismllc =1 (= [[slloc)-

Moreover, there exists a subsequence s,,, (A) such that
s(p) = lim sy, (u) a.e.on R,
k—o00
see Theorem 4.60. Then the subsequence sy, (A) has also the property

s(p) = lim s, (1) a.e.on R,
k—o0
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and the sequence of rational mvf’s fi;(A) = || f|lccSm, (A) have all the prop-
erties (1)—(3) that are formulated in the theorem. O

Lemma 9.36 Let f € HYX'?. Then f € IIN HEY if and only if there exists
a sequence f, of quasimeromorphic muf’s f, € HE'? such that:

(1) The distinct poles )\gn), .. .,)\EZ) of fn satisfy the condition
< oo, where mgn) = the order of /\g»n).

(2) f(A) = limy— oo fu(X) uniformly on every compact set and the con-
vergence is uniform on every compact

KcC\ [JM .
n=1

(3) f(p) =lim, 00 fru(u) a.e. onR.
(4) fallos < [[flloo-

Proof One direction of the theorem follows from a corresponding result of
Tumarkin [Tum66] on scalar functions of the class H, NIL: if f,, is a sequence
of quasimeromorphic mvf’s from HA'? that satisfy the conditions (1)-(4),
then f € II N HEY.

To prove the converse, it is enough to verify the assertion for f € IINHE?
with || flloc = 1. Let F' € 8"*™ be a scattering D-representation of f, which
exists by Theorem 9.1, i.e., let f be the block fio of mvf F. A generalization
of a theorem of Frostman to mvf’s by Ginzburg [Gi97] implies that the mvf’s

F,=(F —al,)I, —aF)™" foraeD

are BP products for almost all parameters a € D with respect to Lebesgue
measure. Then there exists a sequence a,, € D such that a, — 0 as n — oo
and F,, are BP products that satisfy conditions (1)—(4) with F in place of
f. Then the sequence f,, of the 12 blocks of Fj,, is a sequence of quasimero-
morphic mvf’s from H5'? that satisfy the conditions (1)—(4). O

Theorem 9.37 Let f € HE. Then f € II N HYX'? if and only if there
exists a sequence f, of rational muf’s from HEY that satisfy the conditions

(1)-(4) of Lemma 9.36.
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Proof This follows from Theorems 9.34, 9.35 and Lemma 9.36. O

9.9 Bibliographical notes

The representations of the mvf’s s € II N SP*? and ¢ € II N CP*P that
were discussed above are called Darlington representations, even though
the first results of this nature seem to have been obtained by V. Belevich
for rational mvf’s. More precisely, he showed that every rational real mvf
s € SP*P may be considered as a block of a rational real mvf S € S)*"
for some n, see the monograph [Bel68] and the references cited therein.
This scattering formalism permitted Belevich to generalize the Darlington
realization [Dar39] of a real scalar rational function ¢ € C with (Re)(u) > 0
on R (except for at most finitely many points) as the impedance of a passive
linear one-port circuit with only one resistor to the more general setting of
multiports. Belevich’s result was generalized to the nonrational case by P.
Dewilde [De71] and [De76]. The Darlington representations (9.4) and (9.6)
for rational real mvf’s ¢ € CP*P were obtained independently of Belevich
by V. P. Potapov (see e.g., [EfPo73]), E. Ya. Melamud [Me72] and [Me79]
by other methods that were based on the theory of J-contractive mvf’s.
Subsequently, influenced by his participation in Potapov’s seminar, D. Z.
Arov obtained Darlington representations for mvf’s s € IT N SP*? and ¢ €
IINCP*P in [Ar71] and [Ar73].

Darlington chain scattering representations with entire mvf’s W were
studied in connection with inverse problems for canonical differential sys-
tems with dissipative boundary conditions in [Ar71] and [Ar75].

Scattering D-representations for operator valued functions s € S(U,Y)
were obtained in [DoH73], [Ar71], [Ar74a] and [Ar79a]. Inverse scattering,
impedance and spectral problems for inner mvf’s S(\) and J-inner mvf’s
W(A) and A(X) were also studied in [De71], [De76], [DeD81a], [DeD81b],
[DeD84] and [ADDS89).

The following inverse chain scattering problem was studied in Chapter 8
of [Dy89b]: given s € SP*? describe the set of all mvf’s W € U(j,,) such
that

s = Ty [e] for some ¢ € SP*Y; (9.100)

see also [BoDO06] and, for another variant, [AID84]. Connections with the
Carathéodory-Julia theorem are discussed in [Sar94]; extensions of this
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theorem may be found in [BoK06] and a number of other papers by the
same authors. A solution W of the inverse chain scattering problem with
€€ ‘S%foxnfit in (9.100) exists if and only if the conditions of Theorem 9.10 are
satisfied. Moreover, in this case,

(I—ee")"12 oI —e*e)"1/?

€= TWEO [Opxq]v where Wa = 6*(1 _ 65*)_1/2 (I _ 6*6)_1/2

and
s = TWWEO [Opxq]. (9.101)

Representations of the form (9.100) with W € £NU(j,,) and rational mvf’s
e € §P*? were considered in [Ar01].

The J,, ,-inner Sl-dilations in (9.71) is adapted from the papers [ArR07a]
and [ArRO7b], which were motivated by the realizations of stationary
stochastic processes discussed in [LiPi82], [LiPa84] and [LiPi85]. The four
block mvf [0;;], 7,7 = 1,2 that carries the information in (9.71) was also
considered independently in [BEOOQ] in their study of acoustic wave filters.
Subsequently, rational symmetric D-representations .S with minimal McMil-
lan degree were studied in [BEGOO07].

The equivalence of conditions (2) and (3) in Lemma 9.8 was observed by
D. Pik [Pik03] in his study of the time varying case.

The inverse problems discussed in Section 9.4 were first considered by L.
de Branges in the special case that the mvf’s

¢\), AN =E,(\ET()\) and AN

are entire and p = 1 in connection with his study of inverse problems for
canonical integral and differential systems; see the monograph [Br68a] and
the references cited therein; some generalizations to matrix and operator
valued functions are presented in [Br68b|. The problem of reconstructing an
entire J,-inner mvf (resp., 2 x 2 Jj-inner mvf that is meromorphic in the
full complex plane C) when either one or two of its four blocks are given
was studied in [KrOv82] (resp., [GoM9T]).

A complete proof of Theorem 9.20 may be found in Theorem 1.2 of [Ar97].
A number of related block completion problems are considered in [AFK93],
[AFK94a] and [AFK94b].

The results in Section 9.8 are adapted from [Ar78]. Connections between
the classes IIN H, and IIN HY*? for 1 < r < oo and rational approximation
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were studied by G. Ts. Tumarkin [Tum66] and V. E. Katsnelson [Kat93]
and [Kat94], respectively.

Scattering D-representations were used in [Ar74a] to study simple con-
servative scattering systems with losses by the Darlington method. This is
equivalent to studying simple contractive and maximal dissipative opera-
tors by their characteristic functions. Passive scattering systems with extra
properties: minimal, optimal, minimal and optimal, etc, were studied by the
same methods in [Ar79a]; see [Ar95b] for a review. An application of scat-
tering and chain scattering D-representations to the passive system realiza-
tion of rational mvf’s s € SP*7 may be found in Sections 4-6 of [ArD02b].
Connections of J,, ,-inner Sl-dilations with passive system theory were con-
sidered in [ArRO7b]. There exist time varying generalizations of scattering
D-representations; see, e.g., [De99] and the references cited therein, and
[Pik03].
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More criteria for strong regularity

In this section a number of criteria for a mvf to belong to the class of right
(left) strongly regular J-inner mvf’s for a fixed m x m signature matrix J #
+7,, and for the specific signature matrices jpq, J, and J, will be obtained
and formulated in the terms of the matrix Muckenhoupt (As) condition that
was introduced by S. Treil and A. Volberg and used by them to characterize
those weighted L5 (A) spaces (with matrix valued weights A(u) > 0 a.e.
on R) for which the Hilbert transform is bounded; see [TrV97]. Enroute to
these criteria we shall establish analogous criteria for a right (resp., left) ~-
generating matrix to belong to the class of right (resp., left) strongly regular
y-generating matrices.

10.1 The matrix Muckenhoupt (A;) condition
Let

(@) = 7 [ Al (10.1)

denote the average of a mvf A € L' over a finite interval I C R of length

[I]. If A() > 0 a.e. on R and AT € L"¥" then A(y) is said to satisfy the

1,loc?
matrix Muckenhoupt (A;) condition if

Sup AL (A} AL (AT} < oo (10.2)

Lemma 10.1 If an nxn muf A(p) that is positive definite a.e. on R satisfies
the matriz Muckenhoupt (As) condition (10.2), then

AeLlP™ and A'eL™, (10.3)

515
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Proof See Lemma 2.1 in [TrV97]. O

Lemma 10.2 Let A¥ € L' and A(p) > 0 a.e. on R. Then condition

1,loc

(10.2) is equivalent to the condition
supdet {A7(A) - A7(A™H)} < . (10.4)
I

Proof In [TrV97] it is shown that the matrix
X = {A7 Q)Y {A a2 (10.5)

is expansive, i.e., X* X > I,,. Therefore, in view of Lemma 2.68, it is subject
to the inequalities

X[ < [ det X| < |[X]", (10.6)

which lead easily to the equivalence of the two conditions (10.2) and
(10.4). O
Condition (10.4) will be referred to as the determinantal Muckenhoupt
condition.
Let A € L' " be positive semidefinite a.e. on R and let L} (A) denote the
Hilbert space of n x 1 measurable vvf’s f on R with norm

s = IAY2 flls.

Then the subspaces
Do (A)=\/ Rye,C" and D_(A)=\/ Rye,C" in L§(A)  (10.7)

>0 <0

are well defined and the inclusions e, D, (A) C D4 (A), eyD_(A) C D_(A)
hold for every t > 0.

Theorem 10.3 Let A be a measurable n x n muf on R that is positive
definite a.e. on R. Then A meets the matriz Muckenhoupt (As) condition if
and only if

AeLP™ and ||Pp_(a)lp. (a)l < 1. (10.8)
Proof See Lemmas 2.1 and 2.2 in [TrV]. O

The second condition in (10.8) states that the angle between the past
D_(A) and the future D, (A) in the Hilbert space Ly (A) is strictly positive.
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Lemma 10.4 Let A be an n x n muf that is positive definite a.e. on R and
suppose that

AeL™ and Indet A€ L. (10.9)
Then:
(1) The factorization problems
Alp) =" (u) ¥_(p) a.e. onR, with T e N7 (10.10)
and

A(p) =5 (e (p)  ace. onR,  with ¢y e NJ7", (10.11)
have essentially unique solutions w#f and V4 .

(2) The equalities

\/ Roesv_C" = Ky and \/ Roerp, C" = Hy (10.12)
t<0 t>0

hold, where the closed linear spans are considered in LY.
(3) The muf
9(1) = - () ¥ () (10.13)
s unitary a.e. on R.
(4) The norm of the Hankel operator
[(g) = 11-Mgy|uy (10.14)

1 equal to the norm of restricted projection, considered in Theorem
10.3, i.e.,

IT(@) = I1Pp_a)lp, (a)ll- (10.15)

Proof Assertions (1) and (2) follow from Theorems 3.78 and 3.79 applied to
A(p) and A(—p). Assertion (3) follows from (10.10) and (10.11). To verify
(4), we first observe that

f+ S D+(A) lf and only lf ’l/).t,.f+ S H;,

whereas
f-€D_(A) ifandonlyif ¢_f_ € KJ.
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Thus, as
<f+7f—>A = <Af+7f—>8t7
we see that
1Po_frlA = sup{[(Afs, f-)stl : f- €D-(A) and |[|f-|a =1},

while

(Afi s = W fr, fo)a

= (g [+, 00— f-)st = (ghs, h—)st,
where hy = ¢ fi belongs to Hy', h— =1_ f_ belongs to Ky and
[htllse = lf£]la-
Thus,
I1Pp_frlA = sup{|(ghy,h—)st |: h— € K& and [|[h_||s = 1}

and hence the desired result (10.15) now follows by standard arguments.
]

10.2 Criteria of strong regularity for ~v-generating matrices

The first criterion that 2A € M, sz (Jpq) (resp., A € Mysr(fpg)) is easily ob-
tained from the previous analysis.

Theorem 10.5 If A € M, (jp,) and A, is defined by the formula in (7.29),
then

A€ Msr (jp(I)
< A, satisfies the matriz Muckenhoupt (As) condition

< A, satisfies the determinantal Muckenhoupt condition.
If A € My(jpg) and Ay is defined by the formula in (7.29), then

A e stR (qu)
<= Ay satisfies the matriz Muckenhoupt (As)condition

< Ay satisfies the determinantal Muckenhoupt condition.
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Proof Let 2 € M, (j,,) and let A be defined by formulas (7.86) and (7.87).
Then A € M, (j,n) and, by Lemma 7.36, A € M, r(jpg) <= A € M5 (Gm)-
Let

g = Ti{[lm]

Then, in view of Theorems 7.38 and 7.22,
A€ Mysr(fpg) <= A€M r(jp,) and [T'(9) <1. (10.16)

Suppose now that A, satisfies the matrix Muckenhoupt (A2 ) condition. Then
Al e Eme and hence by Lemma 7.39, A € 9, z(jpq). Moreover, by The-
orem 10.3 and Lemma 10.4, |T'(9)|| < 1. Consequently, 2 € 9,5z (jpq). Con-
versely, if A € M,sr(Jpq), then A € M, r(j,y) and ||I'(g)|| < 1 by Theorem
7.22. Therefore, by Theorem 10.3 and Lemma 10.4, A, must satisfy the
matrix Muckenhoupt (As) condition. O

Theorem 10.6 Let A € M, (jpy) and let

21 if gq=p
° Ok :
59, = [ ;”;1”] if p>q (10.17)

Ogxx  s21] if p<q,

where k = |p—q| and s91 = —a2_21 ag1. Let po = max{p, q}, let € be a unitary
Do X Po matriz and define the muf A, by the formula

Ac(p) = {Ip, — s51()eY {Lp, — 51 ()5 (1)} {Ip, — 51 (w)e}. (10.18)
Then the following conditions are equivalent:
(1) A€ IMysp(Jpg)-

(2) At least one (and hence every one) of the five conditions in Lemma
7.13 is satisfied and A.(u) satisfies the matric Muckenhoupt (Asz)
condition for at least one unitary po X po Matrix €.

(3) The two muf’s Ac(p) and A_.(p) satisfy the matrix Muckenhoupt
(As) condition for at least one unitary po X po Matrix €.

(4) The muf’s Ac(n) satisfy the matriz Muckenhoupt (As) condition for
every unitary po X Po Matrix €.
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Proof Let A € M, (j,,) and let the mvf A° be defined as in Lemma 7.34 if
p # q and let A° = A if p = ¢. Then A° € M,.(j,, ) and

A e mrsR(qu) —= A% € S):nrsﬁi (jpo)a

by Lemma 7.34. Moreover, 2 € Eg”m — A° € Egp"“p". Thus, without
loss of generality we may assume that ¢ = p. Then s5, = s9; and p, = p.
Moreover, it is enough to verify the equivalences (1) <= (2) <= (3) for the

specific unitary matrix € = I,,, since

A€M (jp) <A

and

A€M sr(fy) =2

for any p X p unitary matrix . Let

Alp (n) = {Ip - 521(#)*}{—71) - 521(#)821(M)*}_1{Ip — S91 (1)
= {I, — so1 () H{Ip — sa1 (1) "s21 ()} {1 — s21(p)*

and set

0

g(p) =Ty [Ip] :

Then

and

0 ] )
I, | e M, (4p)

Ip ] S mrsR(jp)

}
}

9(p) = Y (o ()™,

where, in terms of the blocks in the decomposition (7.32),

Y_=a_+b_ and Yy =b, +ay.

By Lemma 7.21,

pfl(w#)_l € HY? and p; 'yt e HY.

(10.19)

(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)

Suppose now that (1) holds. Then ||[I'(g)|| < 1 and, by Lemma 7.15, 2 €
LP™™ . Moreover, in view of Lemma 10.4 and Theorem 10.3, A 1, (1) satisfies
the matrix Muckenhoupt (A2) condition. Thus (1) = (2).

Suppose next that (2) holds. Then 2% € LJ"*™ and hence
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(a) A € M, (jp), by Lemma 7.13.
(b) A, € EII)XP, by formulas (10.23) and (10.25).
(¢) IT(g)|| <1, by Lemma 10.4 and Theorem 10.3.

Thus, in view of Theorem 7.22, 2 € M,z (jp), i-e., (2) = (1).
The equivalence (1) <= (2) guarantees that (1) = (3) and that (2) =

(3)-

Suppose now that (3) holds for € = I,,. Then, by Lemma 10.1,
Ap, € LPP and A[_pl e LI™P.
Therefore,
(a_+b )e Iy and (by +a;)e LY.
Thus, 2 € L7X™  ie., (3) = (2) and hence the proof of the equivalences
(1) < (2) <= (3) is complete.

Finally, the implication (4) = (3) is obvious and the implication (3) =
(4) follows from the equivalence (10.20). O

10.3 Strong regularity for J-inner mvf’s

Let J be an m x m signature matrix. Then J # +I,, = J = V",V for
some m X m unitary matrix V and, if correspondingly,

W) =VUNVT,
then:
UcelU(J) = W elU(jy)
Uelp(J) <= W elip(jpy), U€eUUpr(J) <= W €Ur(jpq)
Uclsp(J) <= W elUsr(fpy) and U €Uppr(J) <= W € Usr(Jpq)-

In view of Theorem 7.27, the criteria for right (resp., left) strong regularity
for mvf’s in U(j,,) may be obtained from the corresponding criteria for
the right (resp., left) strong regularity of y-generating matrices that were
discussed in the previous section and the parametrization formula based on
formula (7.57), i.e.,

by 0

W:[O by’

]m with 2= [ a- b ] (10.26)
b+ ar
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where {b1,b2} € ap(W) and 2 € M, (jipq)-

Let
S91 = —w2_21w21, S12 = w12w2_21, (10.27)
1 —s21(p)" [ ] 812(/0}
Ay (p) = b and A = P .
(:u) _321(M) Iq é(/‘) 312(”)* Iq

Theorem 10.7 Let W € U(jp,). Then:

(1) W € Ursr(jpg) <= A, satisfies the matriz (or, equivalently, the
determinantal) Muckenhoupt (As) condition.

(2) W € Uisr(jpg) <= Ay satisfies the matriz (or, equivalently, the
determinantal) Muckenhoupt (As) condition.

Proof The first assertion follows from Theorems 10.5 and 7.27, and the
observation that

was(X) " war(A) = ap (A) 7 by (V).
The second assertion then follows from (1) and the fact that
W € Upsi(jpg) <= W™ € Ursr(Jpq);

since
N w1 (A)  wsp(N)
W) = | i) s
N wiz(A) w3 (A)
implies that
—wH(N) Tk (A) = —(wia(Mwe (A) 1) = s (). O

Theorem 10.8 Let W € U(j,q) and let the muf A (p) be defined by the pxq
muf s91 = —w2_21w21 and the po X po unitary matriz € by formulas (10.17)
and (10.18). Then the following statements are equivalent:

(1) W e u’r'sR(jPlJ)'

(2) W € Z72n><m and the muf A () satisfies the matric Muckenhoupt
(Az) condition for at least one (and hence every) po X po unitary
matrizc €.

(3) The two muf’s A-(n) and A_.(u) satisfy the matriz Muckenhoupt
(As) condition for at least one po X po unitary matriz €.
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(4) The muf’s A.(p) satisfy the matriz Muckenhoupt (Ay) condition for
every Po X Po unitary matrix €.

Proof The theorem follows from Theorem 7.27 and the corresponding cri-

teria for right strongly ~-generating matrices given in Theorem 10.6. O
Analogous criteria hold for left strongly regular j,,-inner matrices in which

the mvf s75(A\) = w5y (A) “twiy()) is considered in place of the mvf so1 ().

Theorem 10.9 Let A € U(J,), let
ce(N) =Tallp), ¢ (N) =Ta~[1) (10.28)
and let
Or(p) = Rer (i), de(p) = Ree(p) a.e. on R. (10.29)
Then:
(1) The following conditions are equivalent:
(a) A€ Upsr(Jy).
(b) A€ Eg”xm and 6, () satisfies the matriz Muckenhoupt (As) con-

dition.
(c) ¢, € CEP and its spectral density 6,(u) satisfies the matriz Muck-
enhoupt (As) condition.
(2) The following conditions are equivalent:
(a) A€ UgsR(Jp).
(b) A € Egm” and 0¢(u) satisfies the matriz Muckenhoupt (As) con-
dition.

(c) ¢, € CH™P and its spectral density &,(1) satisfies the matriz Muck-
enhoupt (Az) condition.

Proof Let A € U(J,) and W = UAY. Then

A cUsr(Jy) <= W € Ursr(jp)- (10.30)
Let 12 = wiowyy , S21 = —Way Wot,
ce(A) =Tiglsi2] and ¢ (N) = Tig[—s21]. (10.31)

The equivalences (a) <= (b) in (1) and (2) are obtained from Theorems
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10.6 and 10.8, taking into account the equivalence (10.30) and the formulas
(10.31).

Next, let 2 € 9M,.(j,) be the mvf considered in the factorization formula
(7.57) for the mvf W and let g = Ty[1,]. Then in view of Theorem 7.27,

Ac uTsR(Jp) = Ae mrsR(j[))
and hence, by Theorem 7.33,
A€Usp(Jp) < index g =0, ¢ €CP and |[T(g)] <1. (10.32)

Thus, the implication (la) = (1c) follows from the already established
implication (la) = (1b).

Conversely, if (1c) is in force, then Theorem 10.3 and Lemmas 10.1 and
10.4 applied to the mvf §, (1) imply that |T'(¢)|| < 1 and index g = 0 Thus in
view of (10.32), (1a) holds and hence the equivalences in (1) are established.

Finally, (2) follows from (1), since A € Uysp(Jp) <= A~ € Ursr(Jy). O

Remark 10.10 If A € U(J,) and [E- E.] = /2AD, then

Se(p) = By (n) " Er(u)™' = E-(1)"E-(n)™" a.e. onR.  (10.33)
Analogously, if [E*  E%] = /2A™U, then

Or(n) = B2 () B2 (1)~ = ES () " EL ()™ ae.onR. (10.34)

Remark 10.11 IfU € U(J,) and

0o I
then
Uelsp(Tp) <= A clUrsr(Jy)
and
U eUpsr(Tpy) <= A€ Usr(Jp).
Moreover,

Tull)] = —iTylil,] and Ta~[I,) = —iTy~[il,)]. (10.35)
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Theorem 10.12 Let U € U(J), J # +1,,, and let the complementary mxm
orthoprojection matrices P and @Q be defined by (2.1). Let
Gr(p) =P+UW QU and Ge(p)=P+U(u)QU(u)*.  (10.36)
Then:
(1) U(XN) € Upsg(J) if and only if the muf G, () satisfies the matriz (or,
equivalently, the determinantal) Muckenhoupt (As) condition.

(2) U(N) € Upsr(J) if and only if the muf Gy(n) satisfies the matriz (or,
equivalently, the determinantal) Muckenhoupt (As) condition.

Proof The theorem follows from Theorem 10.7, applied to the mvf W (\) =
VU(A)V*, where V' is an m x m unitary matrix such that J = V*35,,V, and
the formulas

Gt =Vv" [321]1(0”) 321](:‘)*] 1% (10.37)
and
= L ) s

which are obtained by direct calculation. Thus, for example, in view of
(10.36),

VG (m)V* = Ié’ 8}* [8 Zié?iﬁ” [wal()(u) WZSW)]

_ [y Hwn () wan (p) w21(#)*w22(ﬂ)}
waa (1) war (1) wa () waz (1)

- :Ié) _SQ}SMT [Ig w22(u)8w22(u)} [‘Sﬁ(ﬂ) 2]

for almost all points p € R. Therefore, G- (1) is invertible and (10.37) holds.
Similar considerations lead to (10.38). O

10.4 A mvf U € ENU, 5z (J1) that is not in L2X?
In this section, a one parameter family of 2 x 2 mvf’s A;(\) such that A; €
ENUpsp(J1) and Ay ¢ L2X? and hence Ay € ENUysr(J) and Ay ¢ LEX? will
be presented. This example serves to show that the inclusions U(J)NLZ*™ C
Ursgp(J) and U(J) N L™ C Upsg(J) are proper.
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Let
o )\Qn-‘rl
n=0

where T'(\) denotes the Gamma function.
In [Dz84] the integral representation formula

1
l“i\t)/ (1 —x)tcos Aedz for 0<t<1
Si(\) = 0 (10.40)

1
_ 1 N2
= 1)/0 (1—2)2sin Aedz for 1<t<2,

is used to show that S¢()) is an entire function of exponential type and that
for 0 < t < 2, S¢(\) has real simple roots and that for u > 0,

Si(p) = '~ cos (u - gt) + 0™ as p— +oo. (10.41)
The supplementary asymptotic formula

1—t 3 ™ :
ptsin(p—5t)+0(1)  if 0<t<1
Si(n) = { .
2

—ptt t)+0(1) if 1<t<2,

) (10.42)
" sin(p —

for the derivative Sj(\) with respect to A of S¢(\) as pu 1 oo was obtained in
[ArDO01b], pp. 294-295.
Let

A =S +iS[(N) and AN = AT V).
Then
Ay(p) = (WP = S + S for peR
and, in view of formulas (10.40)—(10.42),
i) =ie ™, AN =1

and

li Ay ()

=1 forO<t<2. 10.43
oo [u[2—2 or ( )

Clearly, Ay(\) is an entire function of exponential type. Moreover, if 1/2 <
t < 3/2, then:
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(1) Ay(p) satisfies the Muckenhoupt (Az) condition.
(2) AF € L.
(3)
(4)

A, is of Cartwright class.
Af e II.

Items (1)—(3) follow from (10.43); (4) then follows from Theorem 3.108.
Thus, the factorization problems

Ae(p) = e, ot € Nour, (10.44)

have unique solutions that meet the normalization conditions ¢;(0) > 0. By
Theorem 3.111, they are entire functions of exponential type. Let

1 [e's) 1 i 1
= — — A =
ct()\) i - {,Uf Y 1+ /112 } t (/’L)duu o7 T(@t)7

EL (V) =), ELQ) ="Ml (V)

and

L WELR) aELY)
At(”‘ﬂ[ () B () ]”‘

Then, in view of Theorems 10.9 and 9.15, ¢; € II and
Ay € ENUpsp(Jr) if 1/2 <t < 3/2.

However,

Ay g L2222 if 1/2<t<3/2andt # 1,

because

A € L2 = Ay € Lo and A7 € L
whereas, the asymptotic formula (10.43) implies that
Ai(p) — o0 aspu— o0 if 1/2<t<1

and

Ay(p) ™t — o0 asp— o0 if 1<t<3/2
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10.5 Right and left strongly regular de Branges matrices

Let ¢ be a regular de Branges matrix that meets the condition (5.129)
and let Ag denote the characteristic mvf of the simple LB J)-node X =
(Ro,Cg; B(€),C™) that was defined in Theorem 6.15. Then A is the unique
perfect mvf in Uy(J,) that is related to € by (5.130). By Theorem 6.15,
the unitary operator U; from B(€) onto H(Ag) that is given by formula
(6.22) is a unitary similarity operator from the node X onto the simple LB
Jy-node 3= (RO,CO’;H(A@),(C’”). Moreover, the characteristic mvf of the
dual simple LB J,-node (3¢). = (=R, Cg; B(€),C™) is equal to AG(A) =
A@(—XQ*; and (Xg)s is unitarily similar to the simple LB J,-node 3, =
(—R5, C;H(AR), C™). O

In view of Theorem 6.6, the unitary similarity operators from g to X
and (Xg)« to 3., are given by the formulas

(Frg)(\) = \/12;%0 “ARy)"lg for g € B(e) (10.45)
and
(Fog)(\) = \/12?0@(1 AR g for g € B(e), (10.46)

respectively. Moreover, F, = U5,
(Feg)(A) = AG(AN)(Frg)(=A) (10.47)

and explicit expressions for Uy and Cg are given in Theorem 6.15.

Since F,g € H(Ag) and Frg € H(Ag) when g € B(€) and H(U) C II"
when U € U(J), both of these vvf’s have nontangential boundary values a.e.
on R.

A regular de Branges matrix €(\) that meets the constraint (5.129) will be
called right strongly regular (resp., left strongly regular) if F,.g € L3
for every g € B(€) (resp., Frg € LY'(R)) for every g € B(€); the corre-
sponding de Branges space B(¢) will be called right or left strongly regular
accordingly.

Recall that if ¢ = [E_ FE.] is a regular de Branges matrix that satisfies
the condition (5.129), then, by Theorem 5.69, (RyE+)u € B(€) for every u €
CP; and € is right (resp., left) strongly regular if and only if Ag € U.sr(J))
(resp., A'é € Ursr(Jp)). Moreover, A'é € Ursp(Jp) = Ag € Upsr(Jp).
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Theorem 10.13 Let (\) be a regular de Branges matriz that satisfies the
condition (5.129). Then the following statements are equivalent:

(1) &(\) is right strongly regular.
(2) {Frg:9€B(€)} is a closed subspace of Ly'(R).

(3) There exist a pair of positive constants v, and 72 such that
Nl Frgllse < llgllse) < v2llFrgllse-
(4) At least one of the functions
(g, (I — AR3)71G+U>B(@)7 (9, (I = )\RS)AG—@B(@)

has nontangential boundary limits that belong to Lo(R) for every
choice of g € B(€) and u € CP.

Proof The equivalence of the conditions (1), (2) and (3) follows from The-
orem 5.92. It remains only to verify the equivalence of (1) and (4). To this
end, let W(\) = UAeYU and let f € H(Ag). Then, since UH(Ag) = H(W),
Corollary 5.56 applied to U f guarantees that
_|h
=
The equivalence (1) <= (4) follows from the last equivalence applied to
f = F.g and the formulas (10.45) and

]eLQ”<=>f1—f2€L§<:>f1+fgeLg.

C= [ g; } , (10.48)
where
CrrgeBe) — Y [~ (G0 + G- () dellowdn (1049)
and

CoigeBe) — Y [ (G () - G(w)* Mgl

21 J_
= /mg(0). (10.50)
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Remark 10.14 If &()\) is a right strongly reqular de Branges matrix and
the pair {bs,bs} of p X p inner muf’s is obtained from the factorizations in
(5.195), then {bs,bs} € apri(Ag) and, in view of Theorem 5.98,

B(€) = H(bs) & Ha(by), (10.51)

as linear topological spaces with scalar product

(0B = [ 1) ) B () (10.52)

—00

We remark that if () is a regular de Branges matrix and (5.129) is in
force, then the generalized transform F; is a unitary operator from B(€)
onto H(Ay) and

€(N) is left strongly regular <= Ag € Uisr(Jp) <= Ag € Ursr(Jp).

Thus, an application of Theorem 5.92 to A’é yields the following result:

Theorem 10.15 Let (\) be a reqular de Branges matrixz that satisfies the
conditions (5.129). Then the following statements are equivalent:

(1) &(A) is left strongly regular.
(2) {Frg: g€ B(€)} is a closed subspace of LY (R).
(3) There exist a pair of positive constants 1 and o such that
Nl Fegllse < Nlglleey < 2l Feglls-
(4) At least one of the functions
(g, (I = ARo) 'Gyu)pey  (9.(I — ARo) ' G_u)p(e)

has montangential boundary limits that belong to L2(R) for every
choice of g € B(€) and u € CP.

Theorem 10.16 Let &(\) be a regular de Branges matriz. Then €(\) is
left strongly regular if and only if the density Ag(p) satisfies the matriz
Muckenhoupt (As) condition.

Proof This is immediate from Theorem 10.9, applied to the perfect mvf
Ag. O
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10.6 LB J-nodes with characteristic mvf’s in U, sz (J)

Theorem 10.17 Let ¥ = (A,C; X,C™) be a simple LB J,-node with char-
acteristic muf Uy, € Upsr(Jp). Let

{b3,04} € aprr(Us) and  by(0) = b4(0) = I, (10.53)

and let Xy = (A4,C1; X, CP) be a simple LB I-node with characteris-
tic muf b3(A\) and ¥_ = (A_,C_; X_,CP) be a simple LB (—I)-node with
characteristic muf by(\)~'. Then there exists an invertible operator

ReL(X, X, ®X_ ) with R'eL(X,®X_ X) (10.54)
such that
A= R ﬁ; N } R, and [0y, LJC=[C: C.IR.  (10.55)
Moreover,
X_={0} = b(\) =1, = Ug e N
and

X ={0} <= b3(\) = [, <= Uz € N""*™",

Proof The given simple LB nodes 3, ¥, %_ can be replaced by their
functional models. In these models, A, A_, A., are backwards shifts in the
spaces X = H(Uy), X. = H(bs) and X_ = H,(by), respectively, and the
operators C, Cy, C_ map vvf’s g from their respective domains X, X, X_
into v/2mg(0). Let L4 denote the operator from H(b3) ® H.(by) onto H(A)
that is defined by formula (5.205). Then, in the given setting, Theorem 5.102
is applicable to the mvf A()\) = Us()\) and the operator R = (L 4)~! satisfies
the stated assertions. O

Theorem 10.18 Let X = (A,C; X,C™) be an LB j,q-node with character-
istic muf Us, € U(jpq). Let

{b1,02} € ap(Us), b1(0) =1, b2(0) = I, (10.56)

and let ¥4 = (A4, C+; X4+, CP) be an LB I-node with characteristic muf
bi(N\) and let ¥_ = (A_,C_; X_,CY?) be an LB (—1I)-node with characteristic
muf by ()7L,
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(1) If the nodes ¥, ¥ and X_ are simple and Us; € U, sgr(jpq), then there
exists an invertible operator

ReL(X, X, ®X_ ) with R'eL(X,®X_,X), (10.57)
such that

AL 0
0 A

where Py = P = (I, + jpq)/2 and P— = Q = (I, — jpq)/2. Moreover,
X_ ={0} <= by(\) = [, <= Uy € N

A=R"! { ] R, Ci=PiCR'|x,, (10.58)

and
X, ={0} = b(\) =1, & Ug € N,

(2) Conversely, if (10.58) and (10.57) hold for the nodes ¥, ¥4 and ¥ _,
then Us, € Ursr(Jpg)-

Proof A proof of the first statement may be based on the description of the
space H(Uy) for Us, € U,sr(jpe) that is furnished in the proof of Theorem
5.81, in much the same way that Theorem 10.17 was verified.

The verification of the second assertion rests on the fact that the trans-
forms Ty, and T%_ based on the nodes ¥, and ¥_ map X, and X_ into
LY and L2, respectively, and the fact that if

f= [}QL] € H(Ux) and Us € U(jp,),

then
feLy < gell < helLl |

An LB J-node ¥ = (A,C;X,Y) is called a Volterra node if its
main operator A is a Volterra operator (i.e., if A is a compact operator
and its spectrum o(A) = {0}) and C is compact). A simple LB J-node
Y =(A,C;X,C™) is a Volterra node if and only if Uy, € ENU(J); see e.g.,
[Bro72].

If Us € ENUy(J), ie., if the simple node ¥ is a Volterra node, then
the b;(\) are entire inner functions and consequently the nodes ¥, and ¥_
considered in the preceding two theorems are Volterra nodes. If m = 2,
then by (A) = b3(A) = €™ and by(A) = by(A) = €™, where 73 = 7, > 0,
Ty = T[Jj > 0 and U = Usx. The functional models based on the backwards
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shift acting in H(b3) and H.(by) are of course still applicable. However, since
H(b3) = LQ([O, Tg])/\ and H*(b4) = LQ([—7'4,0])/\, the identities

h(\) = /0 " MR () da = (Roh)(\) = i /0 i /b " WY (a)dadb

and

0 0 b
h()\) = / e hY (a)da = (Roh)(\) = —i / il Y (a)dadb
—71 —71 —71
lead to well known functional models based on integration operators acting
in the indicated subspaces of Lo. In particular, the functional model of a
simple Volterra LB I-node with characteristic function ¢/*™ may be chosen
as Xy = (A4,C+; X1, C), where X = Ly([0, 73]),

73 73
(Aju)(t) = z/ u(a)da and Ciu= / u(a)da for we X;.
t 0

In much the same way, the functional model of a simple Volterra LB (—I)-
node with characteristic function e~**™ may be chosen equal to the node
Y_=(A_,C_;X_,C), where X_ = Ly([—74,0])),

0
u(a)da and Cu:/ u(a)da for u e X_.

—T4

t
(A u)(t) =i /
—r
Correspondingly, the operator R considered in the preceding two theorems
acts from X onto Lo ([0, 73]) & Lo([—74,0]).
Analogues of the preceding two theorems for the case Uy € Uysg(J) may
be obtained by applying the preceding results to (Us )™ and recalling that

Us, € Uysr(J) <= (Us)™ € Ursr(J).

10.7 Bibliographical notes

Most of the material in this chapter is adopted from [ArD01b] and [ArD03b].
The properties of left strongly regular spaces B(€) and of operators in these
spaces related to the backwards shift Ry were studied by other methods in
the case that E; (\) and E_(\) are scalar meromorphic functions in C by G.
M. Gubreev [GuOOb], as an application of his theory of regular quasiexpo-
nentials. In particular, he noted the connection between the class Uy (Jp)
and the class of left strongly regular de Branges spaces B(€) when p = 1
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and €(\) is entire. Some of his results may be obtained from the analysis in
the last two sections.

The example presented in Section 10.4 is adapted from [ArDO01b].

The function S¢(\) defined in formula (10.39) has been investigated exten-
sively by M. M. Dzhrbashyan [Dz84] in his study of interpolation problems
for entire functions of finite order and finite type that belong to Lo with
some weight w(u).

Theorem 10.18 was announced in [Ar0Oal; a proof was furnished in
[ArD04a].

The evolution semigroup T'(t) = ¢4, ¢ > 0, based on the main operator
A of a simple generalized LB I-node ¥ = (A, B, N : X,U,Y) is bistable in
the sense that T'(t) — 0 and T'(¢)* — 0 strongly as ¢ | oo if and only if the
characteristic function Us(A) has unitary nontangential boundary values
a.e. on R (i.e., Uy is biinner). see [ArNu96| and [St05]. Moreover, if ¥ =
(A,C; X,C™) is asimple LB J-node and its characteristic mvf Us, € U,5g(J),
then Theorem 10.18 implies that:

(1) T'(t) is bistable if Us € N,
(2) T(—t) is bistable if Ug# e N,

(3) If UE ngjXWL and Ug& gNj,"IXWL, then X = X+—6-X7, T(t)X+ g X+,
T(t)X- = X_ for t > 0 and the semigroups 7% (t) = T'(t)|x, and
T_(t) =T(—t)|x_ for t > 0 are bistable, i.e., T'(t) is a group of operators
with a two sided dichotomy property.

Analogues of Theorems 10.17 and 10.18 on LB J-nodes and J-unitary
nodes with strongly regular J-inner characteristic mvf’s and the properties
of the corresponding evolution semigroups were obtained by Z. D. Arova in
her PhD thesis [Ara02]; see also [Ara0Oa], [Ara00b], [Ara0l] and [Ara05].
Her characterizations of the class of simple operator nodes ¥ with charac-
teristic mvf Uy, € U,sr(J) used somewhat different nodes than were exhib-
ited here. Thus, for example, in place of the relations (10.58), she used the
relations
AL 0

_ el
a=rt T

} R, Ci=CR'x,, (10.59)

where ¥, = (A4,C; X4, C™) and ¥_ = (A_,C_; X_,C™) are simple LB
I-nodes and simple LB (—1I)-nodes, respectively.



10.7 Bibliographical notes 535

Ball and Raney [BaR07] introduced the class of Lo-regular mvf’s (on the
circle), which is larger than the class U,sr(J), and studied the two sided
dichotomy property of linear discrete time invariant system realizations of
Lo-regular mvf’s. They also gave another characterization of right strong
regularity (on the circle) in terms of the class of LJ"*™ regular mvf’s and
presented applications to problems of interpolation and realization.
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Formulas for entropy functionals and their
extremal values

In this chapter entropy formulas for a number of the extension problems
considered in Chapters 7 and 8 will be obtained in a uniform way that
exploits the description of the set of solutions to these problems in terms
of linear fractional transformations based on gamma-generating matrices
and J-inner mvf’s. Formulas will be obtained for the extremal value of the
entropy over the set of solutions to each of the extension problems under
consideration in the completely indeterminate case. In this treatment, the
entropy of a contractive mvf is defined to be nonnegative. Consequently, the
extremal value will be a minimum. If the sign in the definition of entropy is
reversed (as is also common in the literature), then the extremal value will
be a maximum.

11.1 Definitions of the entropy functionals

The entropy functional Z(f;w) is defined on the set of mvf’s f € L5 with
I/l <1 by the formula

i) — 2% mmmm—mmmm

Tor =P
It is clear that:
(1) 0 < T(fiw) < oc.

dp  for w e Ci. (11.1)

(2) Z(f;w) = 0 for at least one (and hence every) w € C; <= f = 0pxq.

(3)

I(f;w) < oo for at least one (and hence every) w € C; <=
Z(fi) <
(4) Z(f; )<oo:>f()f(,u)<fqa.e.onR.

536
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If f € SP*4 then:
Z(f;i) <oo= f(N)"f(N) <1, forevery A e C,.
The entropy functional h(c;w) is defined on mvf’s ¢ € CP*P by the formula

Jw /°° In det Re(p)

21 Jooo  |n—wf?
If c € CP*P and s = Ty[c], then s € SP*P and

Me= (I +5)*(I, — s*s)(I, +s)" (11.3)

h(c;w) = — dp  for we Cy. (11.2)

Therefore,
h(c;w) =Z(s;w) + In | det{, + s(w)}|, (11.4)

since

du, (11.5)

In| det{Z, + s(w)}] = 2 /_oo 1n\de’t:1za:‘:(u)}!

because det{l, + s(\)} is an outer function in Ho, by Lemma 3.54. Conse-
quently,

(1) —o0 < h(cw) < 0.

(2) h(c;w) < oo for at least one (and hence every) w € C; <= h(c;i) < 0.

11.2 Motivation for the terminology entropy functional

If z(t) is a complex p-dimensional continuous time stationary Gaussian pro-
cess with zero mean, then it admits a representation of the form

z(t) = / edy(p) for t € R,

—00

where y(t) is a p-dimensional process with independent increments. If x(t)
is full rank and regular in the sense of Kolmogorov, then the covariance

Bla(ta(e)} = [ g,
where f € L/”P) f(u) > 0 a.e. on R and Indet f € L. Let

z,(n) = / bo(p)"dy(p) forn=0,%£1,...,

—00
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where b, (1) = (@ — w)/(n — @) and w € C,. Then z,(n) is a stationary
Gaussian sequence with zero mean and correlation matrix

E{$w xw } / n kf ) /_7T ei(nfk)Gg(e)dH’

where

w—w [* 1
0=0(n) = d d ¢(0) = .
) =2 [ s wd a0) = 1)
By a formula due to Pinsker [Pi54], the differential entropy h(z,) of the
discrete time process {z,(n)} is
1 ™
h(z,) =k, + o Indet g(0)d0 = k, — h(c;w), (11.6)
™ —T
where ¢ € C/™7, f(u) = Re(p) a.e. on R and k, = (p/2) In(4n2e).
If f e LB and ||f]|oo <1, then the mvf

s 7]

may be viewed as the spectral density of a generalized m-dimensional sta-
tionary Gaussian process z(t) = col(u(t), v(t)), where u(t) and v(t) are white
noise processes with spectral densitities fy, (1) = I, and f,,(n) = I, and
cross spectral density fu, (1) = f(u).

By another formula of Pinsker that is presented in Theorem 10.4.1 of
[Pi64], Z(f;w) = I(uy,,v,), the amount of information per unit time
in the component wu,(n) about the component v,(n) when z,(n) =
col(uy(n), v, (n)).

11.3 Entropy of completely indeterminate interpolation problems

The functionals

1(7) = T(030) = - /°° 1ndet{11—+/fu)*f(u)}du (1L7)

1 (% IndetRe(p)
2 J_ oo 14 p?

and

du (11.8)

are of particular interest.
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Theorem 11.1 Let I' be a Hankel operator with ||| < 1, acting from Hi
into K§. The NP(T') is completely indeterminate if and only if

I(f) <oo for some f e N(T). (11.9)
Proof Let NP(I') be completely indeterminate. Then
N(T) = Ty [SP*]  for some A € M, (jipq)
by Theorem 7.20. Let

fo = Ty[0].
Then fy € N(T') and
I, = folw)* folp) = as (1) ~ar (1)~ aue. on R, (11.10)
where a4 is the 22 block of 2 and
ol € Sh

by definition of the class 91,(j,,). Therefore,

Jw [ In|deta. (p)

I(fOQW):_W 1 — wl?

dp = —In|detay (w)| < oo, (11.11)

since det a; () is an outer function.
Conversely, if Z(f) < oo for some mvf f € N(T), then

since

(1= [[AI*)" < det(I, — A"A) <1 || AJ”

for every contractive p X ¢ matrix A. Thus, the function

o) :p{;f: {M; - H"Hz}lnu - Hf(u)ll)du}

belongs to the class Sy, and

L= [l = le(w)| ae. on R.

Moreover, if £ € CP and n € C? are unit vectors and

fi(u) = f(p) +o(w)én,
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then f; € ng;q, fi—f¢€ Hé’oxq and

Al < [ f(l+ o) =1 ae. onR.
Consequently, f; € N (T'), and

(fi(w) = f(u))n = o) = I(fr = flnllee > 0;
i.e., the NP(T") is completely indeterminate. O
Theorem 11.2 Let by € Sf’nXp, by € Sgnxq and s° € SP*4. The
GSIP(by,ba; s°) is completely indeterminate if and only if
I(s) < oo for some s € S(by,by;s”).

Proof Let by € SUP, by € ST s° € §P*4, fo(u) = by (1)*s°(p)b2(pn)* and
' =T(f°). Then, since

5 € S(br, by 5%) = b} (w)s(ubi (1) € N(T),
the GSIP (b1, by; s°) is completely indeterminate if and only if the NP(I") is
completely indeterminate. Moreover, if f = b]sb3 then

I(s) = Z(f).
Thus, the theorem follows from Theorem 11.1. O

Theorem 11.3 Let b3 € Sf;fp, by € anXp and ¢ € CP*P. The
GCIP(bs, by; c®) is completely indeterminate if and only if
h(c) < oo for some ¢ € C(b3,by;c°).

Proof This follows from Lemma 7.68 and Theorem 11.2. O

11.4 Formulas for entropy functionals and their minimum
Let

_ fun(p) wiz(p)
Q('(#)_[Um(u) u22(u)]

be a measurable m x m mvf on R with blocks u1; and wuos of sizes p X p
and ¢ X ¢, respectively, such that 2(x) has jp,-unitary values a.e. on R.
Then

ug (p)u2a ()™ — ua1 (p)ugy (n)* =1, a.e.on R, (11.13)



11.4 Formulas for entropy functionals and their minimum 541
and hence det ugs () # 0 a.e. on R,
Uyy € LIXT and  [jug floo < 1. (11.14)
Thus, the mvf
s21 () = —uza(p) " w1 () (11.15)
enjoys the properties
so1 € LLZP and  |[|s21]leo < 1.
Lemma 11.4 Let A(n) be a measurable m x m muf on R that is j,q-unitary

valued a.e. on R such that ug1 () and uge(p) are the boundary values of
muf’s ug1 (\) and usa(N) that are holomorphic in C, and

S91 = —Upy g1 € SUP  and  uyy € ST (11.16)
and let
fe =Tyle], €€ 8P (11.17)
Then
Z(s91;w) = I(s12;w) = In|det uga(w)] (11.18)
and:

(1) The entropy functional is given by the formula
I(fe;w) =I(s21;w) + Z(g5w) + In | det{l; — s91(w)e(w)}| (11.19)

for every point w € C. Formula (11.19) can also be expressed as the
algebraic sum of three entropy functionals:

I(fsw) = I(s215w) — L(hw; w) + L(ew; w), (11.20)

where
kuy(N) = s21(w)", (11.21)
cw(N) =Ty [e], e8P (11.22)

and 2, s the jyq-unitary matriz that is defined by the formula

o — (I — kwkZ)_l/Q —(p - kwk:;)_l/ka

= 11.2
(I~ KRR (I - k)2 (1:29)
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(2) The entropy functional is subject to the bound
I(fs3w) > I(s213w) — Z(ky;w) (11.24)
for every e € SP*1 with equality if and only if
e(A) = so1(w)™.

(3) The lower bound in (11.24) may be written as

Z(so1;w) — I(ky;w) = %ln det[ugg (w)uge (w)™ — ugy (w)ugr (w)*].

(11.25)
Proof Under the given assumptions,
I, — so1(p)so1 (1) = uga (1) Tuga(p) ™ ae. on R (11.26)
and
I, — s12(p)*s12(1) = g2 (1) *u2a(p)™' a.e. on R. (11.27)

The equalities in (11.18) follow from (11.26), (11.27) and the fact that, in
view of Theorem 3.50, (det ug2) ™! € Spus.
Since the mvf 2(s) is assumed to be jy,-unitary a.e. on R, formulas (11.15),
and (11.17) imply that
Iy = f2 fe = ugy {Iy — 21} {1y — " e}{I; — 5216} gy (11.28)
a.e. on R. The identity
J * In |det{l, —
In | det[I, — s21(w)e(w)]| = Jw/ n | det{l, 321(M)€(M>}’du (11.29)

™ 00 |:U’_(‘)|2

holds, since det{I; — s21(A\)e(A)} is an outer function in H*°, by Lemma
3.54 and Theorem 3.50. Formula (11.19) now follows easily from (11.18) and
(11.29).

Next, upon applying formula (11.22) to the mvf e, (A) = Ty ], it follows
that

T(ew;w) =Z(k};w) +I(e;w) + In| det{I, — s21(w)e(w)}]. (11.30)
Formula (11.20) follows from (11.19) and (11.30), since

det{I, — k,k*} = det{I, — k'k.}.
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Finally, (2) follows from formula (11.20), since Z(s91;w) and Z(k,;w) do
not depend upon the choice of the mvf ¢ € SP*? and

Z(ey;w) > 0 with equality if and only if ¢, =0;

i.e., if and only if e(\) = s91(w)*. a

Corollary 11.5 Let [b; ay] be the bottom block row of a muf A € M, (Jpq),
fe = Tyle] and sa1 = a;1b+. Then the assertions of Lemma 11.4 are in force.
Moreover,

1
I(fe,w) 2 5 Indet[ay (W)as (w)" = by (W)by (w)7] (11.31)
for every e € SP*1 with equality if and only if

e(A) = s91(w)™.

Proof The mvf A € 9,.(j,,) satisfies the conditions of Lemma 11.4. More-
over,

Z(so13w) = I(fo;w) = In|detay (w)] (11.32)

by formula (11.11). Thus, (11.31) follows from the formula (11.24). O

Corollary 11.6 Let I' be a Hankel operator acting from Hj into Kb and let
NP(T) be completely indeterminate. Then

N(T) = Ty[SP*9]  for some A € M, (jpg) (11.33)
and the conclusions of Corollary 11.5 are in force.

Proof This follows from Theorem 7.20 and Corollary 11.5. O
Theorem 11.7 Let W € U(jp,), let {b1,b2} € ap(W) and let
O (w) = be(w)[wag (w)was (w)* — war (w)war (w)*]be(w)*. (11.34)
Then
I(s;w) > %lndet dw(w) for every s € Ty SV (11.35)

with equality if and only if
s(\) =Twle] with e(\) = s91(w)™. (11.36)
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Proof Under the given conditions, the mvf

_ i) 0
ago = "0 0

belongs to M, (je) and, if f. = Ty[e], then s. = Ty [e€] = by f-ba. Therefore,

|

I(se;w) =I(fesw)

and hence the theorem follows from Corollary 11.5. O

Corollary 11.8 Let by € SPP by € 87 and s° € SP*4, and let the

m m

GSIP (b1, ba; s°) be completely indeterminate. Then S(by,be; s°) = Ty [SP*1]
for some W € U(jpq) with {b1,b2} € ap(W) and the conclusions of Theorem
11.7 are in force.

Proof This follows from Theorems 7.48 and 11.7. O

Lemma 11.9 Let A € U(J,), {bs,b1} € apri(A), B(\) = AN,
[B.() B.)] =3[, 0]BO), x(\) =B () B (M),
let
Se(w) = bi (@) By (@) By () — B_(@)B_ (@) }hilw)”  (1137)
and suppose that dg(w) > 0 for some w € C,.. Then:
(1) C(A) = Tp[SP*P], i.e., SP*P C D(Tp).
(2) If c. = Tgle] for some e € SP*P, then
h(ce;w) = In|det by(w)E4 (w)]
+Z(e;w) + In|det{l, — x(w)e(w)}| (11.38)
and
h(easw) > %lndet 5e(w). (11.39)

*

with equality if and only if e(\) = x(w)*.

Proof In view of condition (11.37), Lemma 4.70 guarantees that SP*P C
D(Tg). The condition B*(u)J,B(1) = j, a.e. on R implies that

Re. = RTple] = EL{I, + xe} ™I, —e*eH{I, + xe} 'EIY  (11.40)
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a.e. on R. Thus, as the mvf’s I, + xe and ¢ = byE, belong to the class
NP*P it follows that

out
h(ce;w) =1In|det p(w)| + In|det[l, + x(w)e(w)]] + Z(e;w).
Thus, by formula (11.30) with so; (w) = —x(w),
h(ce;w) = In|det p(w)| + Z(ey;w) — Z(ky;w),

where k,(\) = x(w)* and the mvf g, € SP*P is obtained from formulas
(11.22) and (11.23). Consequently, h(c.; w) has minimum value when € varies
over SP*? if and only if €,,(A) = 0, i.e., if and only if e(A) = x(w)* = ku,(N),
and, if e(\) = x(w)*, then
h(c:) = In|detp(w)| —Z(ky;w)
1 *
= In|det p(w)| + 3 Indet[{,—x(w)x(w)*}
= In|det p(w)| — In|det E; (w)]
1
+3 Indet{E; (w)E; (w)" — E_(w)E_(w)*}
1
= In|detby(w)| + 5 Indet{Fy (w)FEy(w)* — E_(w)E_(w)*}
1
= 3 Indet dg(w).

O

Theorem 11.10 Let by € anXp, by € Sf’nXp, c® € CP*P qgnd let the
GCIP(b3,bs; c®) be completely indeterminate. Let

C(b3,bs;c°) = C(A), where A€ U(J,), {b3,bs} € aprr(A)
and assume that detdg(w) > 0 and that B = A%. Then the inequality
(11.39) holds for c. = Tgle| for every e € SP*P, with equality if and only if
e(\) = x(w)* and x = by, bay .

Proof The assertions of the theorem follow from Lemma 11.9 and Theorem

7.70. -
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11.5 A matricial generalization of the entropy inequality

Theorem 11.11 If f € L5 and || f|loc < 1, then Z(f) < 0o if and only if
there exists a muf or(\) € I such that

out

or(w) er(p) =1, — f(0)* f(n) a.e. onR.

Moreover, this muf ¢ is uniquely defined up to a constant unitary left factor.

Proof This follows by applying Theorem 3.78 to the mvf g = (I,— f* f)|p:| =2
and then invoking the Smirnov maximum principle. O

If the conditions of Theorem 11.11 are met, then the entropy functionals
Z(f;w) may be calculated in terms of the mvf ¢;:

I(f;w) = —In|det s (w)]. (11.41)
Thus, for example, formula (11.20) may be rewritten as
In | det oy, ()] = In| det oy, ()] + In | det ., ()| — In | det gy, ()]

The following matricial generalization of assertion (2) of Lemma 11.4 exists
if, in addition to (11.16), the block wuas () of the mvf 2A(u) satisfies the extra
condition

uga(p) = B(w)e(n)~" ae onR, (11.42)

where 3(u) is a scalar function with [3(n)| = 1 a.e. on R and ¢(u) is the
nontangential limit a.e. on R of a mvf ¢ € SI7.

Under this assumption we consider
A(w) = () [ = s21(w)s21 ()] p(w). (11.43)

Theorem 11.12 Let A(p) be a measurable muf that is jyq-unitary a.e. on
R such that condition (11.16) is in force and the block usa admits a factor-
ization of the form (11.42), and let Ay(w) be defined by (11.43). Then for
each point w € C, the muf f. = Tye] is subject to the inequality

Sofs(w)*@fe(w) < AI(W)v (11'44)

for every e € SP*1 with I(e) < oo. Moreover, equality holds if and only if
e(A) = s91(w)*.
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Proof Under the given conditions, the equality (11.28) may be rewritten
for e € SP*1 with Z(e) < oo as
or. (L) ey (1) =

P(1)* Iy — s21(w)=(1)} = () "= (W{ Ly — s21(p)e (1)} o).

Therefore, since
{1, — s} o € S,

it follows that

pr.(N) = v (M{Ly — 521NN} p(A), A e Cy,

for some constant unitary ¢ x ¢ matrix v.. Thus,

(W) pr (W) =
(W) Iy = s21(W)e(w)} e (W) e (W) {Iy — s21(w)e(w)} p(w). (11.45)
If this equality is applied to the mvf e, (u) = Ty [e] with 2, as in (11.23)
and €, = (I, — k% k,)"/?, then
P (W) e, (W) =
to{ly — s21(W)e(W)} "0 (W) e (W{T = s21(w)e(w)} e
Thus, the equality (11.45) may be rewritten as
1. (W) s (W) = P(W) € e, (W) e, (WIS p(w).
Therefore, since
(105;4; (W)*SDELJ (OJ) S Iq
with equality if and only if €,(A) =0,
o1 (W) or (W) < eW) {1y = s21(w)s2 (W)} ()
with equality if and only if €,(A) = 0,xq, ie., if and only if e())

s91(w)*. m

Theorem 11.13 If the NP(T') is completely indeterminate and N (I') =
Ty [SP*9) for some muf A € M, g(jpq) with bottom block row [by a.], then

(@) 07 (w) < {as (@)as (@) — by (@)bs (@)} (11.46)
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for each point w € Cy and every f € N(T') with Z(f) < oo. Moreover,
equality holds in (11.46) if and only if

f=Tyls21(w)*], where s91 = —a;'b,. (11.47)

Proof Theorem 11.12 is applicable with 6 =1 and ¢ = a;l in (11.42). O

Corollary 11.14 Let the GSIP (by, 1;;s°) be completely indeterminate and
let

S(b1, Ig; s°) = Tw [S],
where
W e U(Jy,) and {by, I} € ap(W).
Then
s (W) ps(w) < {waa(w)waa(w)* — war (W)wan (w)*} (11.48)

for each point w € C4 and every s € S(by, I,; s°) with Z(s) < co. Moreover,
equality holds in (11.48) if and only if s = Ty [e] with e(\) = s91(w)*, where
S91 = —fw2_21w21.

Proof This follows from Theorem 11.12. O
If ¢ € CP*P and h(c) < oo, then, by Theorem 3.78, there exists a mvf
Ve € NP%P such that

V() e(p) = Re(p)  ae. on R;
1. is defined by c up to a constant unitary left factor.
Theorem 11.15 Let A € U(J,), B(A) = A(M)D,
€N = [B-(\) B2\l =20 L]BO)

and assume that € € ./\/'_fxzp and the RK Kg(w) > 0 for some point w € C4
(and hence for every w € C. ). Then

Ye(w) Pe(w) < (By (W) By (@)* = B-(w)E-(w)") ™ (11.49)

for every ¢ € Tp[SP*P| with h(c) < co. Moreover, equality prevails in (11.49)
if and only if c(\) = Tg[x(w)*], where x = byy bay.
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Proof Under the given assumptions, ¢ = Tg[e], and h(c) < co. (11.40) may
be rewritten for mvf’s ¢ with h(c) < oo as

Yz () e(p)
= B4 (1)L + x(We(w)} ¥ e (1) o ({1 + x(w)e()} B ()

a.e. on R. Consequently,

De(W) Pe(w) = By (@) " upe, (W) pe, (W)t By ()71,

where

e () = 0Ty + x(@)eW} !, b = (I, = Koka) ™2,
ew(A) = Ty [e] and A, is defined by formula (11.23) but with &, (\) = x(w)*.
Thus,
$e(W) Pe(w) < By (@) (1 = Koko) T By (W)™
with equality if and only if £,(\) =0, i.e., if and only if e(A) = x(\)*. O

Corollary 11.16 If the GCIP(bs, I,;c°) is completely indeterminate and
C(b3, Iy; c®) = Tp[SP*7] (11.50)

for some muf B € U(jp, Jp) that belongs to NV*P and if € = V2[0 1,]B and
Kgf(w) > 0 for at least one point w € hJé, then the conclusions of Theorem
11.15 are in force for every c € C(bs, Ip; c®) with h(c) < oo.

Proof Under the given assumptions, Theorem 11.15 is applicable and yields
the stated assertions. O

11.6 Bibliographical notes

Chover [Ch61] is possibly the first paper to consider the relevance of entropy
integrals to extension problems. However, there seemed to be little interest
in the subject before Burg considered maximum entropy interpolants in the
setting of the discrete covariance extension problem, first for the scalar case
[Bu67], and then several years later in his PhD thesis [Bu75] for the matrix
case. A linear fractional description of the set of spectral densitities for
a Feller-Krein string was used to find the density with maximal (minimal)
entropy in [DMc76]. Maximum entropy extensions were identified with band
extensions in a number of different settings by Dym and Gohberg; see, e.g.,
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[DGT79], [DG80], [DG81], [DG86] and [DG8Y]. This theme was extended to
the setting of C* algebras in [GKW91].

Most of the results in this chapter were adapted from the papers
[ArK81] and [ArK83]. Minimum entropy solutions for scalar and tangen-
tial Nevanlinna-Pick problems were obtained independently in the same
way in [DeD8la] and [DeD81b]. For additional discussion, references and
examples see e.g., Chapter 11 of [Dy89b], Section 7 of [DI84], [Dy89¢c| and
[Lan87]. Connections of entropy evaluations with matrix balls are discussed
in Chapter 11 of [Dy89b]. Explicit formulas for the maximum entropy and
the semiradii in terms of reproducing kernels are furnished in Theorems 7.4
and 8.3 of [DI&4].

Applications of extremal entropy solutions to control theory may be found
e.g., in [MuGl90], [P197], [Fe98] and the references cited therein; applications
to rational interpolation with degree constraints are discussed in [BGLO1].
Connections of a class of matrix extremal problems with maximal entropy
integrals and tangential (resp., bitangential) interpolation problems are con-
sidered in [DG95] (resp., [Dy96]). Entropy integrals for interpolation prob-
lems with singular Pick matrices are considered in [BoD98]. Maximum en-
tropy problems in the setting of upper triangular operators are treated in
[DF97] and a number of the references cited therein.
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